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ABSTRACT  
 
In this paper, we develop a dynamic model of receiver clock phase noise to enable Interactive Multiple Model (IMM) filters to 
maintain GPS carrier phase lock through broadband interference. Further, we extend the model to include the effects of 
vibration on clock phase noise. A covariance analysis is conducted to check our filter performance. Experimental validation 
results under normal and interference cases are provided. The clock dynamic model parameter sensitivity is analyzed to give 
some insight on the potential use of different types of clocks and to improve the robustness of the IMM filter.    
 

I.  INTRODUCTION  
 
Along with the growing demand for GPS services, intentional and unintentional jamming and spoofing are happening more 
frequently than in the past. In this paper, we take the Ground Based Augmentation System (GBAS) reference station receiver 
as an example [1] to evaluate the performance of the carrier phase estimation under wide band radio frequency interference 
(RFI). The goal of this research is to develop a robust GPS receiver to estimate the carrier phase and preserve the continuity 
throughout the interference event. 
 
In prior work, we introduced an Interacting Multiple Model (IMM) filter to take over the function of the traditional Phase Lock 
Loop (PLL) to do the carrier phase estimation. In prior work [2], a simple simulation-based validation was done for static phase, 
and the effect of navigation data bit knowledge on the estimation result was discussed. In [3], we validated the IMM filter with 
experimental data under the no-interference case. The IMM filter was able to produce the same carrier phase estimate as the 
PLL in a normal signal strength scenario. In [4], we extended the coherent averaging time to 20 ms for both PLL and IMM and 
proved the advantages of the IMM filter over PLL in the interference case.  
  
In this paper, we use a new method to derive the clock dynamic model, which extends the clock phase noise power spectral 
density (PSD) to the full frequency range relevant to phase tracking. Furthermore, the clock model is extended to the vibration 
case for future applications in aircraft or ground vehicles. We perform a sensitivity covariance analysis and quantify the IMM 
filter convergence performance. We show that good IMM filter performance does not require an atomic clock.  
 
In Section II, the IMM algorithm is explained and the component Kalman filters are set up. Section III derives a dynamic model 
for clock phase dynamics. Section IV performs the covariance analysis. Section V discusses the simulation result for the IMM 
filter with a static phase. Section VI describes the experimental scenario and setup. Section VII provides an experimental 
validation of the IMM filter under normal conditions (no interference). Section VIII shows the IMM filter experimental results 
in the presence of interference. Section IX investigates the sensitivity of the carrier phase estimation result on the clock dynamic 
model.  
 

II. KALMAN FILTER AND IMM ALGORITHM  
 
While typical PLLs have a fixed structure with predefined loop filters, Kalman filters have internal adaptability to rely more 
heavily on either measurements or phase dynamics depending on the noise levels. Extended coherent averaging times are 
needed to track through interference. If there is no external information about the navigation data bits, the maximum coherent 
integration time is 20 ms, which is the duration of one navigation data bit. However, if possible, longer coherent integration 



times can help immensely to average out noise, resulting in much cleaner I and Q measurements (Inphase and Quadrature, 
respectively).  
 
In SDR architectures (software-defined radios), carrier phase and code phase tracking loops start with the carrier frequency 
obtained from the acquisition process. Mixing the raw received signal with local sine and cosine waves at the acquired carrier 
frequency will produce I and Q measurements. Moving forward, the carrier tracking loop will update the local carrier frequency 
using I and Q measurements averaged over each subsequent coherent integration window. Figure 1 shows the carrier phase 
tracking architecture in an SDR.  

 

Fig. 1. Carrier phase tracking in SDR 
 
Both the carrier phase and code phase tracking loops rely on the determination of carrier frequency, which means the quality 
of I and Q measurements is extremely important. The interference event contributes additive white Gaussian noise (AWGN) 
directly into I and Q measurements. For typical PLL operation, using a simple phase discriminator, these noisy measurements 
can easily cause phase errors exceeding the pull-in limit of phase discriminator, usually leading to cycle slips and eventual loss 
of lock.  
 
The shortcomings of a traditional PLL can be overcome using a Kalman filter to estimate phase directly. The goal of any carrier 
phase tracking loop is to produce the best phase estimate under noisy conditions. The Kalman filter does precisely this given 
that the noise is white, which is the case in wideband interference. In our interference scenario, the receiver is running normally 
when hit by an RFI event, so the Kalman filter estimate error is small at the start.		
 
A. Dynamic model  
 
The clock phase noise can be modeled using a second order system. The details of the model will be discussed in Section III. 

	

 
 
where k is a time index defining the current coherent average interval. 
  
Over one coherent averaging interval, the total phase change is ∆𝜙#$# = ∆𝜙&' + ∆𝜙)*+, where ∆𝜙&' is the phase change due 
to satellite movement relative to the receiver. For our current development, we assume a static receiver, e.g., a GBAS reference 
receiver, so that ∆𝜙&' is the result of satellite motion only, which is known using the broadcast ephemeris. In future work for 
moving users, the relative motion between satellite and receiver can be accommodated using inertial sensors. 
  
B. Measurement model 
 
The measurement model can be written as 
 

 
 



where d is the navigation data bit, A is the signal amplitude, and 𝑣- and 𝑣. are i.i.d. ∼ N (0, V), where V = 𝐼𝜎23 and is related to 
the carrier-to-noise ratio as follows:  
 

 
 
C. IMM algorithm  
 
The IMM is a multiple hypothesis estimation algorithm. It assumes a system obeys one of a finite number of models at a time 
[5]. It is composed of the five steps shown in Figure 2. Starting with prior probabilities of each model being correct, parallel 
Kalman updates are executed for each, and the mode likelihood functions are evaluated based on the measurements. Then post 
measurement mode probabilities are determined, and the results from all of the modes are weighted and combined to produce 
the output state vector estimate and its error covariance matrix.  
 

 

Fig. 2. Standard IMM algorithm 
 
In our IMM application, as shown in Figure 3, two modes run in parallel, corresponding to the two navigation data bits values, 
1 and −1. The mode (bit) transition probabilities are 50% and 50%, which means the data bits are sequentially independent of 
each other. However, the data bits in reality are not totally random. The knowledge of some navigation data bits can also be 
utilized by the IMM, as we have shown in our prior work [2]. We assume no such knowledge here.  
 

III. CLOCK DYNAMIC MODEL  
 
In traditional PLL, carrier phase tracking is realized by continuously compensating phase error between incoming signal and 
local replica signal using the phase discriminator output results. I and Q samples are the only information sent into the phase 
discriminator. When the quality of current I and Q samples are influenced by the interference event, the discriminator cannot 
output the accurate compensation value for the carrier phase. The mistakes in phase compensation will accumulate over time 
leading to cycle slips, and eventually, loss of lock. This is the primary reason why receiver PLL cannot maintain tracking under 
strong interference events.  
 
 



 
Fig. 3. IMM algorithm in our application 

 
In order to counter the potential quality drop of the measurement I and Q samples, we could provide a relatively stable dynamic 
model to the IMM filter because the IMM Kalman filter has the inherent ability to trust the dynamic model more when the 
measurement noise is huge. A good choice for the this would be the clock phase dynamic model for two reasons. First, our goal 
is trying to estimate the carrier phase which contains Doppler, clock phase, ionosphere, troposphere, and thermal noise. We 
can exclude the Doppler portion if we have access to the navigation data message, which we do from the previously broadcast 
ephemeris. The main component remaining is the clock phase. Second, there are many prior research efforts on different GPS 
clock parameters and modeling that we can use.  
 
Also, if we had a clock phase dynamic model, the IMM filter would not have to do the estimation from scratch at every time 
epoch without utilizing any past information on carrier phase. At each time epoch, the IMM filter will have the old carrier 
phase information from the propagation of the dynamic model and the new measurement I and Q samples to produce the next 
carrier phase estimate. All this gives us a strong motivation to derive the clock dynamic model and apply it in our IMM filter.  
 
A. Rubidium clock  
 
We use separate Rubidium atomic oscillators, both SpecrtaTime, Low Cost & Profile Frequency Rubidium Standards (LPFRS), 
in our experimental work for both the receiver and GPS signal simulator.  The LPFRS Rubidium clock has better long-term 
stability and less phase noise than TCXO and many OCXO clocks which allows the PLL to tighten a narrower noise bandwidth 
and reach its best performance under interference events. We are trying to make a fair comparison between our IMM filter and 
a traditional PLL. We want the IMM filter to compete with the PLL peak performance, hence our choice of the Rubidium clock. 
However, in Section IX, we show that the IMM filter can achieve good performance even with the TXCO clocks.  
 
1) Full Frequency Range Phase Noise Power Spectral Density (PSD): The clock product specifications only provide the phase 
noise PSD data at a few discrete points between 1 and 10000 Hz. It did not cover the phase noise PSD in lower frequency 
ranges (below 1 Hz).  We do care about the lower frequencies for the vibration case model derivation.  
 
The random fluctuation in phase, corresponding to jitter in the time domain (Allan variance), is described by the clock’s phase 
noise PSD, which is modeled as:  
 

 
	
To determine a set of h coefficients, we started with the clock’s the Allan variance data in the specifications. The relationship 
between Allan variance (𝜎43(𝜏))) and phase noise PSD (𝑆∅(𝑓)) is shown in Figure 4 from [6].  



 

Fig. 4. Allan variance calculation [6] 
 
We bounded the original Allan variance plot from the clock specifications with ℎ3 = 0, ℎ> = 0, ℎ? = 5 × 10C3D, ℎC> =
0, ℎC3 = 1 × 10CE?, which cover a wide frequency range, as shown in the noise PSD plot bound as the red curves in Figure 5.  
 

 
Fig. 5. Clock phase noise PSD 

 
In Figure 5, the blue circles are the only five data points we have from the phase noise PSD specifications (1, 10, 100, 1000, 
10000 Hz). Solid lines or circles represent adding coherent integration operation and the dashed lines or circles mean without 
coherent integration.  
 
The red solid or dashed lines perfectly bound the blue data points because we derive the h coefficients from a bound line in the 
Allan variance plot. In this way, we successfully extend our Rubidium clock phase noise PSD plot to full frequency range.  
 
2) State Space Realization: According to Section II-A, we write the clock dynamics in discrete state space form with Ts as the 
coherent averaging time.  
 

 
 
where the covariance for the process noise matrix wk can be written [7] as 



 

 
 
and 𝑆F = 2𝜋3ℎC3, 𝑆I =

JK
3

. 
 
3) Clock Dynamic Model Simulation: A clock phase dynamics simulation was done with Ts = 1 ms by simply propagating the 
dynamic model. Figure 6 shows the phase and frequency error over time.  

 

Fig. 6. Clock dynamics simulation 
 
From Figure 6, we get a rough idea that clock frequency drift is at about a 10CL  Hz level in 160 seconds without any 
measurement input. This result could be used for comparison with the actual experimental test results.  
 
B. Vibration model  
 
Modern GPS receiver clocks, including quartz crystal oscillator and atomic clocks, vibrate at a precise frequency when a voltage 
is applied to them. When a receiver clock’s platform is in a vibration environment, like aircraft vibration due to gusts or ground 
vehicles accelerating up and down due to bad road conditions, the frequency and time counting generated by the clocks may 
no longer be accurate. Considering that this research will apply to aircraft in the future, a clock model for the vibration case 
must be derived. This clock model should bound the phase and frequency noise PSD for the vibration case PSD in the worst 
case. Since we already have the method from h coefficients to the dynamic model, we only need to find a new set of h 
coefficients that generate the PSD bound for the vibration case. 
  
In the presence of mechanical vibration, the single-sideband oscillator phase noise spectral density 𝐺N(𝑓) in rad3/Hz	is going 
to increase by the term [8]:  
 

 
 
where 𝑘F is the oscillator’s g-sensitivity in parts/g and N is the acceleration in g’s. Here we use the upper bound provided by 
the receiver specification for 𝑘F𝑁, 2 × 10C>?.  𝑓? is the oscillator frequency (L1 in our case). 𝐺F(𝑓) is the single-sided vibration 
spectral density in g3/Hz. Here we are using a typical 𝐺F(𝑓) vibration spectral density curve for an instrument panel installation 
on a turbojet aircraft as presented in [9].  



 
By inflating the h coefficients to ℎ? = 2 × 10C3>, ℎC3 = 1 × 10CE?,	this set of h coefficients give the PSD bounds for the 
vibration case phase and frequency PSD. The results are shown in Figure 7 for the phase noise PSD bound and Figure 8 for the 
frequency PSD bound.  
 

 
Fig. 7. Phase noise PSD bound for vibration 

 
Fig. 8. Frequency noise PSD bound for vibration 

 
In both figures, the red line is the actual PSD curve in the vibration case and the blue line is the bounding curve obtained  
using ℎ? = 2 × 10C3>, ℎC3 = 1 × 10CE?. The Rubidium clock dynamic model for the vibration case can be derived through 
the same process as in Equation (8).  
 

IV. COVARIANCE ANALYSIS  
 
Since we already have the measurement noise matrix V and process noise matrix W, it is worth doing a covariance analysis 
before dealing with actual measurements. The covariance analysis result tells us how quickly the error converges, and which 
of the two noise matrices is dominant.   The initial state covariance is estimated from PLL tracking results. A 1 ms coherent 
averaging time and C/No = 51 dB/Hz is used in this analysis.  
 
The result for the frequency state is shown in Figure 9. The state covariance converges quickly (within 1 second). The Figure 
9 inset shows the relative interaction between measurement noise and process noise. The blue circles represent the covariance 
before measurement update (𝑃Z) and the red crosses represents the covariances after measurement update (𝑃[). Note that the line 
from previous red cross to the next blue circle is almost flat. This indicates that the dynamic propagation is not pumping much 
noise into the IMM filter and so the measurement update is able to bring the covariance down. This meets our expectations 
given the high-quality Rubidium clock.  
 
This also aligned with our design idea that we want a stable clock dynamic model to provide extra robustness for the IMM 
filter. With this extra robustness, under an interference event, when the measurement quality is bad and measurement noise is 
huge, the IMM filter still has a dynamic model to rely on to make the correct carrier phase estimation.  
 

V. SIMULATION  
 
In prior work [2] we did a Monte Carlo simulation with static phase at 135°, with no clock dynamics involved, C/N0 = 15 
dB/Hz, 20 ms coherent averaging time, and 100 sequential measurements generated. The result is shown as Figure 10.  
Most of the phase estimates are located near 135°. But there is another small peak at −45° caused by wrong data bit estimation 
by the IMM filter. In [2] we showed that with partial knowledge of navigation data bits, the incorrect peak at −45° can be 
greatly reduced. The dispersion is a bimodal Gaussian distribution. The sample standard deviation computed using the data 
points near the peak at 135° is 12°. 
  



 

Fig. 9. Covariance analysis results 
 

 

Fig. 10. IMM filter simulation 
 
 

VI. EXPERIMENTAL SCENARIO AND SETUP  
 
A. Experimental Scenario 
  
In the interference scenario, the GPS receiver is operating under normal signal conditions prior to onset of the RFI event, so 
that the current ephemeris has already been decoded and will be valid for at least another two hours. The experiment covers a 
static GPS reference receiver over a 4-minute period with 5 satellites (PRN 1, 7, 11, 28, 30). The ephemeris file over that period 
is provided to the software-defined receiver (SDR). The onset of the RFI event is 2 minutes after start so that the receiver has 



time to lock onto the nominal signals. The interference event is implemented by dropping C/N0 from 51 dB/Hz (which was the 
nominal signal strength for all 4 satellites) as follows: no drop for PRN 1, 6 dB drop for PRN 30, 16 dB drop for PRN 7, 26 dB 
drop for PRN 11, and 36 dB drop for PRN 28.  
 
B. Experimental Setup  
 
GPS RF signals are generated using a Spectracom GSG- 6 GNSS simulator. A USRP N200 is used as the front end, and as 
noted earlier, two LPFRS Rubidium clocks are used as references for satellite and receiver. The IMM algorithm is implemented 
in a software defined receiver. Figure 11 shows the overview of the experimental setup.  
 

 
Fig. 11. Experimental setup 

 

VII. IMM FILTER VALIDATION  
 
When no interference is present, the IMM filter is expected to have essentially the same ‘tracking’ ability as a PLL. In this 
case, the PLL should provide a good reference for comparison. PRN 1 was free of interference over the entire 4-minute period, 
so it was used to test the IMM filter under nominal signal conditions. To do this we ran the PLL and IMM in parallel for PRN 
1 and compared the reconstructed clock frequency output from both.  
 
If the reconstructed clock frequency is the same from both, the total reconstructed carrier frequency will also be the same, 
because the remainder is due only to Doppler, which is also the same for both. As noted in Section VI-A the ephemeris file is 
available, so the Doppler feed into PLL and IMM is the same.  
 
Figure 12 shows the details of the processing algorithm. The PLL maintains carrier frequency and phase lock at all times in 
this interference-free case, so the IMM can start at any time by taking the initial knowledge of the state vector from the PLL. 
After that, the IMM runs independently in parallel to the PLL. The measurement and dynamic model are provided in Sections 
II-B and II-A. The DLL needs the current carrier frequency to operate, which typically comes from the PLL. However, after 
we validate the IMM filter, we can draw the carrier frequency from the IMM. In this test, typical parameters are initially used 
in the PLL: third order loop filter and 1 ms coherent averaging time. The IMM filter starts at 80 sec.  
 
The PLL noise bandwidth starts at 15 Hz, then to be optimized for the static receiver scenario gradually tightens to 1 Hz prior 
to start of IMM. Our observations of preliminary experimental results showed that when coherent averaging times are increased 
rapid tightening of PLL bandwidth after acquisition can cause the PLL to become unstable. Thus, a smooth polynomial function, 
Equation (10), was used to tighten the bandwidth Bn from 15 to 1 Hz in the first 70 sec, and then keep it at 1 Hz for the rest of 
the time.  
 

𝐵] = 3𝑒C>`𝑡b − 1.3𝑒C>E𝑡E + 1.5𝑒Ce𝑡3 − 7𝑒Cb𝑡 + 15.5													(10) 
 
where t is the elapsed time. It was not feasible to tighten the bandwidth to below 1 Hz because of PLL stability issues. 
 



 
Fig. 12. IMM filter running logic 

 
 

 
Fig. 13. Clock frequency error comparison (no interference) 

 
Figure 13 shows the clock frequency error estimation results from the PLL and IMM. Blue lines stand for PLL and red lines 
stand for IMM, which starts at 80 seconds.  After a short convergence transition period at 80 sec, the IMM filter clock frequency 
error estimation result matches the PLL result. The red and blue lines are nearly on top of each other which indicates that the 
IMM filter is works as well as the PLL under the no interference case. 
 

VIII. IMM FILTER PERFORMANCE IN INTERFERENCE  
 
A. Interference Case: 15 dB/Hz 
  
We perform the same test as in Section VII for PRN 28, which has a 36 dB/Hz drop in C/N0 at 110 s. The PLL is still using a 
tightened bandwidth method from 15 Hz to 1 Hz in Equation (10) to handle the increased noise.   As Figure 14 shows, although 
the PLL bandwidth has been tightened to 1 Hz, it is still not possible for the PLL to track the signal at 15 dB/Hz as the blue 
curve ramps up after encountering the interference event. This accumulated error will lead to cycle slips and eventually loss of 
lock.  However, the IMM filter is still able to provide a reasonable clock frequency error estimation with zero mean and small 
drift as the red line shows. This result shows that the IMM filter is able to provide better carrier phase estimation output even 
under an interference event with C/No = 15 dB/Hz, while the PLL loses lock even when the noise bandwidth is tightened to the 
minimum value. 
 



 
Fig. 14. Clock frequency error comparison (15 dB/Hz case) 

 
 

IX. SENSITIVITY ANALYSIS FOR CLOCK MODEL  
 
The motivation for using the Rubidium clock is that it allows the PLL to tighten to a narrower bandwidth to reject the noise. 
Since we have already shown that the IMM filter has the advantage over the PLL in both the normal and interference cases, we 
next determine whether the IMM filter can provide similar advantages with lower quality clocks. In simple terms, if the clock 
dynamic model is the crucial part that provides robustness for the IMM filter under an interference event, how much worse 
could we make the clock dynamic model to maintain IMM effectiveness? 
 
To do the sensitivity analysis, we first need to set up a benchmark with which to compare. Here we are taking the clock 
frequency estimation result from PRN 1 (no interference) as the benchmark and consider five other cases: 

• TCXO clock 
• Manually inflating the Rubidium 𝑆F parameter by 10E; 𝑆F is more related with low frequency clock errors 
• Manually inflating the Rubidium 𝑆I parameter by 10E; 𝑆I is more related with high frequency clock errors  
• Manually inflating the Rubidium process noise matrix W by 10E 
• Manually inflating the Rubidium process noise matrix W by 10g 

 
We focus on the clock frequency error estimation and clock frequency error standard deviation. Figure 15 shows clock 
frequency error estimation results.  Compared to the benchmark, inflating 𝑆F by 10E does not seem to greatly impact the result 
which means our IMM filter is not sensitive to the 𝑆F  parameter. However, inflating 𝑆I  by 10E  makes the variance on 
estimation much larger, so the TCXO clock model gets similar results because the 𝑆I parameter of the TCXO is about 10E 
times that of the LPFRS Rubidium clock. These two results show that our IMM filter is sensitive to the 𝑆I parameter. Inflating 
W by 10E inflates 𝑆I and 𝑆F at the same time.  This gives the same result as inflating 𝑆I only because 𝑆F is not as important as 
the 𝑆I parameter on the final result. Inflating W by 10g results in a huge variance simply because 10g is a big number. 
 
Figure 16 shows clock frequency error standard deviation results. These six figures are the standard deviation of the results in 
Figure 15, respectively. We draw a similar conclusion in Figure 16 to that of Figure 15.  If we inflate the 𝑆I, the covariance 
will not converge and the IMM filter become unstable. In the last sub-figure of Figure 16, the covariance is so large that it 
exceeds the plot region and the plot appears blank. 
 
From this sensitivity analysis, we see that the IMM filter result is sensitive to the 𝑆I parameter corresponding to the high 
frequency part (short term stability) in the clock phase noise PSD plot. However, the Rubidium clock’s advantage is mainly 
that it has better long-term stability. In future we would like to consider testing our IMM filter with OCXO clocks which are 
designed for better short-term stability. 
 



 
Fig. 15. Clock frequency error sensitivity analysis result 

 
 

 
Fig. 16. Clock frequency error standard deviation sensitivity analysis result 

 
. 
 

X. CONCLUSION  
 
In this paper, we bound the clock phase noise PSD and derive clock phase dynamic models under normal and vibration cases. 
Then we validate our IMM filter with this clock model with the experimental data. We prove that the performance of the IMM 
filter is better than traditional receiver PLL under both no interference and interference cases. A sensitivity analysis on clock 
dynamic model indicates that the IMM filter is more sensitive to the short term stability of the clock. 
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