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ABSTRACT

Safety critical estimation applications require quantification of integrity risk,
which is the probability of the state estimate error exceeding predefined bounds of
acceptability. Integrity risk can only be evaluated when the state estimate error
probability density function is precisely known, necessitating stochastic models that
exactly describe measurement noise and disturbance inputs. Uncertainty in these models
directly results in inaccurate assessments of integrity risk. This dissertation develops the
first implementable methods to upper bound integrity risk when the autocorrelation
functions of stochastic inputs reside between upper and lower bounding functions.

The first part of this work considers real-valued estimation applications that use
the Kalman filter or batch weighted least squares estimator. Explicit relations are
developed between the estimate error variance and autocorrelation functions using a new
generalized covariance matrix derived in this dissertation. From these expressions, two
methods are provided to upper bound integrity risk. The first method enables fast
computation of a conservative bound, and the second method produces the minimum
upper bound via semi-definite optimization.

Mixed real/integer estimation applications utilizing integer bootstrapping are the
focus of the second part of this work. The integrity risk bound is formally defined as the
global solution to a non-convex optimization problem over a polytope. Determination of
the polytopic region is difficult, and two bounding approaches are initially developed for
a circumscribing hyper-rectangular feasible region. Using an innovative method to define
the polytope together with linear programming, a third method is derived to upper bound

integrity risk over the true polytopic feasible region.



CHAPTER 1

INTRODUCTION

State estimation is essential to the solution of numerous engineering problems,
including nuclear reactor control, aircraft navigation, and orbit determination of
interplanetary spacecraft and earth-orbiting satellites. It also lies at the heart of extremely
challenging military operations like autonomous shipboard landing and airborne refueling
of unmanned aerial vehicles. For safety critical estimation applications, it is necessary to
quantify integrity risk, which is the probability that the state estimate error exceeds a
given acceptable bound. Accurate integrity risk assessment relies on precise knowledge
of the estimate error probability density function, which can only be determined when
exact statistical descriptions of measurement noise and disturbance inputs are available.
Inevitably, there will be uncertainty in characterizing these random processes. This
dissertation provides the first known methods to quantify the impact of stochastic model
uncertainty on integrity risk for the Kalman filter, batch WLS estimator and integer

bootstrap estimator.

1.1 Kalman Filtering with Colored Noise

For estimation applications where the state vector evolves according to a dynamic
model, measurements are typically processed (or filtered) over time. Sequential
algorithms are primarily used in linear estimation problems because of their obvious
computational advantage over batch estimation techniques. The Kalman filter will be the
only sequential estimator considered in this dissertation due to its widespread use in

engineering. A fundamental assumption used in its derivation is that the measurement



noise and disturbance inputs are white noise processes. While this assumption may be
valid in certain situations, it will not be true in general. GPS multipath error and inertial
sensor bias errors are two examples of random processes that exhibit significant time
correlation [Yan04] [Wal06]. Fortunately, several variants of the Kalman filter have
already been developed to accommodate colored noise.

State augmentation is one well-known approach that accounts for time correlation
by using additional filter states [And79]. The resulting increase in state vector dimension
can sometimes have adverse practical ramifications, and this has resulted in alternative
solutions that do not require additional states. Two examples of such alternatives are the
measurement differencing filter [Bry68] and the Schmidt-Kalman filter [Sch66]. Because
the choice of which method to use is mainly a practical consideration, this dissertation
will use the standard state augmentation paradigm to account for time correlation. The
Kalman filter and its variants have been successfully utilized to solve a wide variety of
estimation problems. However, there are situations where it is advantageous or even

necessary to process sequential measurements simultaneously in a batch estimator.

1.2 Batch Weighted Least Squares with Colored Noise

In non-linear estimation problems like radar tracking, batch estimators have been
shown to possess better convergence properties than sequential algorithms [SatO1].
When the measurement noise and disturbance inputs can only be accurately modeled over
a finite time interval, or if they cannot be described using a finite state model (e.qg., flicker
noise in quartz oscillators), state vector estimation can only be properly implemented

using batch algorithms [ChalO] [JoelO]. Weighted Least Squares (WLS) is most



commonly used in the situations described above, and it will be the only batch estimator
considered in this research.

For nonlinear estimation problems, WLS is typically implemented by iteratively
re-linearizing the measurement model until the state estimate converges. The weighting
matrix is determined from the autocorrelation functions (ACFs) of measurement noise
and disturbance inputs and in general will be fully populated. It is not necessary to
specify a linear, finite state model for correlated noise in WLS estimation. Therefore,
WLS can solve a larger class of estimation problems compared to the Kalman filter.
However, WLS is considerably more computationally demanding, and therefore should
only be used in applications that cannot be treated using a Kalman filter.

Both the WLS estimator and the Kalman filter are real estimators. That is, they
produce a real-valued estimate of the state vector. In a select number of estimation
applications, a complete description of the system state requires specification of both real
and integer variables. For example, tracking a maneuvering aircraft involves estimating
position and velocity as well as the current flight mode, which is specified by an integer

value. Enforcing the integer constraint can significantly improve estimation quality.

1.3 Mixed Real/Integer Estimation

Hybrid estimation applications like aircraft and target tracking have measurement
and state dynamic models that are defined seperately for each mode, or integer state
[Boe02] [Hwa06]. In practice, the integer state is often modeled as a finite state Markov
chain to account for the fact that mode transitions are typically unknown a priori

[Cos05]. For a relatively small number of modes, a bank of Kalman filters (one designed



for each mode) can be used to estimate the mixed real/integer state vector [Bar01]
[May82]. The real-valued state estimate is a weighted average of the Kalman filter
estimates and the integer estimate is defined as the most probable mode. In [ZymO08], a
maximum a posteriori (MAP) estimator is developed for a special class of hybrid
systems based on the solution to an associated mixed real/integer quadratic programming
problem.

Mixed real/integer estimation also appears in differential navigation applications
that utilize carrier phase signals from Global Navigation Satellite Systems (GNSS). The
number of whole carrier cycles between the vehicle and satellite is an unknown integer,
commonly referred to as the cycle ambiguity [Mis01]. Real-time navigation applications
utilizing carrier phase measurements require fast, efficient algorithms for estimation of
cycle ambiguities, which has led to the development of numerous mixed real/integer
estimators [TeuOla] [TeuO3] [TeulO] [Ver05]. The majority of these algorithms convert
appropriate elements of the real-valued estimate vector (obtained from either a Kalman
filter or WLS estimator) to an integer value.

Integer least squares is one technique that minimizes a least squares cost function
to determine the integer estimate [Teu95]. Integer bootstrapping is another approach that
combines conditional least squares estimation with rounding to sequentially estimate each
component of the integer vector [TeuOlb]. The sequential nature of the bootstrapping
method allows one to estimate only a partial subset of the integer vector. Furthermore, it
is possible to directly quantify the probability of successful integer estimation, which is
essential for integrity risk computation. Because of these features, the bootstrap estimator

is the only mixed real/integer estimator considered in this research.



14 Integrity Risk Assessment with Modeling Uncertainty

Quantifying integrity risk requires specification of the state estimate error’s
probability density function (PDF). Throughout this dissertation, it will be assumed that
the measurement noise and disturbance inputs can be accurately described as zero-mean
Gaussian random processes. Under this assumption, the estimate error vectors associated
with the Kalman filter and WLS estimator are also zero-mean Gaussian because both
estimators are linear and unbiased [Sim06]. Therefore, the estimate error covariance
matrix completely specifies the joint PDF of the state estimate error vector. For the
bootstrap estimator, it can be shown that the estimate error probability distribution is a
weighted sum of Gaussian distributions when the measurement noise and disturbance
inputs are Gaussian [Teu99]. The weights and covariance matrix associated with each
distribution are determined from the real-valued estimate error covariance matrix.

For all three estimators considered in this dissertation, the estimate error
covariance matrix plays a critical role in quantifying integrity risk. In the presence of
colored measurement noise and time correlated disturbance inputs, this matrix will only
be accurate when state augmentation can be performed precisely or when the weighting
matrix in WLS estimation can be prescribed exactly. Since the true statistical nature of
measurement noise and disturbance inputs are rarely known, approximate, reduced order
models are often employed. Under these circumstances, integrity risk cannot be
quantified precisely, which can have catestrophic consequences in safety-of-life
applications. Therefore, an upper bound on integrity risk must be obtained subject to a

specified time correlation uncertainty structure.



1.5  Previous and Related Work

The issue of uncertainty in characterizing measurement noise has been studied
extensively in the aircraft navigation community. In [DeCO00] and [Rif04], it is shown
how to compute an upper bound on integrity risk using the concept of cumulative
distribution function (CDF) overbounding. These results apply for the special case where
measurement errors are mutually independent. However, when state estimation is
accomplished through measurement filtering, the presence of any time correlation in the
measurement noise violates the independence assumption. In response, the symmetric
overbounding theorem was developed in [Rif07] and [Pul08] to generalize CDF
overbounding techniques to the case where measurement errors are correlated. The
theorem provides a solid theoretical foundation for integrity risk bounding with

correlated errors but does not provide a readily implementable solution.

1.5.1 Recursive Filtering with Model Uncertainty. Numerous publications can be
found in the robust estimation literature that consider the integrity risk bounding problem
for specialized cases of modeling uncertainty. For example, in [Khal0a] it is shown how
to upper bound integrity risk when the measurement noise is governed by a first order
Gauss-Markov model with an unknown time constant. More general uncertainty
structures can be handled using guaranteed cost filtering [Xie05], where a linear
estimator is sought such that the estimate error variance is guaranteed to be smaller than a
certain bound. The design matrices are chosen to minimize the upper bound subject to a

specified uncertainty structure on the state transition matrix and observation matrix.



Norm-bounded uncertainty is one type of uncertainty structure that can be
handled using guaranteed cost filtering [Xie91] [Xie94] [Pet96] [ZhuO2]. Under this
structural model, the minimum upper bound on the estimate error variance is obtained by
solving algebraic Riccati equations (AREs). The polytopic uncertainty structure is
another example, where the state transition matrix and observation matrix are expressed
as unknown linear combinations of a set of matrices [Ger98] [Tua01] [Ger00] [Sha01]
[Xie04] [Ger02]. The advantage of this formulation is that the robust filtering problem
can be written in terms of Linear Matrix Inequalities (LMIs), which can be solved
efficiently using existing algorithms [Boy94]. A thorough overview of norm bounded and
polytopic uncertainty is provided in [Xie05] and [Lew08].

Guaranteed cost filtering is an effective solution to the integrity risk bounding
problem provided that the size of the state transition matrix is known a priori. However,
when statistical models for measurement noise and disturbance inputs are not precisely
known, the number of states necessary to accurately model these processes is also
unknown. Furthermore, certain random processes like flicker noise considered earlier
cannot even be modeled with a finite number of states. These problems cannot be
addressed using guaranteed cost filtering. New methods must be developed to quantify
integrity risk when measurement noise and disturbance inputs have an unknown

correlation structure.

1.5.2 Batch Estimation with Model Uncertainty. There is no shortage of batch
estimation techniques that are robust to specific types of model uncertainty. A nonlinear

estimator is designed in [Ham92] when the measurement noise power spectral density



function (PSD) is known to be within a specified neighborhood of a nominal PSD. Using
a diagonalized form of the measurement noise covariance matrix, a minimax mean square
error estimator is designed in [EId06] for the case where the diagonal elements lie in a
specified convex region. Bayesian methods are employed in [Won92] and [Rei92] to
construct a MAP estimator when the measurement noise vector has an unknown positive
semi-definite covariance matrix. Maximum likelihood estimators are developed in [Ye95]
and [Gor99] for the case where the noise covariance matrix can be parameterized by a
small set of parameters. A comprehensive survey of robust estimation techniques is
provided in [Kas85].

All of the methods described in the previous paragraph yield optimal state
estimators subject to particular measurement noise uncertainty structures. The resulting
estimators are either nonlinear or must be determined numerically by solving an
optimization problem. However, none of these methods provide the means to determine
the probability distribution of the estimate error and they are therefore incapable of
quantifying integrity risk. Researchers have made progress toward resolving this issue
when the measurement noise covariance matrix can be parameterized by a small set of
parameters.

Generalized Least Squares (GLS) estimation can be used in these instances to
estimate the covariance matrix parameters in addition to the state vector [Balll].
Edgeworth expansions are used in [Rot84] to approximate the probability density
function of the GLS estimate error. In [Lan12], a method was proposed to upper bound
estimation integrity risk for a weighted least squares estimator when the measurement

noise could be characterized by a first order Gauss Markov process with unknown



variance and time constant. The methods developed in [Rot84] and [Lan12] depend on
the ability to parameterize the noise covariance matrix. They cannot be generalized to
situations where the mathematical structure of the measurement noise and disturbance
input autocorrelation functions is unknown.

Unlike robust estimation techniques, this dissertation defines the estimator in the
traditional manner using the best autocorrelation function models available. This enables
implementable algorithms to be derived for the first time that provide integrity risk
bounds for real and mixed real/integer estimators when the autocorrelation functions of

stochastic inputs are only known to reside between upper and lower bounding functions.

1.6 Dissertation Contributions

1.6.1 Integrity Risk Bounding in Kalman Filtering. A new set of linear difference
equations is derived in Chapter 2 that explicitly show how measurement noise and
disturbance input autocorrelation functions map into the Kalman state estimate error
vector. An efficient algorithm is developed to solve these equations and determine the
worst-case autocorrelation functions that define the integrity risk bound. The algorithm is

applied to an illustrative example of one-dimensional position and velocity estimation.

1.6.2 Bounding Integrity Risk in Batch Estimation. A new form of the batch WLS
estimate error vector is derived in Chapter 3 for the case where the weighting matrix has
unknown, but bounded elements. This expression allows the algorithms developed in

Chapter 2 to be used in defining an integrity risk bound for batch WLS estimation. The
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method is demonstrated using a two-dimensional position and velocity estimation

application.

1.6.3 Bounding Integrity Risk via Semi-Definite Optimization. The autocorrelation
functions producing the integrity risk bounds described above are not necessarily positive
semi-definite. A new bounding approach is developed in Chapter 4 that incorporates
positive semi-definiteness as a constraint within a semi-definite programming framework.
The method is applicable to both Kalman filters and batch WLS estimators. Performance

comparisons are made for the two-dimensional estimation problem.

1.6.4 Mixed Real/lnteger Integrity Risk Bounding. For the integer bootstrap
estimator, the integrity risk bound is defined in Chapter 5 as the solution of a non-convex
optimization problem over a polytope. Two novel approaches are developed to
conservatively upper bound integrity risk by solving the optimization problem over a
circumscribing hyper-rectangle. Their performance is compared for the problem of
estimating the scalar distance (baseline) between two stationary antennas using carrier

phase differential GPS measurements.

1.6.5 Mixed Real/lnteger Integrity Risk Bounding over a Polytope. Using a new
approach to define the polytope in conjunction with linear programming, a third method
is developed in Chapter 5 to upper bound the mixed real/integer integrity risk over the
true polytopic feasible region. Simulation results and comparison studies are provided for

the static baseline estimation application.
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CHAPTER 2

INTEGRITY RISK BOUNDING IN KALMAN FILTERING

This chapter is concerned with quantifying the impact of stochastic model
uncertainty on integrity risk for the Kalman filter. In Section 2.1, linear measurement and
state dynamic models are defined, and assumptions regarding the measurement noise and
disturbance inputs are clearly stated. Section 2.2 introduces the method of state
augmentation and establishes the role of the estimate error variance in quantifying
integrity risk. A set of linear difference equations is derived in Section 2.3 whose solution
is used in Section 2.4 to define a new generalized covariance matrix for the Kalman filter.

Section 2.5 uses the generalized covariance matrix to derive an expression for the
estimate error variance in terms of measurement noise and disturbance input
autocorrelation function values. An upper bound on estimate error variance is derived in
Section 2.6 for the bounded autocorrelation uncertainty structure, which is subsequently
used to compute the integrity risk bound. Section 2.7 implements the bounding
algorithms developed in this chapter for a one-dimensional position and velocity

estimation problem.

2.1 Measurement and State Dynamic Models
Consider the linear measurement model
z,=H, 6,+3J, v, (2.1)

n, xng

where z, € R™ is the measurement vector, H,, € R is the observation matrix,

6, € R™ is the state vector, J,, € R™ ™" is the measurement noise mapping matrix
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and v, € R"™ is a zero-mean Gaussian random vector. The subscript k indicates that a

quantity is defined at time index k.
The state vector @ evolves in time according to the linear dynamic model
0k+1:F6,k6k +Gg,ka (2-2)

X Ny,

where F,, € R™*™ is the state transition matrix, G,, € R" is the disturbance

input mapping matrix and w, € R™ is a zero-mean Gaussian random vector. In this
dissertation, H, ., J, ., F, and G, are assumed to be precisely known.

The components of v, and w, represent sensor measurement errors and external

disturbance inputs, respectively, at time index k. In the most general case, these
components are correlated over time and cross-correlated with each other. Even though
cross-correlation can be accommodated by the algorithms provided herein, its presence
does not alter the conclusions of this research. Therefore, the assumption of zero cross-

correlation will be made for brevity.

Let v, , denote the i"" component of v at time index k, and let {v,} be a time

series of arbitrary length of v,. Then v is statistically modeled as

]

Elvievill=r,ady . (2.3)

where E is the expectation operator, J;; is the Kronecker delta, and r, ,, is the value of
the autocorrelation function of {v,} at time indices k and .

A similar statistical model exists for w . That is,
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E[Wi,ij,I]:rw,,klé‘ij ) J (2.4)

where r,, ,, is the value of the autocorrelation function of {w; } at time indices k and .

Because the components of v and w are uncorrelated, it follows that

E[w,v,,]=0 , ¥ i,jkandl (2.5)

2.2  Quantifying Integrity Risk in Kalman Filtering
In general, r, , and r, ,, are non-zero for k = I, indicating that there is time
correlation in {v;} and {w,}. If v and w can be dynamically modeled as the output of a

linear system driven by white Gaussian noise, then the well-known method of state
augmentation can be utilized to recast equations 2.1 through 2.5 in the form of an

estimation problem amenable to a Kalman filtering solution.

2.2.1 Method of State Augmentation. Suppose that v, and w, can be linearly
decomposed as

vi=C,n +D, 1, (2.6)

W, =A, & +By Qyy (2.7

where C, € R™ ™", e R™ is a zero-mean Gaussian random vector, D, € R™ "™

and r e R™ is a zero-mean white Gaussian random vector with n_x n_ covariance

matrix E[r . r']=R, &, . Similarly, A, € R™"", & ¢ R"™ is a zero-mean Gaussian
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X n

random vector, B, € R™ ™" and g, € R"** is a zero-mean white Gaussian random
vector with n, , x n, , covariance matrix E[q,,, dy,1=Q, 5« -
It is assumed that 7 is uncorrelated with r and that & is uncorrelated with g,

ie, E[nr]=0 and E[£q;,]=0 for all k and I. The vectors  and & capture the

time correlated nature of v and w, respectively, and evolve in time according to the

linear dynamic models
Ma =Fc M+ G, O (2.8)
§k+l =k ‘fk + Gg,k Q: « (2-9)

where F , e R™"", G, , e R""™" g eR™ is a zero-mean white Gaussian

. . . T Nexng
random vector with n,  x n, —covariance matrix E[q, 0,,]1=Q, 0y, F:, e R™*" 7,
G,, e R"“""™ and g, e R"* is a zero-mean white Gaussian random vector with

; ; T
n, . x N, . covariance matrix E[q,,0.,]1=Q; Jy, -

Substituting equation 2.7 into equation 2.2 and appending equations 2.8 and 2.9 to
equation 2.2 results in the new linear dynamic model

0,1 For GoAc 0 |6, GyBe 0 0 |l 9
&L=l 0 F.. 0 (& |+ O G, 0 |, (2.10)

S

Ma 0 0 Fo | M 0 0 G;,,k Q,,«

which can be written more succinctly as

X =Fc X + Gy q, (2.11)
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" . ny -
Defining n, =n,+n, +n, and n,=n,,+n, +n, X, € R™ is the state

5 1

n,xn

vector, F, e R™ ™™ is the state transition matrix, G, € R™ ™" and q € R"* is a zero-

mean white Gaussian random vector with n, x ng covariance matrix

Q,, 0 0
Q. =Elg.a'l=| 0 Q., 0 |5, (2.12)
o 0 Q,

Inserting equation 2.6 into equation 2.1 results in the new measurement model
z,=Hg 6+, Cem+J,, D1y (2.13)
- . n,xn n, xn
Defining H, e R*" ™ and J, e R as

H.=[H,, 0 J,C/] (2.14)

:Jv,ka (2.15)
allows equation 2.13 to be written more compactly as

z, =H X+, 1y (2.16)

An optimal estimate of the state vector x can now be obtained using the Kalman filter.

2.2.2 State Estimation via Kalman Filtering. The Kalman filter is composed of a
measurement update, producing the estimate vector X, =X, +K,(z, —H, X, ), and a

time update, which yields the estimate vector X, =F X, [Bro97]. The vectors X,, X,

n,xn,

and X,,, have dimension n,x1 and K, € R is the Kalman gain matrix, to be

defined shortly.
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The estimate error vectors associated with X, and X, are defined as
& =X —% and & ,=X.,—X.,, respectively, whose covariance matrices are

determined from the expressions [Bro97]

If)k:E[gkgII]:(l_Kka)lsk_ (2.17)
|51;+1=E[3|:+1(3|:+1)T]:Fk FA:.k FkT +G, Qy GI (2.18)
K, =P H (H P Hl +J, R JI)™ (2.19)

n

where P, e R™ ™ is output during the time update and P, € R™ "™ is output during
the measurement update.

Throughout the dissertation, &= and & will commonly be referred to as the a

priori and a posteriori estimate error vectors, respectively. Notice that &~ and & are both

Gaussian random vectors, which follows from the Gaussianity of r and g and the fact

that the Kalman filter is a linear estimator. In general, the mean vector and covariance

matrix completely specify the joint probability density function of a Gaussian random
vector. The mean of ¢~ and & is zero because r and g are both zero-mean, and because
the Kalman filter is an unbiased estimator.

Therefore, equations 2.17 and 2.18 completely specify the joint probability
density function of the state estimate error vector after a measurement update and time

update of the Kalman filter. If>k and |5k’+1 play a critical role in verifying that the

likelihood of entering a hazardous situation is acceptably small for safety-critical

estimation applications.
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2.2.3 Definition of Integrity Risk. Let y be a scalar linear combination of x. That is,
y:a;x, where a, € R™ is a known vector. The estimation integrity risk of y is
defined in this dissertation as

I, =P(e, 2[-1,,0,]) (2.20)
where / is a specified real number.

Given that £, is a zero-mean Gaussian random variable, Iy evaluates to

14
I, =erfc : (2.21)

where erfc(e) is the complementary error function and &, is the variance of &, Obtained
from the covariance transformation &yz = a; I5ay . The a priori integrity risk is computed
in an analogous manner by replacing 6 with (&,)° and P with P~

It is clear that the evaluation of I is straightforward once P has been specified.

However, it was shown in Section 2.2.1 that when the components of v and w are time

A

correlated, dynamic models for v and w needed to be specified in order to propagate P
and P~. In practice, these dynamic models will never be known precisely because of the

uncertainty in the true nature of the time correlation. As a result, the computed P, even

using the best dynamic models available, will not accurately describe the probability

distribution of the a posteriori estimate error vector.
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2.3 Estimate Error Vector Difference Equations
Notice that @ is the only subset of x pertinent to integrity risk. The vectors &
and n were appended to @ solely for the purpose of ensuring that If’g faithfully describes
the probability distribution of &,. In this section, two vector difference equations will be

derived for the Kalman filter that explicitly reveal how v and w map into &,.

2.3.1 A Posteriori Generalized Error Vector. It was shown in Section 2.2.2 that the
measurement update is given by X, =X, +K,(z, —H, X, ). Replacing z, with the
expression on the right hand side of equation 2.1 yields
X, =X +K.(Hy, 6, +3, vi—HX) (2.22)
Substituting equation 2.14 for H, and partitioning X, and X, results in
6. | |6; 6;

E =& |-KIH,e 0 J3,,C & |+K(H, 0, +3,, V) (2.23)

A A A

v ny n

=~

6, |6, 6, -6,
ék = ‘:21; -K,H, él: + K J, Vi (2.24)
ny N N

Subtracting the n_ x 1 vector [, 0" 0 1" from both sides yields
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& = & -K, Hy él: + K J, Vi (2.25)

Defining the n,x 1 vectors &, =6, -6, and &y =@, -0, allows equation

2.25 to be written as

€y x Eo x
‘fk =(1-KH,) ‘fk_ + K J, Vi (2.26)
ub M

Now define e, =[&], & A, 1 L =(1-K.H,) and M, = K,J, . Then equation
2.26 can be expressed more succinctly as
e, =L.e +M, v, (2.27)

ny xny n, xn,

where e, e R™, L, e R™*™ and M, e R™ ™",

2.3.2 A Priori Generalized Error Vector. A similar procedure can be followed for the

Kalman time update. First write the update equation X,,, =F, X, in the partitioned form

él‘(_+l ék
Ecn |=F | & (2.28)
ﬁk_+l ﬁk

Subtracting the n_x 1 vector [8;, 0" 0T 1" from both sides yields

0k7+1 - ek +1 0k ek +1

E. |=F|&|-| 0 (2.29)

ﬁk_+1 ﬁk 0
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From equation 2.2, ,,, =F,, 8, +G, , w, , which can also be written as

0=l 0 F., 010+ 0 |w (2.30)

1,k
The 3x 3 block matrix on the right hand side of equation 2.30 is identical to F,

defined in equation 2.11. Therefore, equation 2.30 can be simplified to

9k+l gk Gﬁ,k
0 |[=F] 0|+ 0 |w, (2.31)
0 0 0

T

Replacing the vector [6,, 0" 0T 1 in equation 2.29 with the right hand side of

equation 2.31 and simplifying yields

él;l - 0k+1 ék - ek Ge,k
Ea |=R| & || 0 |w, (2.32)
ﬁl:+l ﬁk 0

Recalling the definitions of e, and e, given after equation 2.25, equation 2.32

can also be written as
e, =F.e +N, w, (2.33)
where the definition of N, € R™ "™ is obvious by comparing equation 2.33 to equation

2.32.
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2.4 Generalized Covariance Matrix for the Kalman Filter
Together, equations 2.27 and 2.33 constitute a system of linear, time-varying

difference equations driven by v and w.Throughout the derivation in Section 2.3, no

assumptions were made regarding the mathematical structure of the vector time series

{v} and {w}. Hence, equations 2.27 and 2.33 represent the true error in the estimate of

the vector @ after a measurement update and time update of the Kalman filter. In this
section, these two equations will be used to derive a new generalized covariance matrix

for the Kalman filter.

2.4.1 Preliminary Analysis of Covariance. From equation 2.27, the generalized

covariance matrix P, = E[e, e, ] can be written as
P =E[(L.e, +M v, ) (L., +Mv,)"] (2.34)
Expanding equation 2.34 results in the expression
P.=L.P L, +L, E[e,v{IM; +M, E[v, (e,) ]L,+M,V,M;  (2.35)
where V, € R" ™" is the covariance matrix of v, .

The expected values on the right hand side of equation 2.35 are non-zero. To see

this, first consider the case when k=0. From equation 2.33, e; =F,e,+N,w,.
Replacing e, by the expression on the right hand side of equation 2.27 yields

e, =F (Lye, +Myv,)+N,w, (2.36)
Post multiplying both sides by v, and taking the expected value results in

Ele;v,1=F,L,E[e;v,]1+F, M, E[v,v; 1+ N, E[w, v, ] (2.37)
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The initial error e, is uncorrelated with v, and w, is uncorrelated with v, by
virtue of equation 2.5. Therefore, E[e,v,]=0 and E[w,v,]=0. Defining
A, e R™*" as A, =F,M,, equation 2.37 becomes

Ele; v, 1=AE[v,v]] (2.38)
When k =1, equation 2.33 can be written as e, =F, e, + N, w,. Replacing e, by
the expression on the right hand side of equation 2.27 yields
e,=F (Le +Mv,)+N,w, (2.39)
Post multiplying both sides by v, and taking the expected value results in
E[e;v,;]1=F,L,E[e;v;]1+F, M, E[v,v]] (2.40)
where the relation E[w; v;]=0 has been used.

From equation 2.38, E[e;v,]=A,E[v,v;]. Defining A, e R™"" as
A, =F,L,A, and redefining A, € R™""" as A, =F, M, equation 2.40 can be written
as

Ele,v,1=A,E[v,v,]+AE[v,v;] (2.41)
When k =2, it can be shown that
E[e;vi1=A.E[v,v,]+A,E[v,vi]+AE[v,v]] (2.42)
where A, =F,L,A,, A,=F,L,A;and A, =F,M,.

In general, E[e; v, ] can be expressed in the form

Ele,vil=D A E[v, v(] (2.43)

i=1



23

where A, =F L, A A =FoLoA G 0 Ay =FabLuAL A =F M.
The fact that E[e, v, 120 E[e, v, 10 implies that a recursive update equation
cannot be derived for P, . In order to obtain an efficient algorithm for the computation of

P, and P, ,, equations 2.27 and 2.33 must be treated as a system of linear, time-varying

difference equations.

2.4.2 Closed-Form Expressions for Generalized Covariance. The solution to any
linear system of difference equations can be written in terms of an initial condition

response and an impulse response [Che99].

e, =D e +Z r{w, - +Z A (2.44)
j=1 1=1

& =@+ I {wl '+ A {v}" (2.45)
j=1 1=1

where @, and ®, are n,x n, matrices, I';, and I';, are n, x k matrices, A, is an
n, x (k+1) matrix, A;, is an n, x k matrix, {w, s is a k x 1 time series vector for
w; from time index O to time index k —1 and {v;}; " is a k x 1 time series vector for v,

from time index 0 to time index k —1.

An algorithm for the computation of ®, , @, , I';,, I';,, A, and A, is
provided in Appendix A. Evaluating E[e, e, ] and E[e, (e;)"] results in the following

expressions for P, and P,
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P =®P,® +>T W, T +>A, VAl (2.46)
j=1 1=1

Pe=® P (@) + > T W, o (T )"+ 2 ALV (A)T (247)
j=1 1=1

where Py e R™ ™, W, , e R***, V, e R and v, , e R“*“ are given

by
P, =Ele, (&;)'] (2.48)
W, = EL{w 35 (w3 (2.49)
Vi =E[ B3] (2.50)
Vi =B (i)' (251)

W4, Vi, and V,, all have a similar structure and are populated using

equations 2.3 and 2.4. For example

rWj 11 rwj 12 rwj 1k
I’wj 12 rwj 22 rwj .2k
Wika=| . : : . (2.52)
_rwj 1k r-wj,zk r-wj,kk_

Vi1 Issimilarto W, , except that each M, is replaced by r

mn v,,mn*
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2.5 Estimate Error Variance as a Function of Autocorrelation
For the linear combination y=a'x, the a posteriori estimate error variance is

determined by applying a covariance transformation to equation 2.46. That is

o =, ®P @ a +> a;T, W, T a+>a AV A a (253
j=1 =1

y

A similar expression can be obtained for (cr;'k)2 by applying the same transformation to

equation 2.47. The two summations on the right hand side of equation 2.53 are sums of

quadratic forms in W, , , and V, . Through proper manipulation, they can be expressed

directly in terms of the autocorrelation function values r, , and r, .
To illustrate, consider the term oI, W, T’ a,. Defining y e R* as

v :FJ.T’k a, allows the quadratic form to be written as
T T .
a, rj,ij,k—lrj,kay =Z‘//|[Wj,k—1'//]| (2.54)
1=1

Expressing the product W, , ,y using summation notation results in

k k
a; Ly Wj,k—lr-jr,k a, = Z 4 { Z (Wj,k—l)lm ‘//m} (2.55)
1=1 m=1
which can also be written as

k k
@y T Wi i Tieay =23 (W )in ¥ Vn (2.56)

1=1 m=1

Defining¥ € R*** as W=y y ', equation 2.56 can be written in the form

k k
(21 erijl -]r :ZZ[ j o‘Il]lm (257)

1=1 m=1

where the symbol o indicates the entry-wise product of two matrices.
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With the aid of equation 2.52, and temporarily dropping the j and k subscripts, the

right hand side of equation 2.57 can be written as

Kk
ZZ [We ¥ =VwuNunntF Yk T +

1=1 m=1

2.58
2V yap +o0t 27w,(k-1)k Mo, -k ( )

2013 w1zt F 2Vt Nk T F 2700k Nk
where y,;; isthe (i, j) element of V.

Equation 2.58 can also be written in the more compact form

ZZ[W lIl]lm Zywmm wmm+zz Z 7/wmn w,mn (259)

1=1 m=1 m=1 n=m+1

Together, equations 2.57 and 2.59 lead to the conclusion that

k k-1 k
a;Fj,ij,k—lr}-,kay :Zj/w,mm I’.w,mm +22 Z 7W,mn rW,mn (260)
m=1 m=1 n=m+1

The same procedure can be applied to the second summation on the right hand side of

equation 2.53, resulting in the following equation for o,

—aq)Pq)Ta+Z|:zyw mmwmm+22 Z ]/W mnwmn:|

m=1 n=m+1

(2.61)
n, k+1 k+1
D DIFRNURNEE) 3 e
1=1 m=1 n=m+1
2.5.1 Covariance Initialization. The initial covariance matrix P, is given by
Poo 0 0
Po=| 0 E[& (&) 0 (2.62)

0 0 El7, (1,)']
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where P, ,=E[¢&,,(&,,)"] is the n, x n, covariance matrix of the initial estimate
error vector, &, ;.
Both fo’ and n, are estimates of the initial state vectors &, and 7, . Recall that

& and n were added to model the colored nature of v and w, respectively. Given that

v and w are zero-mean Gaussian random vectors, the only estimates of &, and 7,

consistent with the zero-mean Gaussian model are &, =0 and 1, =0. The initial state
estimate is a deterministic vector, which leads to the conclusion that
E[& (£5)'1=&5 (&) =0 and E[#, (1,) =7, (A,)" =0 . Substituting these

expressions into equation 2.62 results in the initial covariance matrix

Pyy 0 0
P;=| 0 0 0 (2.63)
0 00

Equation 2.61 expresses the estimate error variance in terms of the autocorrelation

function values, r, ,, and r, ,. Whenr,,, and r, ,, are precisely known, they are

w; , k
simply inserted into equation 2.61 to compute ai‘k which is subsequently used to
compute integrity risk. However, when r, ,, and r, ,, are unknown, ajk (and

consequently the integrity risk 1, in equation 2.21) is also unknown. In this case it is

— 2

necessary to produce a variance &, , that upper bounds o, so that the computed

integrity risk I, always upper bounds the true risk. Before the variance bound can be

constructed, an uncertainty structure on r, ,, and r must be specified.

w; Kkl
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Variance Bounding with Autocorrelation Uncertainty

This dissertation introduces the bounded uncertainty model

a

a <r

Given this uncertainty structure, the variance upper bound &2

equation 2.61 by setting r, ..

v .mn <0 and Vw,mn <0, respectively, and by setting r, .,

upper bound value whenever y,

the variance bound can be stated as

<
v,,mn_rv,,mn vi,mn

Wj mn

and r, ..
»

<b : ; (2.64)

<b j=1,...,n, (2.65)

Wmn 4

;. can be constructed from

equal to their lower bound value whenever

and r

wj,mn

equal to their

>0 and y,, ., =0, respectively. Mathematically,

ny,
R ST
ay'k—ayd)kPOCDKayjtz

j=1

Zyw mmwmm+22 Z 7/w mnwmn}

m=1l n=m+1
(2.66)
Ny [ k+l k+1
+Z 27"| mm vlmm+22 z j/vlmn vy, mn
=1 m=1 n=m+1
where T, ., and F, . aredefined as
awj,mn ' 7wj,mn <0 d av,,mn 1 7v,,mn <0
I7W- mn an rv, ,mn — (267)
: bWj,mn ] ywj,mnzo mn ’ 7v,,mn20

2.6.1 Remarks. The estimate error variance given in equation 2.61 was derived for the

general case where {v,} , I=1,...,n, and {w;}, j=1,....,n, are non-stationary, i.e.,

r and r, ..
P

vy, mn

depend on the two time indices m and n. In certain applications,

additional knowledge about the autocorrelation functions might be available. For

instance, it may be known that the autocorrelation functions are wide sense stationary, in
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which case r, ., and r, .. only depend on m—n. Under this scenario, equation 2.61

m
can be re-expressed as a linear combination of r, ,,....r, and r, o,...,f, o_y prior

to forming the variance bound. This special case will appear in Section 2.7.

Upper bounding the estimate error variance relies on the ability to upper and
lower bound the autocorrelation functions associated with each measurement noise
component and disturbance input. There are two ways to obtain the autocorrelation
bounds. First, it might be possible to determine the bounds analytically based on a
physical understanding of what is causing the time correlation. If it is not possible or is
intractable to use a physical approach, then the bounds must be determined through

experimental means.

2.7  One-Dimensional Estimation Application
The algorithms developed above will now be applied to the estimation problem

shown in Figure 2.1.

Ranging

./ Beacon x(f)

—

x

| /—L
| I
: Moving Vehicle | Accelerometer
|
|

x,(7)

Figure 2.1. One-Dimensional Estimation Problem
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The position x,(t) and velocity x,(t) are estimated using an accelerometer

attached to the vehicle and a ranging beacon located at the origin. Assume that the

vehicle is moving in a horizontal, inertial reference frame.

2.7.1 Measurement and State Dynamic Models. The measurement model for the
ranging beacon is given by

Z, =Xy TV (2.68)
where z, is the beacon measurement at time index k, x, , is the position of the vehicle at

time index k and v, is the ranging measurement noise at time index k.

Continuous—time dynamic models for position and velocity are given by
X, (1) = X,(t) (2.69)
X, (t)=a(t) (2.70)
where a(t) € R is the vehicle’s inertial acceleration sensed by the accelerometer.
Accelerometer measurements are output in the form of a velocity increment,
which is the integral of acceleration over a given time interval. They operate in this
fashion because the process of integration allows them to capture changes in acceleration
over the sampling interval, which is especially important for applications with high
vehicle dynamics [Jek01].
In addition to integrating vehicle acceleration, the accelerometer will also
integrate random disturbances, denoted by f(t). Therefore, the signal being integrated
can be expressed as a (t) =a(t) + S (t). Using this relation, the velocity dynamic model

in equation 2.70 can also be written as
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X, (t)=at)-4() (2.71)

2.7.2 Conversion to Discrete-Time. In Section 2.1, linear measurement and state
dynamic models were introduced. Namely,

z,=H, 6, +J, v, (2.72)

0..=F,, 6, +G, W, (2.73)
The ranging beacon measurement model in equation 2.68 is already in the format of
equation 2.72 with H,, =[1 0] , 6, =[x, X,,]" and J, =1 However, the
dynamic models in equations 2.69 and 2.71 are defined in continuous-time. These two
equations will now be converted to discrete-time form.

Integrating both sides of equation 2.71 from time index k to time index k + 1

yields

k+1

Xopn =X+ | [A(2)—B(z) 17 (2.74)

Making the definitions Ao, =‘|.k+1 a(r)dr and w, :J.k+1 S (7)dr allows equation 2.74
k k

to be written in the form
Xoke1 = Xo HAD, =W, (2.75)
where Av, is the accelerometer measurement (i.e., the velocity increment) and w, is the

associated accelerometer measurement noise.
Similarly, integrating both sides of equation 2.69 from time index k to time index

k + 1 results in
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k+1

Xk = X + _[ X,(r)dzr (2.76)
k

In order to perform the integration, a functional expression for x,(t) is required.
Assuming that a(t) is approximately constant over the integration interval allows
equation 2.70 to be written as x,(t)=x,, +a(t-t), te[t,  t,,]. Inserting this

expression into equation 2.76 and performing the integration yields
1 42
Xy 1 = Xq ¢ +x21kAt+§aAt , At=t, -t (2.77)

Over the interval [t ,t,,], a=(X,,,;—X,,)/At. Replacing x,,,, with the
right hand side of equation 2.75 results in the approximation a~ (Av, —w, )/ At.

Substituting this relation into equation 2.77 yields the discrete—time position dynamic
model

At At
Xp 1 = Xp + X At +7Auk —?Wk (2.78)

Equations 2.75 and 2.78 can be written in the state space form

= + Av, — W, (2.79)
X2,k+1 O l X2,k l 1
which can finally be expressed as
0...=F, 0, +G, Av, +G, W, (2.80)
The dynamic model in equation 2.80 is slightly different from equation 2.73 due

to the presence of the term G, Av, . However, this vector is entirely known and

therefore its presence does not impact the estimate error covariance matrix.
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2.7.3 Discrete-time Filter Model. Suppose that v, and w, are time-correlated, and

that state augmentation is used to define the filter model. While this step is

straightforward for the measurement model, it is difficult to perform state augmentation

directly on equation 2.80 because w, is an integrated random process. Therefore, the

state-augmented dynamic model will first be defined in continuous-time, followed by a

conversion to discrete-time.

For this example, v, can be decomposed as v, =7, +1,, where {r} is a zero-

mean, white Gaussian random process with variance o and {7} is a first order Gauss-

Markov process. The continuous time dynamic model of 7 is given by

At =—Tin(t>+q,7 ® . 70)~N(,o?) (2.81)

n

where 7, is the time constant of the Gauss-Markov process, 0',]2 is the variance of the
Gauss-Markov process and {q,} is a zero-mean, white Gaussian random process with
power spectral density Q, = 20,72 Iz,.

Similarly, the disturbance input A(t) can be decomposed as S(t) =<&(t) +0q,(t),
where {q,} is a zero-mean, white Gaussian random process with power spectral density

Q, and {&} is a first-order Gauss-Markov process governed by the dynamic model

&) =—Ti ED+a.() . E0)~N(0,0?) (2.82)
I3
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where 7, is the time constant of the Gauss-Markov process, 0'52 is the variance of the
Gauss-Markov process and {q.} is a zero-mean, white Gaussian noise process with

power spectral density Q, = 2%2 Iz,.

Collecting equations 2.69, 2.71, 2.81 and 2.82 into one matrix-vector equation

results in the state-augmented dynamic model

%, ()] 0 1 0 0 |[x,@®] [0 0 00 t
X, (t) 0 0 -1 0 |Ix, ()| |1/ -10 0 %
S = + _la®)+ q:(t)| (2.83)
40) 0 0 -1z, O EM®)| |0 010 N
7® ) [ 0 0 0 -1z, | n@®) | [0 0 0 1] %

where the substitution A(t) = &(t) +q,(t) has been made in equation 2.71.
Well known methods exist to convert equation 2.83 to the discrete-time form

X1 =F X, +G,Av, +0q, . Expressions for F, and G, can be found in [Ste94], and the

covariance matrix of g, can be determined using the Van Loan algorithm [Van78].

2.7.4 Autocorrelation Bound Determination. The autocorrelation bounds for v, and

L(t) are defined using the same mathematical structure as the filter model, i.e., they are

based on the sum of a white Gaussian noise process and a first order Gauss-Markov

process. The parameters defining these bounds are specified in Table 2.1.
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Table 2.1. Autocorrelation Bound Parameters

Ranging Beacon Accelerometer
Lower Bound  Upper Bound Lower Bound Upper Bound
0,=025m  ©,=050m Y2 =5 pg-s'? Y2 -10 pg-s'?
c,=0.75m c,=1.0m o, =30 pug o, =50 ug
7, =90 sec 7, =200 sec 7, =90 sec 7. =200sec
In what follows, r, . and Mo, mn will be replaced by r, - and r, .,

respectively, because v and w are scalars for this example. It is shown in Appendix B

that the autocorrelation function of w is given by

2(0515){§—1+exp(—§J +Q, At , m=n
Te e
Fo,mn = ) (2.84)
(afrg)zexp(—w]ll—exp[—ﬁ Mexp{ﬁj—l} , M#n
Te Ts Ts

The autocorrelation function of v is more straightforward. For the Gauss-Markov
component of the beacon measurement noise, the autocorrelation function is given by

[Gel74]

Ty

rq,mnzo-;yzexp[_lm_nlAtJ (285)

The white noise component of v has the autocorrelation function

c? , m=n
Memn = (2.86)
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When equations 2.85 and 2.86 are combined, the autocorrelation function of v is

described by the equation

2
r , M=n

m—n| At (2.87)
, M#N

2
o, +o
r =

v,mn

Ty

o, exp [—

Notice that both r, and r, = are stationary autocorrelation functions, i.e., they

are only a function of the time difference, m—n. The autocorrelation bounding functions
are obtained by substituting the upper and lower bound values from Table 2.1 into

equations 2.84 and 2.87.

2

2 2
o:,0,,Q,and o

r

Design values of 7., 7 must be specified in order to

7
define the Kalman filter. Typically, the upper bound values are used, and the same
approach is adopted in this dissertation. The rationale behind this choice is that
measurements with highly correlated errors do not provide as much new information as
measurements whose errors are less correlated. This in turn should produce a larger

estimate error variance. However, it will be shown shortly that these qualitative

arguments do not always work.

2.7.5 Covariance Initialization. The last step to complete before conducting the
simulation is to specify the initial covariance matrices, P, and P, . For this example, P,

is set equal to



[ (10 m)?
0
0

0

0
(Lm/s)?
0
0

0
0

(50 ug)?
0

0
0
0

@m)* |
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(2.88)

Recall from equation 2.63 that the only non-zero elements of P, are those

belonging to the upper left n, x n, matrix which are identical to the values in the upper

left n, x n, matrix of P, . Given that n, = 2, this results in the following form for P,

(10 m)?
0

o
g
Il

0
0

0

(A m/s)®
0
0

o O o o

o O o o

(2.89)

The ranging beacon and accelerometer measurement sampling intervals are equal

to 5 sec (i.e. At =5sec). Sixty measurement epochs are simulated, for a total simulation

time scale of 300 seconds. In this case, the autocorrelation bounding functions can be

represented graphically as in Figures 2.2 and 2.3.

Autocorrelation (m?)

1.5 T T T T T
A
n
T FAN .
// \'\
/’, \\\.
05- ’f A "'h\ i
- /N ~<
- Se o
0 =k _="""'| 1 |"""=_ .
-300 -200 -100 0 100 200

Time Difference Between Measurement Samples, sec

Figure 2.2. Ranging Beacon Measurement Error Autocorrelation Bounds
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Figure 2.3. Accelerometer Measurement Error Autocorrelation Bounds

2.7.6 Position State Simulation Results. For the position state, the bounding variance

Ele is determined using the coefficient vector &, =[10 0 0 ]". Since the a posteriori

state estimate is the best available estimate at any given time index, only the posterior
bound will be considered. Figures 2.4 and 2.5 show the ranging beacon and

accelerometer error autocorrelation functions producing the variance bound at an elapsed

time of 300 seconds.

1.5 T T T

Autocorrelation function
producing variance bound

= = Autocorrelation bounds

Autocorrelation (m?)

0
-300 -200 -100 0 100 200 300

Time Difference Between Measurement Samples, sec

Figure 2.4. Beacon ACF Producing Position State Variance Bound
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Figure 2.5. Accelerometer ACF Producing Position State Variance Bound

The autocorrelation functions producing the position estimate error variance
bound are characterized by sharp transitions between the upper and lower bounding
functions. Where the transitions occur as well as their frequency is different for the
ranging beacon and the accelerometer. Physically, the autocorrelation functions in
Figures 2.4 and 2.5 represent the worst-case scenario. That is, if the ranging beacon and
accelerometer errors had the autocorrelation functions shown in Figures 2.4 and 2.5,
respectively, then the position estimate error variance would attain its largest value.
Therefore, it is not necessarily the upper bound autocorrelation function that results in the

worst-case estimate error variance.

2.7.7 Velocity State Simulation Results. For the velocity state, the bounding variance

&, is determined using the coefficient vector ¢, =[0 1 0 0]". Figures 2.6 and

X2

2.7 show the ranging beacon and accelerometer error autocorrelation functions producing

the variance bound at an elapsed time of 300 seconds.
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Figure 2.7. Accelerometer ACF Producing Velocity State Variance Bound

Figure 2.6 shows that the beacon measurement error autocorrelation function

producing the velocity bound is nearly identical to that shown in Figure 2.4, except that

the transition points occur at slightly different times. The accelerometer error

autocorrelation function shown in Figure 2.7 has two transitions and is distinctly different

from the function shown in Figure 2.5. Therefore, the worst-case autocorrelation

functions for one state are not necessarily the worst-case for another state. If integrity risk
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needs to be quantified for multiple states, the bounding algorithm must be applied
separately for each state of interest.

The methods developed in this chapter are effective at bounding integrity risk for
linear estimation applications that use the Kalman filter. However, there are situations
where it is advantageous or even necessary to process sequential measurements
simultaneously in a batch estimator. For example, when the measurement noise and
disturbance inputs cannot be described by a finite state model, state vector estimation can
only be properly implemented using batch algorithms. In nonlinear estimation
applications, the convergence properties of batch estimators make them more suitable
than sequential algorithms like the extended Kalman filter. Therefore, it is beneficial to

extend the bounding methods developed in this chapter to batch estimation.
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CHAPTER 3

EXTENSIONS TO BATCH ESTIMATION

This chapter considers integrity risk bounding for estimation applications that use
batch algorithms for state estimation. In Section 3.1, linearized measurement and state
dynamic models are derived, which are merged into one batch measurement equation in
Section 3.2. A new, generalized covariance matrix for batch WLS is defined in Section
3.3 that explicitly accounts for the fact that the weighting matrix is only an approximation
of the true batch measurement noise covariance matrix. In Section 3.4, the estimate error
variance is obtained from the generalized covariance matrix and is expressed directly in
terms of measurement noise and disturbance input autocorrelation function values using
the results from Section 2.5. An upper bound on the estimate error variance is defined in
Section 3.5 for the bounded autocorrelation uncertainty structure, which is subsequently
used to compute an upper bound on integrity risk. Section 3.6 implements the bounding

algorithms developed in this chapter for a two-dimensional nonlinear estimation problem.

3.1 Linearized Measurement and State Dynamic Models

Consider the measurement model
& =h(6,.vy) (3.2)
where ¢, € R"™ is the measurement vector, h(s) € R"¢ is a known, nonlinear vector
function, 8, € R™ is the state vector and v, € R"™ is a zero-mean Gaussian random

vector.
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Expanding equation 3.1 in a first order Taylor series yields the linearized

measurement model

. ch .
g =h(6,v,) + ﬁ (6,-6,) +

<lopvi Lo v

onh (Vi —vy) (3.2)

where @, is a nominal value of 8, and v, is a nominal value of v, . Given that v, is
zero-mean, it is simplest to choose v, =0.

Defining H, , e R"""™,J,, e R™""™ and z, € R™ as

oh
H,, =—
0,k 20, | . . (3.3)
60,.vy
oh
J  =—
v,k 8Vk o (34)
2
Zy :é’k_h(a;fvlt)—i_HH,ke; (3.5)
allows equation 3.2 to be written more compactly as
z,=H, 6, +3J, v (3.6)

Notice that if n. <n,, then z, will not provide sufficient information to estimate

6, . In this case, it is necessary to use measurements collected over time to estimate the

state vector. At each measurement epoch, the total number of measurements available for

estimation increases by n., but the total number of states also increases by n, .

Therefore, in order for the measurement batch to provide sufficient information for

estimation, a dynamic model must also be available for 6.
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Suppose that the dynamic model of a subset () of @ is known. Then equation

3.6 can be partitioned as

&y
Zk:[Hg,k Hn,k]|:77 +J, (Vi (3.7)
k

where H, , e R™"™ H, e R"“"™ & eR"™ and p, € R, with n, >(n,—n,).
The dynamic model of 7 is given by

M = T (1, W) (3.8)
where f () € R"" is a known, nonlinear vector function and w, € R"™ is a zero-mean

Gaussian random vector.
Expanding equation 3.8 in a first order Taylor series results in the linear dynamic

model

o s of . of .
M= F (W) + % *(ﬂk_ﬂk) + m (W, —w,) (3.9

. -
M Wy T » Wi

where 7, is a nominal value of 5, and w, is a nominal value of w, , taken to be
w, =0.

Defining F,, e R™"", G, , e R""™ and u, e R™ as

_of
7,k aﬂk o (310)
_of
5T W, o (3.11)
M s W

u, = f(’]:’W:) - F,,,kTIE (3.12)
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allows equation 3.9 to be written more compactly as
Ma=Fm +U +G, (W, (3.13)
Notice that u, is known because it is determined from the nominal values 7, and w, .

Equations 3.7 and 3.13 describe a linear estimation problem in the state vector

[£ m¢ 1. These two equations, collected over the time interval (t,,t,), can be

combined into one batch measurement model that allows existing algorithms to be used

for state vector estimation.

3.2 Batch Measurement Model and WLS Estimator

At time index k = 1, equations 3.7 and 3.13 can be written as

z,=H; 6, +H, 11 +J,,v (3.14)

n, :Fn,1771+u1+G;7,1W1 (3.15)
Solving equation 3.15 for 7, results in 7, =F “n,—F ju,—F %G, ,w,. Substituting
this expression into equation 3.14 yields the measurement model

Z, = H§,1§1 + Hr],l Fq_,11772 - Hz],l Fr;llul -H F;;11G;7,1W1 +J,v (3.16)

n.1
The measurement and state dynamic models at k = 2 are given by

22:H§,2§2+H77,2772+‘]v,2v2 (317)

773:Fn,2772+u2+Gn,2W2 (3.18)
Rearranging equation 3.18 into the form , =F, ", n,—F,u,—F G, ,w, and using

this relation in equations 3.16 and 3.17 yield the measurement equations



Z,= H§,1§1 + Hr],l Fr;:ll Ff;lz n;— Hr],l F;;ll F;;,lz u, - Hr],l F;;ll Ff;,lan,zwz

-H, Fiu—H, FiG, W, +J, v

nl1° nl n,1° nl

-1 -1 -1
z,=H.,&,+H, ,F 3n,-H, ,F5u,-H, ,F5G, ,w,+J, ,v,
In general, the batch measurement model can be written as
Zo =Hg Xq +Go U + v,

where

X=[& & - & ml

Uo=[u; u; ... ug,]’
vo=I[vi v, vy W/ w1
H., 0 - 0 H (F .,F,F )"
0 H§,2 0 Hi],Z(Fr],q—l.”Fr],Z)_l
HQ =
| 0 0 Hé,q quq |
_Hn,lFr;,ll _Hry,l(Fry,q—l'“Fn,l)il
0 _Hq,z(Fq,q-l"'Fq,z)_l
GQ =

46

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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‘]v,l o - 0 _Hn,an_,llGn,l _Hml(Fn,qflmFnyl)_leﬂvqfl_
0 ‘]VYZ e 0 0 _Hr],Z(Fn,q—l'”Fq,Z)ile,q—l

JQ - . . . . . . . (3l27)
i 0 0 . vaq 0 0 |

Defining n,=qn.+n,, n,=qn., n,=(q-1)n, and n, =qn,+(gq-1)n,, then
Zo e R"™, Hy e R"™™, x, e R™, G, e R"™™™, u, e R™, J, e R™"™ and
v, € R " . The capital letter Q will be used to indicate the size of the batch.
An estimate of X, can be obtained using weighted least squares [Bro97]
X0 =[Ho (JoP, 0 J5) "Ho " HG (Ig P, 0 35) (2o — G Ug) (3.28)
where P, , =E[v,v, ] isthe n, x n, measurement noise covariance matrix. Equations

2.3,2.4 and 2.5 (restated below for convenience) are used to populate P, .

|:1’...1nu

E[Vi,kvj,l]:rvi,kléij v (3.29)
1211...1nu
i=1,---,n,

Elw, w;,]=r1, «di; _ (3.30)
J=1'...,nw

E[Wiykv“]zo , Vi, j,k,andl (3.31)

The WLS estimator is a linear, unbiased estimator. Given that v, ~N(0,P, ),
this implies that &, = X, — X, is also a zero-mean Gaussian random vector, whose

probability density function is completely specified by the covariance matrix
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Po=E[&,&,]. For y=a' X, where & € R"™ is a known vector, the estimate error
variance is given by aj =a' P, , which is used to compute integrity risk via the

-1/2

relation 1, =erfc[£y(2<fj) ]. Just as in the case of the Kalman filter, the estimate

error covariance matrix is also a critical aspect of integrity risk assessment in batch

estimation.

3.3 Generalized Covariance Matrix for Batch WLS

In what follows, equation 3.28 will be written in the form X, =S, (z, -G, u,),

where S, e R™™" is given by Sy =[Hg (3P, 0 J5) "Hol "Hg (Jo P, o J35) . Notice
that S, is a function of the measurement noise and disturbance input autocorrelation
function values comprising P, , . Therefore, S, will be denoted by S,(r), where
r e R"™ is a vector of autocorrelation function values. However, r is an unknown
vector, and the WLS estimator is formed using an approximate matrix, éQ(f). That is,
Xo :éQ(f)(zQ—GQ Uy), wWhere [ is based on the best available knowledge of the

measurement noise and disturbance input autocorrelation functions.

To establish the estimate error vector associated with X, zéQ(f)(zQ -GyUy),
use equation 3.21 to replace (z, -G, U, ) with (Hg X, +J, v, ), which results in
Ro =So(F)[Hg Xq +3o V0] (3.32)
Noting that éQ(f) H, =1, equation 3.32 can be simplified to

Ry =X+ So(F) g vy (3.33)
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which can also be written as &, =S, () Jq Vv,
Evaluating E [£, &, ] results in
Py (r,F)=E[&5601=So(F)IoP, o(r)J5 Su(F) (3.34)
where P, (r,f) e R "™ is the generalized covariance matrix of &, Which accurately

reflects the fact that the WLS estimator is using approximate autocorrelation function
values.
The noise vector v,, in equation 3.24 is ordered according to time, but it can also

be arranged according to measurement noise and disturbance input components by

applying a linear transformation. That is

T T

[vi vi - ovg Wi wo IT=TIV v e v W W 1T (3.35)

Vo =TV, (3.36)

where v, € RY is a time series of the measurement error from sensor i, W, € R is a

n

time series of disturbance inputiand T € R™ ™™ is a matrix consisting of 0’s and 1’s.

Realizing that P, (r)= TPV‘Q(r)TT , equation 3.34 can be also be written as
Py (r, ) =Sy (F)Io TP, o(r)TT 5 S(F) (3.37)
The advantage of this formulation is that P, ,(r) is block diagonal, which follows from

equations 3.29 through 3.31. This fact will be exploited in the next section to derive an

expression for the estimate error variance in terms of r, ,, and r,, ;.
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3.4 Estimate Error Variance as a Function of Autocorrelation

Applying a covariance transformation to equation 3.37 results in the following

expression for o
o) =a]So(F)I TP, o(r)TT I, SH(Fe, (3.38)
Defining @ € R™ as @=T" J, S,(f)a, allows o to be written as

o;=a'P, (Ne (3.39)

2
y

Clearly, o, is a quadratic form in P, ,(r). It was shown in equation 2.57 that

equation 3.39 can be expressed in the equivalent form

c2=3 S [P, o(r) < Ql,, (3.40)

I=1 m=1
where Q e R"™ ™" isdefinedas Q=wo'.

The covariance matrix P, ,(r) is given by

P, o(r)=diag(V,, -, V, ,W, -+, W, ) (3.41)

Nw

where V, e R%*% | i=1,---,n and W, e R@P*ED "j=1 ... n

1 I w *

Equation 3.41 implies that equation 3.40 can be written as

-

Nw gq-1 gq-1

)+ DT W), (3.42)

j=1 m=1

n, q

q
Gyz = Z (A0

I1=1 m=1n=1

<

=}

where A, e R%*% is the diagonal block of Q corresponding to V, and
I'; e RD*Y s the diagonal block of © corresponding to W, .

Each V, and W, is structured as



o1

rv| 11 rv, 12 rv| 19
o rv“12 rm,zz e rm,Zq
Vi=| . . _ (3.43)
_rvl 1q rv.,Zq ervQQ_
Vw, 11 N, 12 w0 Twae
. M, 12 Vw, 22 o N
W, = (3.44)
_rwj A Two2ga 0 Ty, (a-1)(g-1) |

Substituting equations 3.43 and 3.44 into equation 3.42 and using the result from

equation 2.59 results in

m=l n=m+1

[ g g-1 g
2
oy = Z (ov,,mm rv|,mm +2 Z Z ¢v,,mn rv|,mnj|+
m=1

(3.45)

[(q-1 g-2 g-1
Zl q)wj,mm er,mm +2 Z Z ¢wj,mn r-wj,mn
m=

m=l n=m+1

where ¢, .. isthe (m,n) element of A, and Py, mn is the (m,n) elementof T';.

3.5  Variance Bounding with Autocorrelation Uncertainty

For unknown r, ,, and r, ,, that adhere to the bounded uncertainty structure

given in equations 2.64 and 2.65, an upper bounding variance Eyz can be obtained by

following the same procedure outlined in Section 2.6. That is
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_ 0 q-1 q
5; zz Zl ¢v|,mm rwymm +2 Z z q)"l:m” rvl,mn:|+
m=

m=l n=m+1

(3.46)
ny [ gq-1 qg-2 q-1
Zq)wj,mm r-wj,mm—i_zz Z (pwj,mn rwj,mn
j=1] m=1 m=1 n=m+1
where
av|,mn y gpv',mn <O awj,mn ) ¢wj,mn <0
rv| ,mn — and rWj mn — (347)
bv|,mn ) gpv',mn >0 bWJ-,mn ’ ¢wj,mn 20

3.6 Two-Dimensional Estimation Application
The algorithms developed in Sections 3.4 and 3.5 will now be applied to the two-

dimensional estimation problem shown in Figure 3.1.

— — - Nominal Trajectory

—— True Trajectory

x (m)

Figure 3.1. Two-Dimensional Estimation Problem
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3.6.1 Linearized Measurement and State Dynamic Models. It is desired to estimate
the position, velocity and heading of the vehicle. At any time index k, the state vector is

the 5x 1 vector

X =[p 6 Vou Ve w1 (3.48)
where p, and g, are the polar coordinates of the vehicle, v, and v, , are the velocity
components of the vehicle along the € ) and €, directions, respectively, and y, is the

heading angle, which determines the orientation of the vehicle body frame with respect to

inertial space. The body frame and heading angle v, are defined in Figure 3.2.

B\

Figure 3.2. Vehicle Body Frame and Heading Angle

Two accelerometers mounted along the 61 and 62 axes and a rate gyroscope are

attached to the vehicle. The outputs from these sensors, denoted by Av and A¢,

respectively, are the integrals of inertial acceleration and inertial angular velocity over a

specified time interval St. In addition, measurements of o and & are available from a

radionavigation system: a VHF Omnidirectional Ranging beacon (VOR) colocated with
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Distance Measuring Equipment (DME) at the origin [For08]. The sampling interval of

the VOR/DME is At.
The measurement models are given by

Z, =0tV

Zyx = Px tVax

(3.49)

(3.50)

where z,, and z,, are the VOR and DME measurements, respectively, and v, , and

v, are the associated measurement noise.

It is shown in Appendix C that the continuous time dynamic model of x is given

by
1T v
6 v,/ p
V,|=| cos(6-w)a, +sin(0-w)a, +v,/p
v, —sin(0-y)a, +cos(0-w)a, -V, V,/p
vl L @

(3.51)

where a, and a, are the inertial acceleration components along the b, and b, axes,

respectively, and o is the inertial angular velocity of the vehicle.

The variance upper bound in equation 3.46 was derived on the basis of linearized,

discrete-time measurement and state dynamic models. Hence, before the variance bound

can be computed for this example, equation 3.51 must first be converted to the linear,

discrete-time form

Xea=F X, +u +G, w,

(3.52)
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A procedure to determine F, e R**®, u, e R® and G, € R**° is provided in

Appendix D.

3.6.2 Autocorrelation Bounding Functions. This example will use the same
autocorrelation function models introduced in the one-dimensional estimation problem of

Section 2.7. That is, the autocorrelation bounds on 6Av and SA¢ are determined from

2(ajrj){ﬂ—l+exp[—ﬁJ +Q, 6t , m=n
7 7

M on = ) (3.53)

(cfjrj)zexp{—wl{l—exp(—ﬂ Mexp[ﬂJ—l] , m#n
T T T

and the autocorrelation bounds on v, and v, are determined from the equation

2 2
O'|’g +O—I,r

viomn = , |m—n|At
TLe®P| T | | m=n
|

r (3.54)

where the index j varies from 1 to 3 and the index | varies from 1 to 2.

The parameters defining the bounds are provided in Tables 3.1 and 3.2.

Table 3.1. Accelerometer and Gyroscope Autocorrelation Bound Parameters

Accelerometer Gyroscope

Lower Bound Upper Bound Lower Bound Upper Bound

Q"?=5e°m/s¥? QY?=10e°m/s**  QY?=005deg/s"? QY?*=0.1deg/s"?
o =0.25m/s? o =0.50 m/s? o =0.15deg/s o=0.30deg/s

7=25sec 7 =50 sec r=25sec 7 =50 sec
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Table 3.2. VOR and DME Autocorrelation Bound Parameters

VOR DME
Lower Bound  Upper Bound Lower Bound Upper Bound
o,=0.25deg o, =0.50deg o, =0.125m o, =0.25m
0,=050deg o,=1.0deg 0,=025m 0,=0.50m
T=255s€ec 7 =50 sec T=25sec 7 =50 sec

Substituting the upper and lower bound values into equations 3.53 and 3.54
defines the autocorrelation bounding functions. In addition, the upper bound values will
be used to specify the weighting matrix of the WLS estimator. For the numerical

simulation, the VOR/DME sampling interval is 2 sec (i.e., At=2sec) and the

accelerometer and gyroscope sampling interval is 0.5 sec (i.e., ot =0.5sec).

3.6.3 Radial Position State Simulation Results. For the radial position state, the

bounding variance Epz is determined using the vector @, =[1 0 0 0 0]". Figures

3.3 through 3.7 show the autocorrelation functions producing the variance bound at an

elapsed time of 30 seconds.
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Figure 3.7. Gyroscope ACF Producing Position State Variance Bound

For the WLS estimator defined using the upper bound values from Tables 3.1 and

3.2, the estimate error variance o-p2 will attain its largest value when the VOR, DME and

inertial sensor errors have the autocorrelation functions shown above. However, there is

one important constraint that is not being satisfied: that the autocorrelation function

values from Figures 3.3 through 3.7 must produce matrices V, and V_Vj that are positive

semi-definite. This is most easily seen by checking the eigenvalues of V, and W, . If the
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eigenvalues are all non-negative, then the constraint is satisfied. The results of this test

are summarized in Table 3.3.

Table 3.3. Range of Eigenvalues for Worst-Case Autocorrelation Functions

Sensor Eigenvalue Range
DME [-0.360, 2.08] m?
VOR [-0.831, 7.30] deg”®
Accelerometer # 1 [-0.243,1.97] m?/s?
Accelerometer # 2 [-0.139,1.75] m?/s?
Gyroscope [-8.41e 7% ,1.02] deg?

It can be seen from Table 3.3 that none of the autocorrelation functions in Figures
3.3 through 3.7 are positive semi-definite. This implies that the estimate error variance
bound given in equation 3.46 is overly conservative. A tighter bound on the variance can
be achieved by requiring the autocorrelation functions to be positive semi-definite in
addition to being contained between upper and lower bounding functions. This approach

will be pursued in the next chapter.
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CHAPTER 4

BOUND REDUCTION VIA SEMI-DEFINITE OPTIMIZATION

The integrity risk bounding problem is formally defined in this chapter in terms of
semi-definite optimization. Section 4.1 formulates the problem statement, which is
converted in Section 4.2 into the standard primal form of a semi-definite programming
problem. Equations for primal-dual optimality are introduced in Section 4.3 that are
solved using an infeasible interior point algorithm. Comparisons between the SDP
bounding method and the direct approach developed in Chapters 2 and 3 are made in

Section 4.4 for the two-dimensional estimation application.

4.1  Problem Statement
The variance bounds given in equations 2.66 and 3.46 can both be stated formally
as the solution to the optimization problem

Eyzzﬂ + 2 mVEIIX Zzl(AIOVI)mn + Zl rr\}va;x zylzyl(rjowj)mn
= m=1 n= i= m=1n= (41)

s.t. a<r<b ,i=1,...,n

r

where n, is the size of A, for I=1,...,n, and n, is the size of T'; for j=1,...,n,.

Notice that #=0 for the batch variance bound. Because V, and W, are symmetric

matrices, the total number of autocorrelation function values n, is given by

B n,(n,+1) n (n, +1)
nr_nu{T}rnw{T} (4.2)
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A tighter variance bound can be defined by including positive semi-definite

constraints on V, and W in equation 4.1, resulting in the new optimization problem

n n

i

(AIO\/I)mn + z rT\}Va_.X zyzy(rjowj)mn
= j=1

1n=1 I m=1n=1

nll
*\2
c)? =4 + ) max
(o,)" =8 ;‘ X

m

s.t. a,<r<b ,i=1,...,n (4.3)

Consider the cost function of the maximization problem corresponding to | =1.

Using index notation and temporarily dropping the | subscript, notice that

n, n,

Z Z (A o\/)mn = Amnvmn :AmnVnTm (44)

m=1n=1
The expression A, V.. is recognized as the trace of the product, AV'. Given that V

IS symmetric, equation 4.4 leads to the conclusion that

3 S (AeV),, = Tr(AV) (45)

m=1l n=1

Therefore, equation 4.3 can be written in the equivalent form

]

(6,)' =8+, max Tr(A, V) + > max Tr(I; W)
I=1 ! j=1 j

s.t. a,<r<b ,i=1,...,n (4.6)
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In what follows, the constant term S will be omitted because it does not
contribute to the optimization process. There are n,+ n, independent maximization
problems in equation 4.6, each with the prototypical structure
inn Tr(-KY)

I=1,...,n
s.t.oa;; <y <b; ,

j=i n “.7

Y >0

The negative sign is introduced into the cost function to convert the maximization

problem to a minimization problem.

4.2 Conversion to Standard Primal Form

In standard form, the primal SDP problem is given by

mxin Tr(CX)
SDP (Primal)  s.t. Tr(A;X)=d, , i=1,...,m (4.8)
X=0
To convert equation 4.7 to standard primal form, the inequality constraints must be

converted to equality constraints and then written in terms of a matrix trace. For given

indices i and j, the two inequality constraints can be represented in the equivalent form

Yij—&;=a; , €;20
a; <y, <b; - (4.9)
Yij+ts;=b; , ;20
Let d € R"™" be equal to
d:[en Si1 - Enp Snn]T

(4.10)
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and define D € R"™H ") s a diagonal matrix with the elements of d on the main

diagonal. Combining Y and D into one n(n+2) x n(n+2) matrix X yields

w_[Y 0
=l o D (4.11)

To illustrate how the two equality constraints in equation 4.9 can be written in the

form Tr(A, X)=d,, consider the case where n=2. Then X is given by

Yo ¥ 0 0 0 0 0 O
Yo ¥ 0 0 0 0 0 0
0 0 e O O 0O 0 O
0O 0 0 s, 0 0 0 O
=10 0 0 0e 0 0 O (4.12)
0O 0 0 0 0 s, 0 O
0O 0 0 0 0 0 e, O
0 0 0 0 0 0 0 s,

The constraint y,, —e,; =a,, can be writtenas Tr(AX)=a,,, where A is defined as

100 00000
00 0 0O0O0O0O

00 -100000

00 0 0O00O0O0O
A= (4.13)
00 0 0O00O0O0O

00 0 0O00O0O0O

00 0 0O00O0O0O

00 0 0000 O

Similarly, the constraint y,, +s,, =b,, can be written as Tr(AX) =b,, by defining A as



o O O O o o

0.5

O O O O o o o

O O O O O o o o

O O O O O O o o

O O O O O O o o

o O B O O O O O

O O O O O O o o

O O O O O O o o
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(4.14)

The same procedure can be followed for the other constraints in equation 4.9.

Defining C e R"("2 xn(1+2) aq

C=

|

-K 0
0

equation 4.7 can be written in the standard form

SDP (Primal)

4.3  Primal-Dual Optimality and Interior Point Algorithms

mxin Tr(CX)

s.t. Tr(A,X)=d, , i=1,...,n(n+1)

X>=0

|

(4.15)

(4.16)

The dual problem associated with the primal SDP in equation 4.16 is given by

SDP (Dual)

S. t.

S>0

max d'A
A

n(n+1)

> A4A +S=C

(4.17)

where 4 € R"™" s the Lagrange multiplier vector for the primal equality constraints

and S e R"("2*n(+2) g the dual slack matrix.
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It is shown in Appendix E that the optimal solution to the primal and dual

problems must satisfy the system of matrix equations

Tr(AX)=d, , i=1,...,n(n+1) (4.18)
n(n+1)

> AA+S=C (4.19)
i=1

XS =0 (4.20)

X=0 , S=0 (4.21)

In this dissertation, an infeasible interior point algorithm is used to solve equations 4.18

through 4.21. Specific details concerning the algorithm can be found in Appendix F. The

variance bound (cy;)2 Is obtained by solving this set of equations for each of the n, +n,,

maximization problems in equation 4.6.

4.4  Comparison of Bounding Methods

A comparison will now be made between the SDP bounding approach developed
in this chapter and the direct approach presented in Chapters 2 and 3 for the two-
dimensional estimation problem. In that example, the VOR, DME, accelerometer and
gyroscope measurement error autocorrelation functions are wide sense stationary.

Therefore, in addition to being symmetric, V, and W, are also Toeplitz. This extra
information about the structure of V, and W; is incorporated in the SDP solution via

additional constraints.
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441 Symmetric Toeplitz Constraints. The nature of the symmetric Toeplitz
constraints is most easily revealed by examining a specific case. Suppose that the matrix

variable Y inequation 4.7 is 4 x 4.

Yu Yo Yz Yu
V- Yo Y Yz Yau 4.22)
Yis' Yz Yz Yau

Yiu Yo Yu Yu

The symmetric Toeplitz form of Y (denoted by Y,) is given by

Y. Y2 Y3 Vs
Yo Y1 Yo Y
v = 2 Y1 Yo Y3 4.23)
Ys Yo Vi Y,
1Yo ¥Ys Y2 Vi

Comparing Y to Y,, it can be seen that Y will be symmetric Toeplitz when the

constraints in Table 4.1 are satisfied.

Table 4.1. Symmetric Toeplitz Constraints for 4 x 4 Matrix

Diagonal Constraints Off-Diagonal Constraints
Y1, Y5 =0 Y17 ¥ =0
Yo~ Y33=0 Yos = Y3 =0
Ya3~ Yas =0 Y13~ Y0 =0

In general, there are (n—1)+(n—-1)(n—2) /2 symmetric Toeplitz constraints, each of
which can be written in the form Tr(A, X) =0 and included in the constraint set of

equation 4.16.
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4.4.2 Radial Position State Simulation Results. Figure 4.1 shows the percent

reduction in Epz achieved using the SDP bounding method. The results are shown in 2

second intervals. For this example, the state vector is 5 x 1, which can only be observed

when at least three VOR/DME measurements populate the batch. Therefore, the results

begin at an elapsed time of four seconds.

4 | | L] L] L]
o
=
X 3
[}
* pd J
B,
T [
™~ 1F
TN
0 L L L L L

0 5 10 15 20 25 30

Elapsed Time (sec)

Figure 4.1. Percent Reduction in Variance Bound Achieved Using SDP

At an elapsed time of six seconds, the maximum percent reduction of 3.2% is
achieved which quickly settles to approximately 3%. For a fixed value of the variance
bound, the SDP method can tolerate a larger separation between the autocorrelation
bounding functions, thereby reducing the required level of knowledge of the
measurement noise and disturbance input statistics. Whether or not it is worth using an
SDP approach over the direct bounding method will be problem dependent.

For real-time applications, the computational efficiency of the direct bounding
method far outweighs the bound reduction benefits of the SDP approach. In these

instances, if necessary levels of integrity cannot be achieved with the direct approach,
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more effort should be placed in reducing the separation between the autocorrelation
bounding functions. On the other hand, if the integrity risk bound is not required in real-
time and/or it is not possible to reduce autocorrelation bound separation, then SDP may
be the only way to achieve the required degree of integrity.

The sensor error autocorrelation functions producing the estimate error variance

bound at an elapsed time of 30 seconds are shown in Figures 4.2 through 4.6.

0.4 T T T T T

Autocorrelation function

03} producing variance bound |

= = = Autocorrelation bounds

Autocorrelation ( m?)

Time Difference Between Measurement Samples, sec

Figure 4.2. DME ACF via SDP Leading to Position State Variance Bound

1 5 ] L § L L L]
Autocorrelation function
producing variance bound

= = = Autocorrelation bounds -

Autocorrelation (deg?)

Time Difference Between Measurement Samples, sec

Figure 4.3. VOR ACF via SDP Leading to Position State VVariance Bound
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Figure 4.4. Accelerometer # 1 ACF via SDP Leading to Position State Variance Bound
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Figure 4.5. Accelerometer # 2 ACF via SDP Leading to Position State Variance Bound
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Figure 4.6. Gyroscope ACF via SDP Leading to Position State Variance Bound
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Table 4.2. Eigenvalues of SDP ACFs Producing Position State Variance Bound

Sensor Eigenvalue Range
DME [9.77e7°,2.19] m?
VOR [1.34e ", 8.29] deg”®
Accelerometer # 1 [3.74e7% ,1.73] m?/s?
Accelerometer # 2 [7.82e7°,1.57] m?/s?
Gyroscope [5.18e7'°,1.12] deg?®

Table 4.2 shows that the autocorrelation functions leading to the radial position state
variance bound are indeed positive semi-definite. Chapters 2 through 4 have considered
integrity risk bounding for unconstrained estimation applications. However, certain
applications contain additional information about the state vector in the form of
constraints. The next chapter will address the integrity risk bounding problem for a

particular class of constrained estimation applications.
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CHAPTER 5

MIXED REAL/INTEGER INTEGRITY RISK BOUNDING

This chapter considers estimation applications where a subset of the state vector is
constrained to be integer-valued. Section 5.1 introduces the integer bootstrap estimator
and shows that the impact of bootstrapping on the state estimate error vector can be
accounted for via successive measurement updates. The mixed real/integer integrity risk
equation is derived in Section 5.2 as a function of a vector of conditional variances. For
the bounded autocorrelation uncertainty structure, Section 5.3 defines the integrity risk
bound as the solution of a non-convex optimization problem.

Section 5.4 provides two approaches to solve the optimization problem globally
using a hyper-rectangular feasible region that circumscribes the true polytopic feasible
region. The performance of these methods is demonstrated for a static baseline estimation
application in Section 5.5. A third method is developed in Section 5.6 to upper bound
integrity risk over the polytopic feasible region, and Section 5.7 compares the

performance of the polytopic and rectangular bounds for the baseline estimation problem.

5.1 Integer Bootstrap Estimator

Suppose that x can be partitioned as
x=[a" p'I (5.1)
where a € Z" is the integer subset of x and p € R"* is the real-valued subset of x

with n,+n,=n

X"



72

Integer bootstrapping is one method available for converting a real-valued
estimate & to an integer estimate a [TeuOlb]. The vector & is random because it is
dependent on the noisy measurement vector, z. This implies that there is a certain
probability that a will be equal to a given integer vector ¢ , with correct integer
estimation being the most desirable. It is possible to increase the probability of successful

integer estimation significantly by operating on a vector b that is a specific integer linear

combination of a. That is, b=Z"a, where Z" € Z™ "™ is determined from the
estimate error covariance matrix P, € R" *"* associated with 4 [Teu95]. Both Z and

Z ' must have integer entries to ensure that transformations between the original domain

and the z-domain do not change the integer nature of a and b.

5.1.1 Accounting for Bootstrapping Via Measurement Update. Let the estimate of

X and its associated estimate error covariance matrix prior to bootstrapping be X, and
P, respectively, where P, is the upper left n_ x n_ block of P,. The bootstrapping
process begins by rounding the real-valued estimate 61|0 =Z4, to its nearest integer,

where Z] is the first row of Z" . Mathematically, this is denoted by b, , =[0,,,], where
[¢] indicates the rounding operation.

In general, the estimate error covariance matrix I5O is fully populated. Therefore,

b,,, conveys information about the other components of x by virtue of their correlation

with b,. By viewing 51|0 as a noise-free measurement of b,, the impact of the initial



73

bootstrap step is captured by updating X, and ﬁ’o to the conditional quantities X, and

P, via a Kalman measurement update. That is
),Zl = )A(o + I‘<1(51|0 - Hl)A(o)
lslz(l _KlHl)lso
where H, € Z""™ and K, € R"™ are given by
H, :[ZI OT]

K1:|50HI(H1|50 HI)_l

(5.2)

(5.3)

(5.4)

(5.5)

During the second step of bootstrapping, the real-valued estimate 62|1 =24, is

rounded to its nearest integer followed by another measurement update.

62|1:[52|1]
Hz :[ZZ OT]
Kz =|51H;(H2|51HT2)71

X2:)21+K2( 2|1_H2)A(1)

|52:(|_K2H2)|51

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

In general, the process above can be executed m times, with 0<m<n_. The size

of m is ultimately dictated by the integrity risk requirements of a given application. The

integer estimates will be combined in the m x 1 vector by =[b,, b, ,

5m | m—l]T '
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5.1.2 Bootstrap Success Rate. Let P, € R" " be the matrix P, =Z"P,Z and let

LeR"™ "™ and D e R™"" be the matrices associated with an LDL" decomposition

of I5b . It is shown in [Teu01b] that the probability of the event b, =¢ is given by

- " 1-21;(bg - ¢) 14215 (bg - ¢)
P(bB_g’)_H q{ Y ]+®{ 55

b

J—l L eZ™ (5.11)

il by

where |, € R™ is the vector of the first m components of the j™ column of LT,

b, € Z™ is the true integer vector that b, is an estimate of, and 62 s the error

byl

variance of b,

/|1 Obtained from P,_,. The function ®(x) is the cumulative distribution

function for a standard normal random variable, i.e.,

D (x) = _X[ %exp(—%uzjdu (5.12)

—00

5.2 Integrity Risk in Mixed Real/Integer Estimation

The set of all possible integer vectors £ constitute a countably infinite set.
Therefore, the law of total probability can be used to write the integrity risk associated

with y=a'X as
=3P (e, el 0,116y =4, )P(By =) (5.13)

Equation 5.13 cannot be used to quantify integrity risk because it is an infinite series. A

conservative approximation for 1, can be obtained by first splitting the series into two

parts, resulting in [KhalOb]
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| =3 P, el-4, 0,1 By =¢,)P (B, =¢,) +
- (5.14)

> Ple,el-,,0,11b,=¢)P(bg=¢;)
i=n+1
Conservatively assuming that P(&, ¢[-¢,,(,] | BB =¢,)=1forall i>n+1,

equation 5.14 simplifies to

=2 Pleel-,, 0,110, = )P(by=¢) + 3 P(by=¢) (5.19)

where fy is used to indicate that equation 5.15 is a conservative approximation of I, .

Noting that

i P(Bszgi):l_ip(ﬁazgi) (5.16)

i=n+l i=1

equation 5.15 can be re-written as

n

IAy=Zn:F’(€y¢[—€y 0,11bg=¢)P(by=¢)+1-> P(by=¢)  (5.17)

i=1

which can finally be simplified to
IAy=1_zl:)(‘(;‘ye[_£y!éy] |BB=§I)P(BB=J|) (518)
i=1

In principle, fy can be computed using any set of n integer vectors. A method is provided

in [Khal0b] to choose this set so that fy is a tight upper bound on I,

5.2.1 |Integrity Risk as a Function of Conditional Variance. The first probability on

the right hand side of equation 5.18 is the conditional probability that &, € [/, , /]

given that bootstrapping resulted in the integer estimate BB = ¢;.This probability will be
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written using the shorthand notation P(¢,, €[-/,,¢,]), where ¢, is the estimate

yIm m
error of y after m steps of bootstrapping. Because bootstrapping can be represented as a
linear measurement updating process and the fact that the measurement noise and
disturbance inputs are Gaussian, ¢, is a Gaussian random variable.

2

The variance of ¢, is obtained from the transformation &, ,

=a,P,a, and it
is shown in [Khal0Ob] that the mean of ¢ foragiven index i has the form

piy=ay PoH (HP H ) (b, - &) (5.19)
where H € Z"*" is defined as H=[Z] 07], with Z] e Z""" being the first
m rows of Z".

Using these definitions, P(&, e[-¢,, /¢, ]| BB =¢, ) evaluates to

P(e, el-0,,0,]1bs=¢, )=®(MJ+®[

Oyim

0, + u;
VA—’u"VJ_]_ (5.20)

Oyim

Substituting equations 5.11 and 5.20 into equation 5.18 results in the following

o T iy | o By |
OA-ylm OA_YIm

12!}(b5a)Jm[uzI}(bB:i)Jl

expression for integrity risk

[, =1-

n
i=1

(5.21)

3

=

20'5 20'6

—
Il
UN

ili-t jlj-t

Let ¢, =1/2, u,;=1{(b—-¢), and 6, =6,  forall j=1,...,m.Also define

Con=Lys Mima=4#;,and &,.,=6,,. Then equation 5.21 can be re-written in the

m+1

compact form
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oy ) I R oy B | (5.22)

Equation 5.22 indicates that the computed integrity risk is a function of the

2
m+l

conditional variances &7 , ..., & However, these do not represent the true

conditional variances because the Kalman filter (or WLS estimator) is using approximate
models for the unknown measurement noise and disturbance input autocorrelation

functions.

5.3  Natural Formulation of Mixed Integer Integrity Risk Bound
The fact that bootstrapping can be accounted for through a Kalman measurement

update means that the results from Chapter 2 can be applied to each conditional variance.

Specifically, the true conditional variance af can be written in the form of equation 2.61
using the coefficient vector aJT :Z] Defining r e R" as a vector containing all

measurement noise and disturbance input autocorrelation function values, af can be
expressed in the generic form

of=c,+d/r (5.23)
where ¢; isascalarand d; e R™ .

For the bounded autocorrelation uncertainty structure introduced in equations 2.64
and 2.65, the mixed integer integrity risk bound is given formally as the solution to the

optimization problem
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. ) n_ m+l (. —u. . .+ u. .
17 =1-min 3 [] | @ SiTHG Ll TR g
T A c.+dlr c +dir (5.24)

Equation 5.24 is the most natural form of the integrity risk bound because it is
defined as an optimization problem directly in terms of what is unknown: the
autocorrelation function values. In order for the integrity risk bound to be meaningful, it
must be greater than or equal to the global optimal solution. However, global optimality

of a candidate solution can only be guaranteed if the optimization problem is convex.

5.3.1 Convexity Analysis. One test for convexity involves using the fact that the
composition of a convex function with an affine mapping preserves convexity [Boy04].

Let f(r) denote the cost function in equation 5.24, and suppose that f(r) is a convex
function of r. If this hypothesis is true, then f(g+Qr) must also be a convex function

forevery g and Q. Assume that r isa 3 x 1 vector and that Q has the structure

0 0 gy

Q=10 0 0, (5.25)
0 0 qs

The composite function f(g+Qr) is formed by replacing c;+dr with
T - - - -
¢; +d; (g+Qr), which, for the particular form of Q given above, can be written as
c;+d](g+Qr)=y,+05,r, (5.26)

Substituting equation 5.26 into the cost function of equation 5.24 results in
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n m+l g__lu_, £_+lu__
f(g+Qr)= o —+——L |+ —L |1 (5.27)
; i1 /;/j+5j r, 1/;/J-+5j r,
For n=2, m=1, ¢,=1/2 and ¢, =1with the parameter values contained in

Table 5.1, f(g+Qr) has the form shown in Figure 5.1.

Table 5.1. Parameters Used for Convexity Analysis

[ ] Hi | 7 J;
1 1 -1.72 -0.28 1.34
1 2 0.66 0.71 -0.20
2 1 0.79 — _
2 2 —-0.86 — —
0245 | | | | | | | | | | | | | | | | |
E
[
>~ 024
=
2
g
= 0235
g
o
023 | Il Il | Il | | Il ]
1 12 14 16 18 2 2.2 2.4 26 2.8 3
r3

Figure 5.1. Behavior of Cost Function after Affine Composition

Figure 5.1 clearly shows that f(g+Qr) is not convex. Therefore, f(r) is not a
convex function, implying that well-known optimization techniques will at best produce a

local minimum. The only way to guarantee that a global solution has been found to a
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non-convex optimization problem is through an exhaustive search scheme using specified
grid points that span the feasible region. However, extensive analysis is required to
ensure that the variation of the cost function between grid points is sufficiently small so
that the global minimum has been determined with an acceptable level of accuracy. This
difficulty coupled with the long computation times incurred from exhaustive search
strategies generally makes them an undesirable solution. An alternative formulation will

be developed in the next section that alleviates these deficiencies.

5.4  Bounding Integrity Risk over a Hyper-Rectangular Region

In multi-sensor systems with multiple disturbance inputs, m <<n,. Therefore, it is

more efficient to work in the o®> —domain instead of the r —domain. Using equation

5.23, the optimization problem in equation 5.24 takes the alternative form

|y:1—nllzﬂ ZH | A | T | g

i N o} (5.28)

where o? € R™ is defined as o’ =[0} o7 -+ o’,]" and Q is the feasible
region of o2.

Notice from equation 5.24 that if ¢; =0 and d; is a vector of zeros except that
the j™ element is 1, then f(r) has the same form as the cost function in equation 5.28.
The special forms of c¢; and d; have no impact on the convexity analysis given in

Section 5.3.1. Therefore, equation 5.28 still constitutes a non-convex optimization

problem. Mathematically defining Q is not a straightforward matter, and this will be
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deferred until Section 5.6. In the present discussion, a simpler feasible region is used that

contains Q within its interior to enable determination of an integrity risk bound I, > 1.

Upper and lower bounds on ojz can be obtained for the bounded autocorrelation

uncertainty structure using the method provided in equations 2.66 and 2.67. Collectively,
these bounds describe a hyper-rectangle in R™™" that circumscribes Q, which will be

denoted by Q . Defining

£; _:‘:i,J LD £ +:‘:i,1

O O

fiyj(o-jz):d)

-1 (5.29)

the integrity risk bound obtained from solving equation 5.28 over Q is given by

n m+l
I;:l—mlzn ZH fi (o)
M E R (5.30)
st. e2eQ

An upper bound on I_;, denoted by Izy*, can be found by minimizing the product
for each i, and then summing over i. Now, because each o can vary independently over

Q , the minimum of the product is the product of minimums, leading to the new

optimization problem

g1 o (5.31)

Appendix G shows that the global minimum of f; , (ajz) must occur at either I,
or u;. This useful fact allows Izy* to be obtained in a quick and direct manner by simply

setting ajz equal to I, or u; for every index i. Izy* is the most straightforward bound
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considered in this chapter and will be used as a basis for comparison with more advanced
techniques. A major deficiency of the method described above is that the optimal set of

conditional variances will most likely be different for each i, when in fact there can only

be one set. Therefore, Iz; has a propensity to be overly conservative.

5.4.1 Rectangular Bound Using Subdivisions. The fact that the global minimum of

fi | (af) must reside at either |, or u; is true regardless of the size of the interval
[, u;]. Q can be partitioned into small rectangular elements by subdividing each o’
into N equally spaced segments. Solving equation 5.31 over the g™ rectangular element
defines a local integrity risk bound Iz;q .The global bound is then defined as the
maximum value of the local bounds, i.e.

I =max (l,,,1,,,...,

Y, max

*

] (5.32)

yan)

where n; is the total number of rectangular elements.

*

The case ng =1 corresponds to no partitioning of Q, and therefore T . =1..

* =%

—> 1

y,max y "

As n. — o, each rectangular element becomes a single point, and I
Therefore, for any 1< n. <o, the method of subdivisions will produce an integrity risk
bound I, __ that is smaller than Iz;. In the next section, the two bounding methods

y,max

developed above will be compared for a specific mixed real/integer estimation problem.
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5.5  Static Baseline Estimation Application

Consider the problem illustrated in Figure 5.2. The baseline length p between
stationary antennas A and B is to be estimated using carrier phase measurements from
three GPS satellites in a circular orbit. The radius of the orbit (relative to the Earth’s

center O) is r, and all satellites travel counterclockwise with constant speed v .

AR
Satellite i PH-.__[|v]| = v,

7
’
’
;

,,,,,,,,,

S

Y

€T
Earth Center, O

Figure 5.2. Problem Setup for Static Baseline Estimation

55.1 Linearized Measurement Models. This example will use the simplified carrier

phase measurement models
Zpik = I X =Xall +# Doy + A2as + Vax (5.33)
Zgip = X =Xgll + bgy + Aag + Vg (5.34)
where z,;, € R is the carrier phase measurement received by antenna A from satellite i
at time index k, x;, € R? is the position vector from O to satellite i, x, € R? is the

position vector from O to antenna A, b,, € R is the clock bias of the receiver
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connected to antenna A, A is the wavelength of the GPS carrier signal, a,; € R is the

integer ambiguity associated with antenna A and satellite i and v, € R is receiver

measurement noise for antenna A and satellite i at time index k.
Similar definitions exist for the terms in equation 5.34. The vector norms
appearing in equations 5.33 and 5.34 can be linearized using a first order Taylor series

expansion, resulting in the linearized measurement models

Xin = (%3)"

Zpiw =X —Xall = m
i,k A

(Xp — X;) + bA,k + day + Vak  (5.35)

Xin = (X3)"

lgiy =~ | Xik— Xg | - Ix . - " I
ik B

(XB_X*B) + bB,k + Aag + Vg (5.36)

where a superscript * indicates an approximate quantity used for linearization.

Let AX e R? be the vector originating at antenna A and terminating at antenna B.
Then Xg = X, + AX. The row vector x;, —(X,)" is a line-of-sight vector originating at
antenna A and terminating at satellite i. Given that the antenna-to-satellite distance is
many orders of magnitude larger than the antenna baseline length, it is reasonable to
assume that X/, —(X,)" = x/, —(xg)" or, more simply, that x =X, . Substituting
these relations into equation 5.36 results in

T T
~ * Xi,k _(XA) A * b ﬂ,
Zgiy ® | Xik = Xa | - (Xq +AX=X,) + sk + A8 + Vg (5.37)

%4 = Xa
Defining the line-of-sight unit vector

A X5 = (x3)7
= () (5.38)
X = XAl
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and subtracting equation 5.35 from equation 5.37 vyields the single-difference (SD)
measurement model

Zoiv —Zpix =— 6L AX + (bg—bay) + A(ag—an) + (Ve —Vax) (5.39)
At this point, the antenna subscripts A and B will be dropped, and equation 5.39 will be

re-written as
Z, =— €& AX + b, + Aa, + v, (5.40)
The clock bias term b, can be eliminated by subtracting the SD carrier phase
measurement corresponding to an arbitrary ‘master’ satellite j from z; , . This results in
the double-difference (DD) carrier phase measurement model
Ziv—Zi =—(&1 =€/ )AX + A(a;—a;) + (Vi —V; ) (5.41)
Defining z;;, =2, —z;, and a;; =a; —a;, equation 5.41 becomes
Zij« =_(éiT,k _éJT,k)AX + A8 + (Vi = Vi) (5.42)
For this example, Ax=[—p 0]", where p is the unknown distance to be
estimated. In addition, Figure 5.2 indicates that €, , =[cos¢,, sin¢;,]". Using these

two facts, equation 5.42 takes the final form

Z;jx =[cosg;, —cosg; Ip + Aa;; + (Vi V) (5.43)

5.5.2 Batch Measurement Model. Suppose that the master satellite index j=3.
Because the satellites can be ordered arbitrarily, there is no loss of generality in making

this assumption. Defining z, € R*, H, e R**®, 8 e R?, J, e R**and v, € R® as

Zy :[213,k Loz ]T (5-44)
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cos¢,, —cos¢g,, 1 0
H, = (5.45)
cosg,, —cosg,, 0 1
6=[p ayz azs]T (5.46)
1 0 -
J, = (5.47)
01 -
vi=[vie Vax Vax I (5.48)
allows the complete set of measurements at time index k to be written as
z,=H,0+J,v, (5.49)

The vector @ is estimated using a batch WLS estimator. Stacking measurements

from k =1 to k =q results in the batch measurement model
Zo=H,0+J,v, (5.50)

where H, e R 3 Jg € R?9>34 and Vo € R** are defined as

H, =[H] ... H;]T (5.52)
3, =diag(d, ..., d,) (5.52)
vo=lvi - viI' (5.53)

5.5.3 Autocorrelation Bounding Functions and Simulation Parameters. One set of
upper and lower bounding functions are used to bound the autocorrelation function
associated with each satellite’s SD measurement error. The bounds are defined using the

same model given in equation 2.87. That is,
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2
677+0r k=]

r =
“ioM ) |k —1]At
o, eXp| ————

Ty

fori=1,2,3 (5.54)
] . k=l

The parameters defining the upper and lower bounds are provided in Table 5.2.

Table 5.2. Autocorrelation Bound Parameters for SD Measurement Error

Lower Bound Upper Bound
o, =0.15cm o, =0.30cm
o, =0.75¢cm o, =150 cm
7, =200 sec 7 =400 sec

It is assumed that GPS L1 carrier phase measurements are used to estimate @,

which correspond to a wavelength of 4=19.03cm . The batch WLS estimator is

designed using the upper bound values from Table 5.2, and is run for 15 minutes.

Additional parameters used for the simulation are summarized in Table 5.3.

Table 5.3. Simulation Parameters for Baseline Estimation Problem

Parameter Assigned Value
Orbital Radius r, =26560 km
Satellite Speed v, =4 km/s
GPS Sampling Interval At =60 sec
Initial Satellite Angles, ¢; 200, 85 , 120r

Baseline Error Acceptability Bound f,=1m
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There are two integer-valued states in this example. Hence, two stages of bootstrapping

are required to form an integer estimate of the carrier phase cycle ambiguities.

5.5.4 Analysis Results for First Bootstrapping Phase. During the first stage of

bootstrapping, the integrity risk bound for the baseline state p is determined using the

five integer candidates

s={0,1,2,-1,-2} (5.55)
The integrity risk bound I=; is defined by setting ajz equal to the values given in Table

5.4 for each candidate in S.

Table 5.4. Conditional Variance Sets that Produce I=;

Integer Candidate Index

Conditional Variance

By subdividing o and o into N equally spaced segments, a tighter integrity
risk bound can be achieved using the method of subdivisions. Figures 5.3 and 5.4 show
the percent reduction in the integrity risk bound relative to I=; for small and large N.

With N >20, more than 90% reduction in the integrity risk bound is achieved, which

represents a full order of magnitude reduction. For this example, subdividing Q provides

substantial improvement in the integrity risk bound.
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Figure 5.4. Bound Reduction Achieved Using Subdivisions (Large N )

5.5.5 Analysis Results for Second Bootstrapping Phase. After two stages of

bootstrapping, the integrity risk bound is determined using the seven integer candidate

HREBLEAE e

which are selected independently of S given in equation 5.55.

vectors
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Table 5.5 contains the values of o{ for each candidate vector that produce the

integrity risk bound I=; .

Table 5.5. Conditional Variance Sets that Produce I=;

Integer Candidate Index

Conditional Variance

0 uu Lou 1,
: I I | |
O, U, 2 Uy 2 2 Uy 2
ol u, U, U; U; U, U, U,

Figures 5.5 and 5.6 show the percent reduction in the integrity risk bound relative

to I=; for small and large N.

Percent Reduction

100

F
o © < 3
1 1 ]
7 8 9

Figure 5.5. Bound Reduction Achieved Using Subdivisions (Small N )

10
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Figure 5.6. Bound Reduction Achieved Using Subdivisions (Large N )

These figures lead to the same conclusion that the potential reduction in the
integrity risk bound achieved by the method of subdivisions is significant. However,
subdivisions cannot eliminate or even reduce the conservatism introduced into the bound
by approximating the polytope by a circumscribing hyper-rectangular region. Therefore,
if smaller subdivisions do not reduce the integrity risk bound sufficiently, the only avenue

for reduction is to define the bound over the true polytopic feasible region.

5.6  Bounding Integrity Risk over Polytopic Region

It is of practical and theoretical importance to understand how much

conservatism, if any, is introduced into the bound by approximating Q by Q. This

section develops a new method to upper bound integrity risk over Q.

5.6.1 Determination of Feasible Region. Equation 5.23 shows that each conditional

variance is a linear function of r. Collecting all of the conditional variances in one vector

o’ results in the linear system of equations
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o’=c+Dr (5.57)
where 62 e R™, c e R™ and D e R™V "™
Equation 5.57 describes an affine transformation from the r —domain to the

o? —domain. Given that the feasible region of r is a closed, convex hyper-box in R"

and the fact that affine transformations preserve convexity [Boy04], it follows that Q is a

closed, convex polytope in R™". A closed, convex polytope can be described by a set of

linear inequalities [Lue08]. Therefore, Q is defined mathematically as
Q={c’|g9,0°<pB ,k=1,...n} (5.58)
An efficient method to determine g, and g, is derived in Appendix H, where it

is also shown that the number of inequalities necessary to define Q obeys the relation

ne=2+2>» C(n,-m+k-1,k) (5.59)

k=1
where C(n, r) denotes how many ways n objects can be taken r at a time. That is

|
C(n,r):m (5.60)

The integrity risk bound from equation 5.28 can now be stated more precisely as

. ) n m+l g_lu f-|—lu
I =1-—min | - SERY RV )} g b-1
S 21111 [ Neg ] [ NCh J (5.61)

st. gro’<pB. , k=1,...,n

e

5.6.2 Partitioning Q into Rectangular Elements. An upper bound on I; can be

obtained by partitioning Q2 into small rectangular regions, just as was done in Section
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5.4. Figure 5.7 shows an example of what this partitioned region might look like when

m=1and n, =3.

. —~
f/
2/ /
1 \//J

Figure 5.7. Example of Partitioned Polytopic Feasible Region

One approach for generating these elements begins by partitioning [I,,u,] into

N equally spaced segments. For the p™ segment, the minimum value of o is
determined by solving the optimization problem
l, ,=min o}

st. gro’<p, , k=1,...,n
‘ ‘ (5.62)
l,, <of <u

o’ >0
and the maximum value u, ; is found by minimizing ~o?.
The interval [1,,,u, ] can be partitioned into N equally spaced segments, and

the lower bound on o associated with [l u ] and [l,,,u,,] is determined by

1p:?

solving the optimization problem
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2

l,, <o?<u,, (5.63)
2

l,, <0, <Uy,

>0

Minimizing — o instead of oZ produces the upper bound Usg g -

The interval [l, ., u,,,] can be partitioned into N equally spaced segments,
and the process above can be continued to determine hyper-rectangular elements that
encompass Q.

Equations 5.62 and 5.63 can each be written in the form

y =min c'x
st.oajx+s;=b, j=1,...,q (5.64)
x>0, s>0

which is recognized as the standard form of a linear programming (LP) problem.
Numerous algorithms exist to solve LP problems, and this dissertation uses the

active set method described in [Gil84]. After determining the n. rectangular elements,

*

the integrity risk bound 1 is defined as the maximum value of the individual bounds

y, max

associated with each element.

*

5.6.3 Efficacy of the Polytopic Bound. Suppose that the element S_ producing I

y, max

resides within the interior of Q. In this case, the polytopic bound will not provide any

* I—*

y,max ~ 'y,max"’

improvement over the rectangular bound, and | One way to ascertain if
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1> =1___ istosimply compute both bounds and compare their values. However, this

y,max — ' y,max
approach is unnecessarily time consuming if the bounds do happen to be identical. A

more efficient method involves determining if the intervals [I_j ,U;] defining S are
simultaneously feasible in Q.

It is already known that [I,,T,] € Q because Q circumscribes Q. The
minimum permissible value of o? associated with [I, , T,] is determined by solving the

LP problem

(5.65)

and the maximum permissible value u,, is attained by minimizing —o?.

If [, >1, and U, <u,, then [I,, T,] is simultaneously feasible with [I, , T,]. The
minimum permissible value of o associated with [I,,T,] and [I,,,] is determined
by solving the LP problem

l; =min o;
st g,o’<pB. , k=1,...,n

[ <cZ<m (5.66)

and the maximum permissible value u is obtained by minimizing — 2.
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If I,>1; and T, <uj, then [I,,q,], [I,,0,] and [I,,T,] are simultaneously
feasible. This process can be continued to determine if the intervals [I_j ,u;] are

concurrently feasible in Q. Whether or not the polytopic approach has any potential for

bound reduction can therefore be ascertained by solving up to 2m LP problems.

5.7  Comparison of Rectangular and Polytopic Bounding Methods. This section
compares the rectangular and polytopic bounds for the static baseline estimation
application. The rectangular bound is fundamentally conservative because it replaces Q
with Q and because it uses finite size rectangular elements to subdivide Q . The
polytopic bound eliminates the former source of conservatism, suggesting that it can
potentially achieve the same value as the rectangular bound using larger (i.e., fewer)
rectangular elements. To illustrate, consider Figure 5.8, which shows Q and Q after one

bootstrapping step.

0.16

— Polytopic Feasible Region
0.14¢ --- Rectangular Feasible Region 2 |
0.12}

0.1t

o3 0.08}
0.06}

0.04¢

0.02¢

0 002 004 006 008 01 012 0.14

2
01

Figure 5.8. Feasible Regions after One Bootstrapping Step
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If 1. is determined from an element in the upper left or lower right regions of

y, max

Q , then the polytopic bound will achieve the same value using larger rectangular

elements because it will not consider these infeasible regions. For comparison purposes,

*

let the rectangular bound I be fixed using N =100 and let the polytopic bound

p,max

*

I be defined for different numbers of segments, N . Figures 5.9 and 5.10 show the

p,max

* *

percent reduction in the integrity risk bound relative to I achieved by using |

p,max p,max*
20 Ll Ll Ll Ll L} Ll Ll
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Figure 5.9. Polytopic Bound Performance after One Bootstrapping Phase
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Figure 5.10. Polytopic Bound Performance after Two Bootstrapping Phases
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*

Figure 5.9 shows that the polytopic bound achieves the same value as | when

p,max

N, =90. Hence, after one phase of bootstrapping, the polytopic bound requires almost

the same number of elements as the rectangular bound. After two bootstrapping phases,

*

Figure 5.10 indicates that | determined using N, =50 achieves the same value as

p.max

I using N =100 . Hence, the polytopic bound has to consider 87.5% fewer

p,max

rectangular elements (50° versus 100°). If both bounds use 100 segments, it is evident

* *

from Figure 5.10 that | reduces the integrity risk bound by 9% relative to |

p,max p,max*

Even though the polytopic bound is significantly more computationally
demanding than the rectangular bound, the reduction in bound magnitude and number of
elements can make up for this deficiency when & is higher dimensional. Approaches to
improve the efficiency of the polytopic bound are discussed at the conclusion of this

dissertation.
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CHAPTER 6

CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK

Quantifying integrity risk is essential in safety critical estimation applications.
When state estimation is accomplished by filtering measurements over time, accurate
assessments of integrity risk are generally not possible due to uncertainty in the stochastic
models of measurement noise and disturbance inputs. In this case, an upper bound on
integrity risk must be obtained. This dissertation developed the first implementable
methods to upper bound integrity risk when the measurement noise and disturbance
inputs have a bounded autocorrelation uncertainty structure. These methods were derived
for both real-valued and mixed real/integer estimation applications that use the Kalman

filter, batch WLS estimator and integer bootstrap estimator.

6.1  Summary of Contributions

A main objective of this work has been to derive two classes of bounding
methods. One that uses simplifying approximations to obtain a conservative bound
quickly and efficiently, and another that uses more advanced mathematical techniques to
define a tight bound on integrity risk. Below is a summary of this dissertation’s

contributions.

6.1.1 Integrity Risk Bounding in Kalman Filtering. A new set of linear difference
equations was derived in Chapter 2 that enabled determination of how measurement noise
and disturbance input autocorrelation functions map into the state estimate error variance.

The resulting expressions were used to develop a fast method to determine the worst-case
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autocorrelation functions that lead to an upper bound on integrity risk. A one-dimensional

position and velocity estimation application was used to illustrate this method.

6.1.2 Bounding Integrity Risk in Batch Estimation. Chapter 3 derived a new form of
the batch WLS estimate error vector when the weighting matrix has unknown but
bounded elements. This expression allowed the methods from Chapter 2 to be used to
define an integrity risk bound for the batch WLS estimator. The method was

demonstrated for a two-dimensional position and velocity estimation application.

6.1.3 Real-Valued Integrity Risk Bounding via Semi-Definite Optimization. The
integrity risk bound was formally defined in Chapter 4 as a semi-definite programming
problem that was subsequently solved using a primal-dual interior point algorithm.
Formulating the integrity risk bound this way allowed enforcement of the constraint that
the autocorrelation functions must be positive semi-definite in addition to being bounded.

Performance comparisons were made for the two-dimensional estimation problem.

6.1.4 Mixed Real/Integer Integrity Risk Bounding. For the integer bootstrap
estimator, the mixed integer integrity risk bound was defined in Chapter 5 as a non-
convex optimization problem over a polytope. Two methods were developed to define a
conservative integrity risk bound by solving a relaxed version of the optimization
problem in which the polytopic region is replaced by a circumscribing hyper-rectangle.
The performance of these methods was compared for a static baseline estimation

application.
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6.1.5 Mixed Real/lnteger Integrity Risk Bounding over a Polytope. A third
approach was derived in Chapter 5 to upper bound the mixed real/integer integrity risk by
solving the non-convex optimization problem over the polytope. This required creation of
a new procedure to determine the set of inequalities that define the polytope, which was
used in conjunction with linear programming to define the integrity risk bound.
Simulation results and comparison studies were made with the rectangular bound for the

static baseline estimation problem.

6.2  Recommended Topics for Future Research

6.2.1 Autocorrelation Bound Determination. A fundamental assumption throughout
this dissertation has been that the autocorrelation bounding functions are given. A method
must be devised to determine these bounds either through experimental or analytical
means. Experimental methods will most likely produce bounds that do not contain the
true autocorrelation function with probability one. To address this issue, the methods
developed in this dissertation must be adapted to accommodate ‘soft’ bounds that are

only known to contain the autocorrelation functions with a specified probability.

6.2.2 Minimize Integrity Risk Bound by Exploiting Estimator Structure. All of the
integrity risk bounds in this dissertation have been derived for a pre-defined estimator.
However, the magnitude of the integrity risk bound is dependent on the estimator design,
which provides an interesting topic for future research: examine how estimator structure

can be exploited to produce the minimum upper bound on integrity risk.
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6.2.3 Improving Efficiency of the Polytopic Integrity Risk Bound. The polytopic
bound has the potential to significantly reduce the magnitude of the rectangular bound.
However, it is computationally intensive due to the large number of inequality constraints
needed to define the polytope. One way to improve efficiency is to compute the bound
using an approximate polytopic region defined by a small set of linear inequality
constraints. How this set of inequalities is chosen and the impact on the magnitude of the

integrity risk bound is a topic for future research.
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APPENDIX A
GENERAL SOLUTION TO LINEAR SYSTEM

OF DIFFERENCE EQUATIONS
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This appendix derives the general solution to the following linear system of

difference equations
e, =L, e +M, v, (A1)
€ =Fee + N w, (A2)

When k =0, equation A.1 can be written in the form
eozq)oea"'z AoVio (A3)
1=1

where @, =L,, A, , € R™ is equal to the I"" column of M, (i.e. A, , =M, (:,1)) and

Ith

v, o Is a scalar corresponding to the 1™ component of v,.

Similarly, when k =0, equation A.2 can be written as
e, =R+ > Ny (5, j)w, (A.4)
j=1

where N, (:, j) is an n_x 1 vector corresponding to the j™ column of N, and Wi, is

a scalar corresponding to the j™ component of w,. Replacing e, by the expression on

the right hand side of equation A.3 results in

e, =F,@.€, +Z FolA oVio +Z No (5 ] )Wj,o (A5)
=1 i—1

j=

Defining the n, x n, matrix @ =F ®,, the n, x 1 vector A, =F A, ; and the

n,x 1 vector I';, =N, (:, j) allows equation A.5 to be expressed more compactly as

Ny

e, =®;e, +Z A Vi +Z T W, (A.6)
1=1

j=1

When k =1, equation A.1 becomes
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e=L,e + M, (5,1, (A7)
1=1

where M, (:, I) is an n, x 1 vector corresponding to the I column of M, and v, , is

a scalar corresponding to the 1"" component of v,. Replacing e, by the expression on the

right hand side of equation A.6 results in

n

e = L1q>;eg+z LA, v+ Llr;leyo+z M, (:,D)v, (A.8)
=1 1 1=1

j:
Defining @, e R™*™ as ®,=L,®;, A, e R™* as A, =[L, A, [M,(:,1)],

I',eR™asT, =L, and the 2x 1 vector {v;};=[v;, v,]" allows equation

A.8 to be expressed more compactly as
elzq)le(;+z AI,1{VI}%)+ZFj,1Wj,O (A.9)
1=1 j=1
Similarly, when k =1, equation A.2 becomes

e;=F1e1+ZN1(:, iw,, (A.10)

j=1
where N, (:, j) isan n_x 1 vector corresponding to the j™ column of N, and w;, isa

scalar corresponding to the j™ component of w, . Replacing e, by the expression on the

right hand side of equation A.9 results in

e, = F1‘D196+z FlAl,l{Vl }%)"'Z I:11—‘j,1Wi,0-|_Z Nl (:' j)Wiyl (A'll)
I=1 j=1

=
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Defining @; € R™ "™ as D,=F®,, A, € R™*? as A,=FA,, T, e R™*? as
I;,=[FRT;,IN;(:,j)] and the 2x 1 vector {w;},=[w;, w,,]" allows equation

A.11 to be expressed more compactly as
e£=q’596+z Ali,z{V|}%)+z F;,Z{Wj}é (A.12)
=1 j=1

This process can be continued, resulting in the expressions

e, =d.€ +Z rj,k{Wj 571 "'Z Ay {v }g (A.13)
j:]_ =1

e =D e+ T {wh +2 A {mk" (A.14)
j=1 1=1

where @, and @, are n, x n, matrices, I';, and I';, are n, x k matrices, A,, is an
n, x (k+1) matrix, A;, is an n, x k matrix, {w, 1 is a k x 1 time series vector for

the j™ component of w from time index O to time index k-1, {v,}¥ ™" is a k x 1 time

I’[h

series vector for the 1" component of v from time index 0 to time index k — 1 and {v, }§

I’[h

is a (k+1) x 1 time series vector for the 1™ component of v from time index 0 to time

index k.

The matrices in equations A.13 and A.14 are defined as

D =L O, , D,=I (A.15)
A=ILA MG DT L Ap=[] (A.16)

To=LTI5  Tje=I] (A.17)
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® =F_,®_, , ©,=I (A.18)
AIi k= Fk—lAI, k-1 (A.19)

L =[RaT e IN (5 )] (A.20)
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APPENDIX B

DISCRETE-TIME AUTOCORRELATION FUNCTION

OF INTEGRATED RANDOM PROCESS
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This appendix derives the discrete-time autocorrelation function of the integrated

random process

tj+At

w = | [£(0)+q,(2)]dz (B.1)

where & (t) is a scalar first order Gauss-Markov process, Q,(t) is a zero-mean,
Gaussian white noise process and At is the discrete-time sampling interval.

The autocorrelation function of g, (t) is given by

E[qg(tl)qg(tZ)]:Qg 5(t1—t2) (B.2)
where Q , is the power spectral density of the white noise process and ¢ (t) is the Dirac

delta function.
For the first order Gauss-Markov process, the autocorrelation function is well-

known [Gel74]

tl_t2
E[éa(tl)éa(tz)]=6§exp[—| . lj (B.3)

a

where o2 and z, are the variance and time constant of the process, respectively.

Now consider the values of w at time index j and time index k.

t; +At

wy= | [&(u)+d,(u)du (B4)

ty +At

wo= [ [&(u)+q,(u)]du (B.5)

The discrete-time autocorrelation function of w is defined as E[w;w, ]. From equations

B.4 and B.5, this expectation can be written as
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t +AL U +AL

Efw,w = [ [ E{[&U)+0,)]I[EWV) +0,(v)]du dv (B.6)

]

Assuming that & (t) and d,(t) are mutually uncorrelated, equation B.6 can be

expanded into the form

t, +At tj+At t, +At tj+At

Efww]= [ [ E[&@W&EWIdudv+ [ | E[qyu)g(v)]dudv (B.7)

t

For simplicity, equation B.7 will be written in the form E[w,w, =1, +1,. In order to
compute |,, the integral must be evaluated separately for the cases k=] and k # j
because of the absolute value in equation B.3.

For k = J, substituting equation B.3 into the first integral on the right hand side

of equation B.7 results in

t +At t +At |U—V|

l, = j I aiexp(——}du dv (B.8)

t ot Ta

The absolute value can be eliminated by writing |, as the sum of two integrals

t +AL y VU t, +AL t, +At U—V
I1=_|. I aazexp[— Jdudv+ I I ajexp[— Jdudv (B.9)

te t Ta ty v Ta

It is straightforward to verify that the integrals evaluate to the expression

Il:2(aara){§—l+exp(—gﬂ , k=] (B.10)

Ta Ta

Considering the case now where k > j, I, becomes

t, +At tj+At

Ilzj _[ ajexp(—v_ujdudv (B.11)
tY

Ta

It is straightforward to show that the double integral in equation B.11 evaluates to
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Il=(Gara)2exp(_tkr—tj]{1—exp[—§]}{exp(%j—l} , k>j (B.12)

Because the autocorrelation function is symmetric about the origin, the case where k < |

is easily handled by changing the argument t, —t; to t; —t, in equation B.12. In general,

I, can be written as

2(aara){§—1+exp[—ﬁﬂ =k

Ta Ta
l, = (B.13)

(cfara)zexp[—mj{l—exp(—ﬁj M exp(ﬁJ—l} . j#k

Substituting equation B.2 into the second integral on the right hand side of

equation B.7 and using the fact that Q, is a constant yields

t, +At tj+At
I, =Q, I j o(u—v)dudv (B.14)
t, t;

]

Because the Dirac delta function is non-zero only when u = v, the double integral in

equation B.14 is non-zero only when Kk = j . Therefore, |, evaluates to

{ng =k
l, = (B.15)

0 , j=k

Combining equations B.13 and B.15 results in the complete autocorrelation function

2(o, 7, 2{E—Hexp[—gj +Q, At , j=k
Ta Ta n
Mg = (B.16)
(oara)zexp(—MJ{1—exp(—E Mexp(gj—l} T
Ta Ta Ta



112

APPENDIX C

CONTINUOUS-TIME DYNAMIC MODEL FOR

TWO-DIMENSIONAL ESTIMATION PROBLEM
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For the estimation problem shown in Figure 3.1, the state vector is given by
x=[p 6 v, v, ] (C.1)

The continuous time dynamic models of p and @ are given by

p=v, (€2
o="Ye (C.3)
Je)

To derive the velocity dynamic model, two coordinate frames will be defined. An inertial
coordinate frame (denoted by I) and a polar coordinate frame (denoted by P). These two

frames are depicted in Figure C.1.

(e,, ég) — P frame

(1'1, ’ig) — I frame

Figure C.1. Inertial and Polar Coordinate Frames

It is most convenient to express the vehicle velocity vector in the P-frame, i.e.,
v=v_ € +v,€,. Therefore, the dynamic model will be derived by differentiating in P.
However, the derivative of v in the P-frame must be related to the derivative of v in the
I-frame because accelerometers sense inertial acceleration of the wvehicle. These

derivatives are related via the relation [Wiel0]

=——— @ XV (C4)

where '@ is the angular velocity of the P-frame with respect to the I-frame, and is

given by '@ =08, The vector &, is a unit vector orthogonal to €, and é,.
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The derivative on the right hand side of equation C.4 is the inertial acceleration of
the vehicle, and will be denoted by a. Defining the left hand side of equation C.4 as v,

this equation can be written as
v=a—'@" xv (C.5)
Accelerometers sense inertial acceleration in the vehicle body frame (B-frame).
Therefore, equation C.5 is re-expressed in the form
v="R%’a—'@" xv (C.6)
The matrix "R® is a 2 x 2 rotation matrix that rotates a vector from the B-frame
(depicted in Figure 3.2) to the P-frame. Its determination is most easily accomplished by
decomposing "R® into the product of two rotation matrices
R*="R' 'R® (C.7
where PR' € R?*? rotates a vector from the I-frame to the P-frame and 'R® ¢ R**?

rotates a vector from the B-frame to the I-frame.

From Figure 3.2

cosy —sin
'R® { =V "”} (C.8)
siny  cosy
and from Figure C.1
PRI = cos@ sind c9
| —sin® coso (€9)

Substituting equations C.8 and C.9 into equation C.7, it can be shown that

PRB=|:COS(9_V/) Sin(ﬁ—l/l)} (C.10)

—sin(@—-y) cos(0—-w)

The cross product in equation C.6 can be simplified to
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'@" x V=08, x (v, +V,6,) (C.11)

Distributing the cross product and replacing 6 with the right hand side of equation C.3

yields
'@" x v=-v,08, +v, 08, (C.12)
I P ; A~ VoV o
@ xV=——8€ + €, (C.13)
p p

Gyroscopes sense the vehicle’s inertial angular velocity, which for this example, is equal
to the heading rate, i . The dynamic model for vehicle heading is then given by
V=w (C.149)
When taken together, equations C.2, C.3, C.6 and C.14 constitute a set of
nonlinear differential equations that can be written in the form
x=f(x,a,m) (C.15)

where f (X,a,w) is defined as

X3
X, !X,

f(x,a,0)= { cos(X, —Xs) sin(x, —xs)}{abl}{—xj/xl} (C.16)

—sin (X, —X5) COS(X, —Xs) || &y, Xg X /X,

@

and the elements of the state vector x are defined in equation C.1.
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APPENDIX D

DISCRETIZATION AND LINEARIZATION FOR

TWO-DIMENSIONAL ESTIMATION PROBLEM
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This appendix derives a procedure for the discretization and linearization of the

following system of nonlinear differential equations
x=f(x,a,m)

where f (o) € R® was derived in Appendix C and is given by

X3
X, !X,

f(x,a,0)= { cos(X,—X)  sin(x, —xs)}{abl}{—xf/xl

—sin (X, —Xg) COS(X, —Xs) || &y, X3 X, /Xy

@

|

(D.1)

(D.2)

Equation D.1 can be converted to a discrete-time nonlinear system using a numerical

integration scheme. For the purposes of this example, a fourth order Runge-Kutta

algorithm is used, which is defined by the recursion [Kin02]
1
Xy = X +6(kl +2k, + 2k, +k,)

where the 5x 1 vectors k, through k, are given by

klzhf(xk va(t), a)(tk))

K, :hf(xk +%k1 La(t, +h/2), o, +h/2)j

k,=hf (xk +%k2 La(t, +h/2), o, +h/2)]

k,=hf(x +k;,a(t +h), ot +h))

(D.3)

(D.4)

(D.5)

(D.6)

(D.7)

The parameter h is the step size of the fourth order Runge-Kutta integrator. In

what follows, the shorthand notation a,, a, and a, will be used to denote a(t,),
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a(t,+h/2) and a(t, +h), respectively, and @,, @, and @, will be used to denote
o(t,), o(t, +h/2) and o(t, +h), respectively.

Equation D.3 can be approximated by a linear system of difference equations

using a first order Taylor series expansion. Making the following definitions

ok ok ok ok
Fk=l+1( i34 4} (D.8)

6 Ox, 00X, 0X, O0X,
ok ok ok, ok
. I L R A P A BT (D.9)
6| oa 0a, oa, 0Oa,
ok ok, ok
B, B PRI L LY (D.10)
? 6| oa, oda, oOa,
10k,
6 0a, (B.11)
ok ok ok, ok
B LB L I R B (D.12)
'6| do, 0w, ow, Ow,
ok ok ok
B, B AP LY (D.13)
? 6| Ow, w, Ow,
1 0ok,
== D.14
60w, ( )
the Taylor series expansion can be written as
« 1, . « . s .
X =X +=(K, +2k, + 2k, + k, )+ F (X, — %X, )+
6 (D.15)

B, da,+B, éa,+B, sa,+B, 6w, +B, 6w,+B, dw,
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The chain rule of differentiation must be applied repeatedly in order to evaluate
the partial derivatives in equations D.8 through D.14. To illustrate, consider the term

ok, / 0x, , which appears in equation D.8. In the definition of k, given in equation D.5,

let £=x,+k,/2. Then

ok, of o&

%, OF o%, (D.16)
ok ok

SECAR P S (D.17)
ox, 0&|  20x,

where 0 f/0o& is determined by evaluating the gradient of the function f (&,a,w)
defined in equation D.2 and Jk,/ 0x, is determined by taking the gradient of k, defined

in equation D.4. The same procedure can be applied to compute the other partial

derivatives in equations D.8 through D.14.

Defining u, € R®, 5, e R® and B, € R**° as

uk:x;+%(ki+2k;+2k;+k:)—Fkx; (D.18)
n.=[sa] Sw! sal Sw! sal Swll (D.19)
B.=[B, B, B, B, B., B,I (D.20)

allows equation D.15 to be written as
X =F X +u +B, 1, (D.21)
In order to compute F,, u, and B, , the 2x1 acceleration vector a and scalar

inertial angular velocity o are required at three points in time. However, the
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accelerometer and gyroscope output the integral of inertial acceleration and inertial

angular velocity over a specified time interval, &t . That is

Av= [ a(r)de (D.22)

ot

Ap=[ o(r)dr (D.23)

St
Therefore, it is necessary to relate a, through a, and o, through @, to Av and
A¢ . This requires an acceleration and angular velocity profile over the integration

interval. The Runge-Kutta step size is twice the accelerometer and gyroscope output rate

(i.e., h=26t), which implies that there are two Ao and A¢ measurements available
over the interval [t, , t ,,]. Therefore, the highest order acceleration and angular velocity
model that can be used is a linear model. For acceleration, this model is given by

a(t)=a, +B(t-t,) (D.24)
where a, and g are to be determined.

Substituting the right hand side of equation D.24 into equation D.22 results in

ty, +ot
‘ St?
fvy= [ [ag+plr-t)ldr=a,5t+ =~ (D.25)
ty
Similarly, the second Ao measurement can be expressed as
ty, +20t 5t2
Av, = | [a,+ A —t)]dr =2, 51+ 35~ (D.26)
ty +ot
Solving equations D.25 and D.26 for a, and £, results in
Av, —Av,
B=—7— (D.27)

ot?
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o - 3Av, —Av, D.28
26t (D:28)
From equation D.24, notice that
a, =a,; +p(t, +ot-t,) (D.29)
a,=a, +p(t, +25t-t,) (D.30)

Substituting the expressions for a, and £ from equations D.27 and D.28 into equations

D.29 and D.30 yields

Av, + Av,

2 20t (D31)

o = 3Av, —Av, D.32

3T st (D.32)

Analogous expressions can be derived for w,, @, and @, .

3A¢1 _A¢2

S —_ D.33

1T T et (D-33)
Ag +Ag,

= D.34

REP¥T (D-34)
3AP, —Ap

= D.35

RERPYT (D-35)

Equations D.28 and D.31 through D.35 are used to populate F,, u, and B, in

equation D.21. The last step is to use equations D.28 and D.31 through D.35 to convert

n, fromerrorsin a and @ toerrorsin Av and A¢g. Let w, € R® be defined as

w, =[5Av] SA$, SAV] SAg,1 (D.36)
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Then 5, and w, are related by the linear transformation 7, = Mw, , where M e R**°

is given by

(31 0 -1 O]

0 3 0o -1
| 0 | 0

M = (D.37)

0 1 0 1

-1 0 3l 0

0 -1 0 3]

Replacing 7, in equation D.21 by Mw, and defining G, € R**® as G, =B, M, the

linearized dynamic model is finally given by

Xeq =F X +u +G, w, (D.38)
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APPENDIX E

CONDITIONS FOR PRIMAL-DUAL OPTIMALITY
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This appendix derives a set of equations that must be satisfied by the optimal
solution to the primal and dual SDPs stated in equations 4.16 and 4.17. As long as the
primal and dual problems have non-empty interiors (i.e., there existsan X >0 and S>0
that satisfy the equality constraints in equations 4.16 and 4.17), optimal solutions X, S

and A" exist for the primal and dual SDPs such that Tr(CX")=d'A" [Van96].

Replacing C with the left hand side of the equality constraint in equation 4.17 results in

n(n+1)
Tr{( > I;Ai+s*Jx*}:dT,1* (E.1)

i=1

n(n+1)
> ATHAX) +Tr(S X)) =d™A (E.2)

i=1
Because X' is primal feasible, Tr(A, X") =d.. Therefore, equation E.2 reduces to

n (n+1)
> Ad +Tr(SX)=d"A =Tr(SX)=0 (E.3)

i=1
Note that for two symmetric, positive semi-definite matrices A and B,
Tr(AB)=0 — AB=0. Therefore, at a primal-dual optimal solution, equation E.3
implies that S™ X" =0. Re-introducing the constraints from equations 4.16 and 4.17,

primal-dual optimal solutions must satisfy the following equations

Tr(AX)=d, , i=1,...,n(n+1) (E.4)
n(n+l)

>, AMA+S=C (E5)

XS=0 (E.6)

X=0 , S+0 (E.7)
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APPENDIX F

INFEASIBLE INTERIOR POINT ALGORITHM

FOR SEMI-DEFINITE OPTIMIZATION
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Interior point algorithms work by restricting the iterates to a certain neighborhood

of the central path, defined by the set of equations [Wri97]

Tr(AX)=d, , i=1,...,n(n+1) (F.1)
n(n+1)
> A4A+S=C (F.2)
i=1
XS=7zl , >0 (F.3)
X=0, S=0 (F.4)

As 7 — 0, the solution to equations F.1 through F.4 approaches the primal-dual optimal
solution. Most interior point algorithms set r equal to ou , where o<[0,1] is a
centering parameter and gz is the normalized duality gap, i.e., z=Tr(XS)/[n(n+2)]

[Lue08].

In order to solve equations F.1 through F.4, they must be converted to a set of

linear equations. For guess solutions X >0, S>0, and A, the linearization is

accomplished by making the substitutions X =X+AX, S=S+AS, and A =4 +AA,

resulting in
Tr(AAX)=-Tr(A X)+d, , i=1,...,n(n+1) (F.5)
n(n+1) n(n+l) _
> ALA +AS=-> 1A -S+C (F.6)
i1 i=1
AXS+XAS=-XS+oul (F.7)

where the 2™ order term AXAS has been dropped from equation F.7.

Defining the scalar r,; and matrix R, € R"("™? *"("*2) ag
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r,; =Tr(A;X)-d, (F.8)

n(n+1) _ _
R.= > XA +S-C (F.9)

i=1

allows equations F.5 through F.7 to be written as

Tr(AJAX)=~-r1,, , i=1,...,n(n+1) (F.10)
n(n+1)
D> ALA+AS=-R, (F.11)
i=1
AXS+XAS=-XS+opul (F.12)

Solving equations F.10 through F.12 for AX, AS and AA will, in general,
produce matrices AX and AS that are not symmetric. In response, the symmetrization

operator, defined in equation F.13 for an arbitrary matrix M, is introduced [KouOQ7].
HP(M)Z%[PMP_1+(PMP_1)T] ’ P=[)_<—1/2(>_<l/2§>_<1/2)1/2>_<—l/2]1/2 (Fl3)

Applying H, to both sides of equation F.12 results in
Ho(AXS +XAS) =—H,(XS) + ol (F.14)
Equations F.10, F.11 and F.14 constitute a set of linear matrix equations. In order
to obtain the search directions AX, AS and AA, these equations must first be written in
matrix-vector form. To facilitate the conversion, the following relations are used

Tr(AB) =vec(A") " vec(B) (F.15)

vec(AXB) =BT ® A)vec(X) (F.16)
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where vec(X) is a column vector obtained by stacking each column of X underneath

the immediately preceding column and ® indicates the Kronecker product of two

matrices [Bel97].

The resulting linear system of equations has the form Mx =b. Defining n,, as

n.=2[n(n+2)]* + n(n+1), then M e R" "™ x e R"™ and b € R"" with the

following structure

| vec(A)T 0 0 0
M= vec(A] ,.1)" 0 0 0 (F.17)
0 vec(A,) - vec(A,.p) I
i Fo 0 0 Fis |
x=[vec(AX)" AA; -+ Ad,n.g VeC(AS)'] (F.18)

b:[rbT RI,l RI,n(n+2) VeC[—HP()_(§)+O'ﬁI]T]T (F.19)
The vector r, € R"™ is a column vector containing the r,;'s, R, ; € R"("?
is the i column of R, and F,,, F,s are [n(n+2)]? x [n(n+2)]* matrices defined

as

Fix :%[(PT§) ®P+P®(PTS)] (F.20)

Fis =%[P‘T ® (PX)+(PX) ® P ] (F.21)
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It is not difficult to imagine that even for relatively small n, the size of M is exceedingly
large. In order to solve the linear system of equations efficiently, sparseness of the
coefficient matrix must be taken advantage of and parallel computation techniques must
be employed. A detailed discussion of this topic can be found in Chapter 11 of [Wri97].

After solving equations F.10, F.11 and F.14 for the search directions AX, AS and

AL, the guess solutions X, S and A are updated according to

X =X +gAX (F.22)
S=S+0gAS (F.23)
A=2+0A1 (F.24)

where the scalar g is the largest value in the interval [0,1] that keeps X, S and A in a

specified neighborhood of the central path.
In this dissertation, an infeasible interior point algorithm is used that operates in a
neighborhood of the central path that admits infeasible iterates. The advantage of this

type of algorithm is that it does not require an initialization phase. Instead, it merely

requires initial values of X and S (denoted by X, and S,, respectively) that are

symmetric positive definite. The degree of infeasibility in X, S and A is captured by

computing the vector norm
p=Ir] vec(R)'1I (F.25)
Notice that if X, S and A4 are feasible then r, =0 and R, =0 (i.e., p=0).

Also notice from equation E.3 in Appendix E that the value of the normalized duality gap

is equal to zero at X~ and S™. Therefore, at each step of the algorithm, progress must be
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made toward reducing u# and p to zero. This is accomplished by choosing the step

length q [0, 1] to be the largest value such that

1< (1-0.01q) Z (F.26)
L<pt (F.27)
Po Ho

where p, and 7, are computed at the initial point X,, S, and A, and 8 >1 is a given
parameter that controls how much priority is placed on improving feasibility at each
iteration. In the most aggressive case where =1, the relative decrease in the degree of
infeasibility must be at least as large as the relative decrease in the normalized duality
gap.

Equation F.27 is one characteristic of the infeasible neighborhood used in this
work, which is defined as [Wri97]

wa(y’ﬂ):{x’sil | p < (ﬁolﬁo)ﬂﬂ,
X >0 S >0, eig;,(XS)zyu ,i=1,....,.n(n+2) }

(F.28)

where y e (0,1) is a given value and eig, (XS) indicates the i"" eigenvalue of XS. In
this dissertation, the configurable parameters are set equal to: =025, =2 and

y =0.01.
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APPENDIX G

PROOF THAT GLOBAL MINIMUM RESIDES AT AN ENDPOINT
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Consider the minimization problem

| of S22 ol (2] o

where

CD(x)__[ \/_exp[—iu jdu (G.2)

Let the cost function be denoted by f(o?). Differentiating f(o?) with respect

to o2 results in

df 1 1 ) |l =+ n
=——exp| — 0°=2ul+ +
d(o?) v2z P T2 T ”){ (0?)]
(G.3)
1 1, o\ || —(-u
——exp| - 0°4+2ul+
praadl 7 H ﬂ)[ o)
Factoring equation G.3 yields
df 1 1.,
= expl ——— (L +u )}
d(o? 2)3 { 207
(%) \/27r(0) (G.4)

[(~C+m)e" + (== p)e "]
Making the definition & = 1 ¢/o?, equation G.4 can be rearranged into the form

df _ 1
d(c?) \/27z(0'2)3

exp[ Sz (U ru )}[—ﬁ(e‘%e‘g)w(ef—e‘f)l (G.5)

Recognizing the last factor on the right hand side of equation G.5 as

—2/cosh& + 2usinh £, the first derivative becomes
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df 2 {
~exp| —

1 2 2 i
d(0'2)= prp (07 + )}(—Ecosh&tysmhé) (G.6)

20

The roots of equation G.6 are the critical points of f(o?). Notice that exp(—x?) is
non-zero for any finite value of x. This implies that the critical points must satisfy the
relation
—f¢coshé + usinh =0 (G.7)
Given that cosh& is non-zero for all &, dividing both sides of equation G.7 by
cosh¢& yields
—(+ utanh& =0 (G.8)
The fact that tanh & is a monotonically increasing function implies that there is only one
solution to equation G.8, which is given by
£ =tanh™ (¢/ u) (G.9)
Re-introducing the definition &= ¢/ o?, equation G.9 implies that

2 pl

% T Yanh (01 1) (G.10)

Whether or not the critical point in equation G.10 is a local minimum or a local
maximum can be ascertained using the second derivative test. However, before

differentiating equation G.6, the following definitions will be made

2y _ 2 1 .
0(0) = |~ 2z —5Lalt i) | (G.11)

h(&) =(—¢cosh& + psinh &) (G.12)

which allows equation G.6 to be written more compactly as
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df

a0?) (a)h($) (G.13)
The second derivative is then given by
d’f ., dh d¢ dg
ion? ) G den) T ") (G.14)

At the critical point & =¢&_ specified in equation G.9, h(&,) =0. Therefore, it is

only necessary to evaluate the first term on the right hand side of equation G.14.

= [——=exp| - 07+
e \7(o?)’ p{ 20c2( ﬂ)}

(- sinh &, +uCOSh§C)[#J
(o)

df
d(o_2)2

(G.15)

Equation G.15 simplifies to

d?f
d(62)2

(o) 20,

=—lu %exp|:_ 12“2+/12):|(_€Sinh§c+:uCOSh§c) (G.16)

O'gvgc
Making the substitution &, =tanh™(¢/u) from equation G.9 and using the

relations

sinh (tanh™ x) = (G.17)

1 _
cosh(tanh™x) = — (G.18)

equation G.16 becomes

2 1 ,, — 024’
——tp |——exp| — == (¢ .
. H n(a§)7eXp{ 203( +ﬂ)}{u\/l(€/y)2} (6.19)

d?f
d(62)2
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The last factor on the right hand side of equation G.19 can be simplified further,

depending on whether u is positive or negative.
_y? 2
H (G.20)

wi-(w)? | i u<o

Upon substituting equation G.20 into equation G.19, the second derivative at the

i /%exp{—%m%m} (G.21)

Because /¢ is always positive, the right hand side of equation G.21 is negative at o (i.e.,

critical point becomes

d?f
d(O_Z)Z

oZ is a local maximum). Therefore, the global minimum to the optimization problem in

equation G.1 must occur at either | or u.
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APPENDIX H

DETERMINATION OF POLYTOPIC FEASIBLE REGION
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The vector of conditional variances obeys the linear system of equations

o’=c+Dr (H.1)
where 62 e R™, c e R™ and D e R™V "™
Equation H.1 can also be written in the form

o’=c+d,r+d,r,++d, r, (H.2)

r

where d, € R™ isthe i™ column of D and r, is the i"" component of r.
Now suppose that m+1 of the d, are chosen to form a matrix A e R(™ (M

and the remaining n, —-m—1 d, are used to form a matrix B € R(™"* (""" Then

equation H.2 becomes

ra
oc’=c+[A B][ } (H.3)

r-b
with r, e R™" and r, € R™ " formed from components of r that correspond to the

columns of A and B, respectively.

Notice that A is a square matrix. Pre-multiplying both sides of equation H.3 by

A~ results in

r
Ato?=Atc +[l AlB]{ } (H.4)
rb

Defining ¢, e R™, L, e R™P*™ and r, e R™ as ¢, =A"c, L, =[1 A™'B],
and ry =[r; 1, ]" allows equation H.4 to be written more concisely as

Alo?—c =L, T, (H.5)
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The components of A™“o?—c, are known affine combinations of the o/,
whereas L , r, has unknown but bounded elements. For a given component of L, r,,
upper and lower bounds are determined by setting each component of r, equal to its

upper or lower bounding value, depending on the sign of the corresponding element in

L, . This is analogous to the procedure described in Section 2.6 to upper and lower
bound ajz. Therefore, equation H.5 describes a set of 2(m+1) linear inequality
constraints of the form
9, 62 < B, (H.6)
where g, € R™" and }, is ascalar.
Selecting a different set of d, for A and assigning the remaining d; to B will

yield a new set of inequalities. This process can be performed for all possible A

matrices. However, it is only necessary to consider sets of d, that include the first

column of D; those that do not include the first column result in repeated inequality

constraints. Hence, C(n, —1, m) combinations of the d, need to be considered, where

C(n, r) denotes how many ways n objects can be taken r at atime. That is

[
C(n,r):ﬁ (H.7)

For the specific case where m=3 and n, =7, equation H.7 indicates that there
are 20 relevant sets of d, € R*. Table H.1 lists these sets together with the number of

new inequalities contributed by equation H.5 for each set.
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Table H.1. Number of Constraints Introduced from each Column Combination

Group One Group Two
Columns of D Nl:anek:qira(ljiftilsz Columns of D N%T;Zel;a?iii'::w
1 2 3 4 8 1 3 45 2
1 2 35 6 1 3 46 2
1 2 36 6 13 47 2
1 2 37 6 1 356 2
1 2 45 4 1 357 2
1 2 46 4 1 36 7 2
1 2 47 4 1 456 2
1 256 4 1 457 2
1 257 4 1 46 7 2
1 2 6 7 4 156 7 2

There are a total of 70 inequality constraints when m=3 and n =7.
Mathematically, the number of inequalities n, can be written as

n,=2+C(n,-m,1)+C(n,—-m+1,2)+C(n,-m+2,3) (H.8)

Equation H.8 can be generalized to arbitrary m and n,, resulting in the following

expression for the number of inequalities necessary to define the polytopic feasible region

n,=2+2>»C(n,—m+k-1,k) (H.9)

k=1
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