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ABSTRACT 

Safety critical estimation applications require quantification of integrity risk, 

which is the probability of the state estimate error exceeding predefined bounds of 

acceptability. Integrity risk can only be evaluated when the state estimate error 

probability density function is precisely known, necessitating stochastic models that 

exactly describe measurement noise and disturbance inputs. Uncertainty in these models 

directly results in inaccurate assessments of integrity risk. This dissertation develops the 

first implementable methods to upper bound integrity risk when the autocorrelation 

functions of stochastic inputs reside between upper and lower bounding functions.  

The first part of this work considers real-valued estimation applications that use 

the Kalman filter or batch weighted least squares estimator. Explicit relations are 

developed between the estimate error variance and autocorrelation functions using a new 

generalized covariance matrix derived in this dissertation. From these expressions, two 

methods are provided to upper bound integrity risk. The first method enables fast 

computation of a conservative bound, and the second method produces the minimum 

upper bound via semi-definite optimization. 

Mixed real/integer estimation applications utilizing integer bootstrapping are the 

focus of the second part of this work. The integrity risk bound is formally defined as the 

global solution to a non-convex optimization problem over a polytope. Determination of 

the polytopic region is difficult, and two bounding approaches are initially developed for 

a circumscribing hyper-rectangular feasible region. Using an innovative method to define 

the polytope together with linear programming, a third method is derived to upper bound 

integrity risk over the true polytopic feasible region. 
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CHAPTER 1 

INTRODUCTION 

State estimation is essential to the solution of numerous engineering problems, 

including nuclear reactor control, aircraft navigation, and orbit determination of 

interplanetary spacecraft and earth-orbiting satellites. It also lies at the heart of extremely 

challenging military operations like autonomous shipboard landing and airborne refueling 

of unmanned aerial vehicles. For safety critical estimation applications, it is necessary to 

quantify integrity risk, which is the probability that the state estimate error exceeds a 

given acceptable bound. Accurate integrity risk assessment relies on precise knowledge 

of the estimate error probability density function, which can only be determined when 

exact statistical descriptions of measurement noise and disturbance inputs are available. 

Inevitably, there will be uncertainty in characterizing these random processes. This 

dissertation provides the first known methods to quantify the impact of stochastic model 

uncertainty on integrity risk for the Kalman filter, batch WLS estimator and integer 

bootstrap estimator. 

 

1.1  Kalman Filtering with Colored Noise 

For estimation applications where the state vector evolves according to a dynamic 

model, measurements are typically processed (or filtered) over time. Sequential 

algorithms are primarily used in linear estimation problems because of their obvious 

computational advantage over batch estimation techniques. The Kalman filter will be the 

only sequential estimator considered in this dissertation due to its widespread use in 

engineering. A fundamental assumption used in its derivation is that the measurement 
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noise and disturbance inputs are white noise processes. While this assumption may be 

valid in certain situations, it will not be true in general. GPS multipath error and inertial 

sensor bias errors are two examples of random processes that exhibit significant time 

correlation [Yan04] [Wal06]. Fortunately, several variants of the Kalman filter have 

already been developed to accommodate colored noise. 

State augmentation is one well-known approach that accounts for time correlation 

by using additional filter states [And79]. The resulting increase in state vector dimension 

can sometimes have adverse practical ramifications, and this has resulted in alternative 

solutions that do not require additional states. Two examples of such alternatives are the 

measurement differencing filter [Bry68] and the Schmidt-Kalman filter [Sch66]. Because 

the choice of which method to use is mainly a practical consideration, this dissertation 

will use the standard state augmentation paradigm to account for time correlation. The 

Kalman filter and its variants have been successfully utilized to solve a wide variety of 

estimation problems. However, there are situations where it is advantageous or even 

necessary to process sequential measurements simultaneously in a batch estimator. 

 

1.2  Batch Weighted Least Squares with Colored Noise 

In non-linear estimation problems like radar tracking, batch estimators have been 

shown to possess better convergence properties than sequential algorithms [Sat01].  

When the measurement noise and disturbance inputs can only be accurately modeled over 

a finite time interval, or if they cannot be described using a finite state model (e.g., flicker 

noise in quartz oscillators), state vector estimation can only be properly implemented 

using batch algorithms [Cha10] [Joe10]. Weighted Least Squares (WLS) is most 
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commonly used in the situations described above, and it will be the only batch estimator 

considered in this research. 

For nonlinear estimation problems, WLS is typically implemented by iteratively 

re-linearizing the measurement model until the state estimate converges. The weighting 

matrix is determined from the autocorrelation functions (ACFs) of measurement noise 

and disturbance inputs and in general will be fully populated. It is not necessary to 

specify a linear, finite state model for correlated noise in WLS estimation. Therefore, 

WLS can solve a larger class of estimation problems compared to the Kalman filter. 

However, WLS is considerably more computationally demanding, and therefore should 

only be used in applications that cannot be treated using a Kalman filter. 

Both the WLS estimator and the Kalman filter are real estimators. That is, they 

produce a real-valued estimate of the state vector. In a select number of estimation 

applications, a complete description of the system state requires specification of both real 

and integer variables. For example, tracking a maneuvering aircraft involves estimating 

position and velocity as well as the current flight mode, which is specified by an integer 

value. Enforcing the integer constraint can significantly improve estimation quality. 

 

1.3  Mixed Real/Integer Estimation 

Hybrid estimation applications like aircraft and target tracking have measurement 

and state dynamic models that are defined seperately for each mode, or integer state 

[Boe02] [Hwa06]. In practice, the integer state is often modeled as a finite state Markov 

chain to account for the fact that mode transitions are typically unknown a priori 

[Cos05]. For a relatively small number of modes, a bank of Kalman filters (one designed 
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for each mode) can be used to estimate the mixed real/integer state vector [Bar01] 

[May82]. The real-valued state estimate is a weighted average of the Kalman filter 

estimates and the integer estimate is defined as the most probable mode. In [Zym08], a 

maximum a posteriori (MAP) estimator is developed for a special class of hybrid 

systems based on the solution to an associated mixed real/integer quadratic programming 

problem. 

Mixed real/integer estimation also appears in differential navigation applications 

that utilize carrier phase signals from Global Navigation Satellite Systems (GNSS). The 

number of whole carrier cycles between the vehicle and satellite is an unknown integer, 

commonly referred to as the cycle ambiguity [Mis01]. Real-time navigation applications 

utilizing carrier phase measurements require fast, efficient algorithms for estimation of 

cycle ambiguities, which has led to the development of numerous mixed real/integer 

estimators [Teu01a] [Teu03] [Teu10] [Ver05]. The majority of  these algorithms convert 

appropriate elements of the real-valued estimate vector (obtained from either a Kalman 

filter or WLS estimator) to an integer value. 

Integer least squares is one technique that minimizes a least squares cost function 

to determine the integer estimate [Teu95]. Integer bootstrapping is another approach that 

combines conditional least squares estimation with rounding to sequentially estimate each 

component of the integer vector [Teu01b]. The sequential nature of the bootstrapping 

method allows one to estimate only a partial subset of the integer vector. Furthermore, it 

is possible to directly quantify the probability of successful integer estimation, which is 

essential for integrity risk computation. Because of these features, the bootstrap estimator 

is the only mixed real/integer estimator considered in this research. 
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1.4  Integrity Risk Assessment with Modeling Uncertainty 

Quantifying integrity risk requires specification of the state estimate error’s 

probability density function (PDF). Throughout this dissertation, it will be assumed that 

the measurement noise and disturbance inputs can be accurately described as zero-mean 

Gaussian random processes. Under this assumption, the estimate error vectors associated 

with the Kalman filter and WLS estimator are also zero-mean Gaussian because both 

estimators are linear and unbiased [Sim06]. Therefore, the estimate error covariance 

matrix completely specifies the joint PDF of the state estimate error vector. For the 

bootstrap estimator, it can be shown that the estimate error probability distribution is a 

weighted sum of Gaussian distributions when the measurement noise and disturbance 

inputs are Gaussian [Teu99]. The weights and covariance matrix associated with each 

distribution are determined from the real-valued estimate error covariance matrix. 

For all three estimators considered in this dissertation, the estimate error 

covariance matrix plays a critical role in quantifying integrity risk. In the presence of 

colored measurement noise and time correlated disturbance inputs, this matrix will only 

be accurate when state augmentation can be performed precisely or when the weighting 

matrix in WLS estimation can be prescribed exactly. Since the true statistical nature of 

measurement noise and disturbance inputs are rarely known, approximate, reduced order 

models are often employed. Under these circumstances, integrity risk cannot be 

quantified precisely, which can have catestrophic consequences in safety-of-life 

applications. Therefore, an upper bound on integrity risk must be obtained subject to a 

specified time correlation uncertainty structure. 
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1.5  Previous and Related Work 

The issue of uncertainty in characterizing measurement noise has been studied 

extensively in the aircraft navigation community. In [DeC00] and [Rif04], it is shown 

how to compute an upper bound on integrity risk using the concept of cumulative 

distribution function (CDF) overbounding. These results apply for the special case where 

measurement errors are mutually independent. However, when state estimation is 

accomplished through measurement filtering, the presence of any time correlation in the 

measurement noise violates the independence assumption. In response, the symmetric 

overbounding theorem was developed in [Rif07] and [Pul08] to generalize CDF 

overbounding techniques to the case where measurement errors are correlated. The 

theorem provides a solid theoretical foundation for integrity risk bounding with 

correlated errors but does not provide a readily implementable solution. 

 

1.5.1  Recursive Filtering with Model Uncertainty. Numerous publications can be 

found in the robust estimation literature that consider the integrity risk bounding problem 

for specialized cases of modeling uncertainty. For example, in [Kha10a] it is shown how 

to upper bound integrity risk when the measurement noise is governed by a first order 

Gauss-Markov model with an unknown time constant. More general uncertainty 

structures can be handled using guaranteed cost filtering [Xie05], where a linear 

estimator is sought such that the estimate error variance is guaranteed to be smaller than a 

certain bound. The design matrices are chosen to minimize the upper bound subject to a 

specified uncertainty structure on the state transition matrix and observation matrix. 
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Norm-bounded uncertainty is one type of uncertainty structure that can be 

handled using guaranteed cost filtering [Xie91] [Xie94] [Pet96] [Zhu02]. Under this 

structural model, the minimum upper bound on the estimate error variance is obtained by 

solving algebraic Riccati equations (AREs). The polytopic uncertainty structure is 

another example, where the state transition matrix and observation matrix are expressed 

as unknown linear combinations of a set of matrices [Ger98] [Tua01] [Ger00] [Sha01] 

[Xie04] [Ger02]. The advantage of this formulation is that the robust filtering problem 

can be written in terms of Linear Matrix Inequalities (LMIs), which can be solved 

efficiently using existing algorithms [Boy94]. A thorough overview of norm bounded and 

polytopic uncertainty is provided in [Xie05] and [Lew08]. 

Guaranteed cost filtering is an effective solution to the integrity risk bounding 

problem provided that the size of the state transition matrix is known a priori. However, 

when statistical models for measurement noise and disturbance inputs are not precisely 

known, the number of states necessary to accurately model these processes is also 

unknown. Furthermore, certain random processes like flicker noise considered earlier 

cannot even be modeled with a finite number of states. These problems cannot be 

addressed using guaranteed cost filtering. New methods must be developed to quantify 

integrity risk when measurement noise and disturbance inputs have an unknown 

correlation structure. 

 

1.5.2  Batch Estimation with Model Uncertainty. There is no shortage of batch 

estimation techniques that are robust to specific types of model uncertainty. A nonlinear 

estimator is designed in [Ham92] when the measurement noise power spectral density 
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function (PSD) is known to be within a specified neighborhood of a nominal PSD. Using 

a diagonalized form of the measurement noise covariance matrix, a minimax mean square 

error estimator is designed in [Eld06] for the case where the diagonal elements lie in a 

specified convex region. Bayesian methods are employed in [Won92] and [Rei92] to 

construct a MAP estimator when the measurement noise vector has an unknown positive 

semi-definite covariance matrix. Maximum likelihood estimators are developed in [Ye95] 

and [Gor99] for the case where the noise covariance matrix can be parameterized by a 

small set of parameters. A comprehensive survey of robust estimation techniques is 

provided in [Kas85]. 

All of the methods described in the previous paragraph yield optimal state 

estimators subject to particular measurement noise uncertainty structures. The resulting 

estimators are either nonlinear or must be determined numerically by solving an 

optimization problem. However, none of these methods provide the means to determine 

the probability distribution of the estimate error and they are therefore incapable of 

quantifying integrity risk. Researchers have made progress toward resolving this issue 

when the measurement noise covariance matrix can be parameterized by a small set of 

parameters. 

Generalized Least Squares (GLS) estimation can be used in these instances to 

estimate the covariance matrix parameters in addition to the state vector [Bal11]. 

Edgeworth expansions are used in [Rot84] to approximate the probability density 

function of the GLS estimate error. In [Lan12], a method was proposed to upper bound 

estimation integrity risk for a weighted least squares estimator when the measurement 

noise could be characterized by a first order Gauss Markov process with unknown 
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variance and time constant. The methods developed in [Rot84] and [Lan12] depend on 

the ability to parameterize the noise covariance matrix. They cannot be generalized to 

situations where the mathematical structure of the measurement noise and disturbance 

input autocorrelation functions is unknown. 

Unlike robust estimation techniques, this dissertation defines the estimator in the 

traditional manner using the best autocorrelation function models available. This enables 

implementable algorithms to be derived for the first time that provide integrity risk 

bounds for real and mixed real/integer estimators when the autocorrelation functions of 

stochastic inputs are only known to reside between upper and lower bounding functions. 

 

1.6  Dissertation Contributions 

 

1.6.1  Integrity Risk Bounding in Kalman Filtering. A new set of linear difference 

equations is derived in Chapter 2 that explicitly show how measurement noise and 

disturbance input autocorrelation functions map into the Kalman state estimate error 

vector. An efficient algorithm is developed to solve these equations and determine the 

worst-case autocorrelation functions that define the integrity risk bound. The algorithm is 

applied to an illustrative example of one-dimensional position and velocity estimation. 

 

1.6.2  Bounding Integrity Risk in Batch Estimation. A new form of the batch WLS 

estimate error vector is derived in Chapter 3 for the case where the weighting matrix has 

unknown, but bounded elements. This expression allows the algorithms developed in 

Chapter 2 to be used in defining an integrity risk bound for batch WLS estimation. The 
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method is demonstrated using a two-dimensional position and velocity estimation 

application. 

 

1.6.3  Bounding Integrity Risk via Semi-Definite Optimization. The autocorrelation 

functions producing the integrity risk bounds described above are not necessarily positive 

semi-definite. A new bounding approach is developed in Chapter 4 that incorporates 

positive semi-definiteness as a constraint within a semi-definite programming framework. 

The method is applicable to both Kalman filters and batch WLS estimators. Performance 

comparisons are made for the two-dimensional estimation problem.  

 

1.6.4  Mixed Real/Integer Integrity Risk Bounding. For the integer bootstrap 

estimator, the integrity risk bound is defined in Chapter 5 as the solution of a non-convex 

optimization problem over a polytope. Two novel approaches are developed to 

conservatively upper bound integrity risk by solving the optimization problem over a 

circumscribing hyper-rectangle. Their performance is compared for the problem of 

estimating the scalar distance (baseline) between two stationary antennas using carrier 

phase differential GPS measurements. 

 

1.6.5  Mixed Real/Integer Integrity Risk Bounding over a Polytope. Using a new 

approach to define the polytope in conjunction with linear programming, a third method 

is developed in Chapter 5 to upper bound the mixed real/integer integrity risk over the 

true polytopic feasible region. Simulation results and comparison studies are provided for 

the static baseline estimation application. 
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CHAPTER 2 

INTEGRITY RISK BOUNDING IN KALMAN FILTERING 

This chapter is concerned with quantifying the impact of stochastic model 

uncertainty on integrity risk for the Kalman filter. In Section 2.1, linear measurement and 

state dynamic models are defined, and assumptions regarding the measurement noise and 

disturbance inputs are clearly stated. Section 2.2 introduces the method of state 

augmentation and establishes the role of the estimate error variance in quantifying 

integrity risk. A set of linear difference equations is derived in Section 2.3 whose solution 

is used in Section 2.4 to define a new generalized covariance matrix for the Kalman filter. 

 Section 2.5 uses the generalized covariance matrix to derive an expression for the 

estimate error variance in terms of measurement noise and disturbance input 

autocorrelation function values. An upper bound on estimate error variance is derived in 

Section 2.6 for the bounded autocorrelation uncertainty structure, which is subsequently 

used to compute the integrity risk bound. Section 2.7 implements the bounding 

algorithms developed in this chapter for a one-dimensional position and velocity 

estimation problem. 

 

2.1  Measurement and State Dynamic Models 

Consider the linear measurement model 

 
kkkkk  ,,  JH z  (2.1) 

 

where zn

k z  is the measurement vector, 



nn

k
z 

 ,H  is the observation matrix, 

n

k   is the state vector, 



nn

k
z  ,J  is the measurement noise mapping matrix 



12 

 

and n

k   is a zero-mean Gaussian random vector. The subscript k indicates that a 

quantity is defined at time index k. 

The state vector   evolves in time according to the linear dynamic model 

 
kkkkk w,,1  GF    (2.2) 

 

where 



nn

k


 ,F  is the state transition matrix, wnn

k


 

 ,G  is the disturbance 

input mapping matrix and wn

k w  is a zero-mean Gaussian random vector. In this 

dissertation, k,H , k,J , k,F  and k,G  are assumed to be precisely known. 

The components of k  and kw  represent sensor measurement errors and external 

disturbance inputs, respectively, at time index k. In the most general case, these 

components are correlated over time and cross-correlated with each other. Even though 

cross-correlation can be accommodated by the algorithms provided herein, its presence 

does not alter the conclusions of this research. Therefore, the assumption of zero cross-

correlation will be made for brevity. 

Let ki ,  denote the thi  component of   at time index k, and let }{ i  be a time 

series of arbitrary length of i . Then   is statistically modeled as 

 

, , ,

1, ,
[ ] ,

1 , ,
ii k j l k l i j

i n
E r

j n







  





 (2.3) 

 

where E is the expectation operator, ji  is the Kronecker delta, and lki
r ,  is the value of 

the autocorrelation function of }{ i  at time indices k and l. 

A similar statistical model exists for w . That is, 
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, , ,

1, ,
[ ] ,

1 , ,
i

w

i k j l w k l i j

w

i n
E w w r

j n






 (2.4) 

 

where lkwi
r ,  is the value of the autocorrelation function of }{ iw  at time indices k and l. 

Because the components of   and w  are uncorrelated, it follows that 

 lkjiwE ljki and,,,,0][ ,,   (2.5) 

 

 

2.2  Quantifying Integrity Risk in Kalman Filtering 

In general, lki
r ,  and lkwi

r ,  are non-zero for k  l, indicating that there is time 

correlation in }{ i  and }{ iw . If   and w  can be dynamically modeled as the output of a 

linear system driven by white Gaussian noise, then the well-known method of state 

augmentation can be utilized to recast equations 2.1 through 2.5 in the form of an 

estimation problem amenable to a Kalman filtering solution. 

 

2.2.1  Method of State Augmentation. Suppose that k  and kw  can be linearly 

decomposed as 

 
kkkkk rDC    (2.6) 

 

 
kkkkk ,qw BA    (2.7) 

 

where , nn

k


 C n  is a zero-mean Gaussian random vector, rnn

k


 D  

and rnr  is a zero-mean white Gaussian random vector with rr nn   covariance 

matrix lkk

T

lkE R][ rr . Similarly, ,nn

k
w 

 A n  is a zero-mean Gaussian 
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random vector, ,qw nn

k


 B  and 


,qnq  is a zero-mean white Gaussian random 

vector with  ,, qq nn   covariance matrix 
lkk

T

lkE  ,,, ][ Qqq . 

It is assumed that   is uncorrelated with r  and that   is uncorrelated with q , 

i.e., ][ T

lkE r  and ][ ,

T

lkE q  for all k and l. The vectors   and   capture the 

time correlated nature of   and w , respectively, and evolve in time according to the 

linear dynamic models 

 
kkkkk ,,,1  qGF    (2.8) 

 

 
kkkkk ,,,1  qGF    (2.9) 

 

where ,,




nn

k


 F ,,

,



qnn

k


 G 


,qnq  is a zero-mean white Gaussian 

random vector with  ,, qq nn   covariance matrix ,][ ,,, lkk

T

lkE  Qqq  ,,




nn

k


 F  




,

,
qnn

k


 G  and 


,qnq  is a zero-mean white Gaussian random vector with 

 ,, qq nn   covariance matrix lkk

T

lkE  ,,, ][ Qqq . 

Substituting equation 2.7 into equation 2.2 and appending equations 2.8 and 2.9 to 

equation 2.2 results in the new linear dynamic model 
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
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


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

q

q

q

G
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
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
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










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 (2.10) 

 

which can be written more succinctly as 

 
kkkkk qxx GF 1  (2.11) 



15 

 

Defining  nnnnx   and ,,,,  qqqq nnnn   xn

k x  is the state 

vector, xx nn

k


 F  is the state transition matrix, qx nn

k


 G  and qnq  is a zero-

mean white Gaussian random vector with qq nn   covariance matrix 

 

lk

k

k

k

T

lkk E 



























,

,

,

][

Q

Q

Q

Q







qq  (2.12) 

 

Inserting equation 2.6 into equation 2.1 results in the new measurement model 

 
kkkkkkkkk rz DJCJH ,,,     (2.13) 

 

Defining xz nn

k


 H  and rz nn

k


 J  as 

 ][ ,, kkkk CJHH    (2.14) 

 

 
kkk

DJJ
,

  (2.15) 

 

allows equation 2.13 to be written more compactly as 

 
kkkkk rxz JH   (2.16) 

 

An optimal estimate of the state vector x  can now be obtained using the Kalman filter. 

 

2.2.2 State Estimation via Kalman Filtering. The Kalman filter is composed of a 

measurement update, producing the estimate vector )ˆ(ˆˆ   kkkkkk xzxx HK , and a 

time update, which yields the estimate vector kkk xx ˆˆ
1 F

  [Bro97]. The vectors ,ˆ
kx  

kx̂  

and 

1
ˆ

kx  have dimension 1xn  and zx nn

k


 K  is the Kalman gain matrix, to be 

defined shortly. 
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The estimate error vectors associated with kx̂  and 

1
ˆ

kx  are defined as 

kkk xx  ˆ  and ,ˆ
111 







  kkk xx  respectively, whose covariance matrices are 

determined from the expressions [Bro97] 

  kkk

T

kkk E PHKIP ˆ)(][ˆ   (2.17) 

 

 T

kkk

T

kkk

T

kkk E GQGFPFP  










ˆ])([ˆ

111   (2.18) 

 

 1)ˆ(ˆ   T

kkk

T

kkk

T

kkk JRJHPHHPK  (2.19) 

 

where xx nn

k

  P̂  is output during the time update and xx nn

k


 P̂  is output during 

the measurement update. 

Throughout the dissertation,   and   will commonly be referred to as the a 

priori and a posteriori estimate error vectors, respectively. Notice that   and   are both 

Gaussian random vectors, which follows from the Gaussianity of r  and q  and the fact 

that the Kalman filter is a linear estimator. In general, the mean vector and covariance 

matrix completely specify the joint probability density function of a Gaussian random 

vector. The mean of   and   is zero because r  and q  are both zero-mean, and because 

the Kalman filter is an unbiased estimator. 

Therefore, equations 2.17 and 2.18 completely specify the joint probability 

density function of the state estimate error vector after a measurement update and time 

update of the Kalman filter. kP̂  and 

1
ˆ

kP  play a critical role in verifying that the 

likelihood of entering a hazardous situation is acceptably small for safety-critical 

estimation applications. 
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2.2.3  Definition of Integrity Risk. Let y  be a scalar linear combination of x . That is, 

x
T

yy  , where xn

y   is a known vector. The estimation integrity risk of y  is 

defined in this dissertation as 

 )],[( yyyy PI    (2.20) 

 

where y  is a specified real number. 

Given that y  is a zero-mean Gaussian random variable, yI  evaluates to 

 
















2ˆ2
erfc

y

y

yI



 (2.21) 

 

where )(erfc   is the complementary error function and 
2ˆ
y  is the variance of y  obtained 

from the covariance transformation y

T

yy  P̂ˆ 2  . The a priori integrity risk is computed 

in an analogous manner by replacing 
2ˆ
y  with 2)ˆ( 

y  and P̂  with 
P̂ . 

It is clear that the evaluation of yI  is straightforward once P̂  has been specified. 

However, it was shown in Section 2.2.1 that when the components of   and w  are time 

correlated, dynamic models for   and w  needed to be specified in order to propagate P̂  

and 
P̂ . In practice, these dynamic models will never be known precisely because of the 

uncertainty in the true nature of the time correlation. As a result, the computed P̂ , even 

using the best dynamic models available, will not accurately describe the probability 

distribution of the a posteriori estimate error vector. 
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2.3  Estimate Error Vector Difference Equations 

Notice that   is the only subset of x  pertinent to integrity risk. The vectors   

and   were appended to   solely for the purpose of ensuring that P̂  faithfully describes 

the probability distribution of .  In this section, two vector difference equations will be 

derived for the Kalman filter that explicitly reveal how   and w  map into .   

 

2.3.1  A Posteriori Generalized Error Vector. It was shown in Section 2.2.2 that the 

measurement update is given by .)ˆ(ˆˆ   kkkkkk xzxx HK Replacing kz  with the 

expression on the right hand side of equation 2.1 yields 

 )ˆ(ˆˆ
,,

  kkkkkkkkk xxx HJHK    (2.22) 

 

Substituting equation 2.14 for kH  and partitioning kx̂  and 

kx̂  results in 
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which can be simplified into the form 
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Subtracting the 1xn  vector 
TTTT

k ][   from both sides yields 
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 (2.25) 

 

Defining the 1n  vectors kkk   ˆ
,  and kkk    ˆ

,  allows equation 

2.25 to be written as 
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Now define 
TT

k

T

k

T

kk ]ˆˆ[ ,  e , )( kkk HKIL   and ., kkk JKM   Then equation 

2.26 can be expressed more succinctly as 

 
kkkkk ML  

ee  (2.27) 

 

where xn

k e , xx nn

k


 L  and nn

k
x 

 M . 

 

2.3.2  A Priori Generalized Error Vector. A similar procedure can be followed for the 

Kalman time update. First write the update equation kkk xx ˆˆ
1 F

  in the partitioned form 
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Subtracting the 1xn  vector 
TTTT

k ][ 1   from both sides yields 
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From equation 2.2, kkkkk w,,1  GF   , which can also be written as 
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The 33  block matrix on the right hand side of equation 2.30 is identical to kF  

defined in equation 2.11. Therefore, equation 2.30 can be simplified to 
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Replacing the vector 
TTTT

k ][ 1   in equation 2.29 with the right hand side of 

equation 2.31 and simplifying yields 
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Recalling the definitions of ke  and 

ke  given after equation 2.25, equation 2.32 

can also be written as 

 
kkkkk wee NF 

1  (2.33) 

 

where the definition of wx nn

k


 N  is obvious by comparing equation 2.33 to equation 

2.32. 
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2.4  Generalized Covariance Matrix for the Kalman Filter 

 Together, equations 2.27 and 2.33 constitute a system of linear, time-varying 

difference equations driven by   and .w Throughout the derivation in Section 2.3, no 

assumptions were made regarding the mathematical structure of the vector time series 

}{  and }{w . Hence, equations 2.27 and 2.33 represent the true error in the estimate of 

the vector   after a measurement update and time update of the Kalman filter. In this 

section, these two equations will be used to derive a new generalized covariance matrix 

for the Kalman filter. 

 

2.4.1  Preliminary Analysis of Covariance. From equation 2.27, the generalized 

covariance matrix ][ T

kkk E eeP  can be written as 

 ])()([ T

kkkkkkkkk E  MLMLP  
ee  (2.34) 

 

Expanding equation 2.34 results in the expression 

  T

kkk

T

k

T

kkk

T

k

T

kkk

T

kkkk EE MVMLMMLLPLP   ])([][ ee   (2.35) 

 

where  nn

k


 V  is the covariance matrix of k . 

The expected values on the right hand side of equation 2.35 are non-zero. To see 

this, first consider the case when .0k From equation 2.33, .00001 wee NF   

Replacing 0e  by the expression on the right hand side of equation 2.27 yields 

 
00000001 )( wee NMLF     (2.36) 

 

Post multiplying both sides by 
T

1  and taking the expected value results in 

 ][][][][ 1001000100011

TTTT EEEE  wee NMFLF    (2.37) 
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The initial error 


0e  is uncorrelated with 1  and 0w  is uncorrelated with 1  by 

virtue of equation 2.5. Therefore,  ][ 10

TE e  and .][ 10 TE w Defining 

nn x 
 1  as 001 MF , equation 2.37 becomes 

 ][][ 10111

TT EE  
e  (2.38) 

 

When 1k , equation 2.33 can be written as 
11112 wee NF  . Replacing 1e  by 

the expression on the right hand side of equation 2.27 yields 

 
11111112 )( wee NMLF     (2.39) 

 

Post multiplying both sides by 
T

2  and taking the expected value results in 

 ][][][ 2111211122

TTT EEE  MFLF  
ee  (2.40) 

 

where the relation ][ 21

TE w  has been used. 

From equation 2.38, .][][ 20121

TT EE  
e Defining nn x 

 2 as 

1112  LF  and redefining nn x 
 1  as 111 MF , equation 2.40 can be written 

as 

 ][][][ 21120222

TTT EEE   
e  (2.41) 

 

When 2k , it can be shown that 

 ][][][][ 32131230333

TTTT EEEE   
e  (2.42) 

 

where 2223  LF , 1222  LF  and 221 MF . 

In general, ][ T

kkE e  can be expressed in the form 

 
][][

1

T

kik

k

i

i

T

kk EE  



  e  (2.43) 
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where 1 1 1 1 1 1 2 2 1 1 1 1 1 1, , , ,k k k k k k k k k k k k             F L F L F L F M       . 

The fact that  ][ T

kkE e   ][ T

kkE e  implies that a recursive update equation 

cannot be derived for kP . In order to obtain an efficient algorithm for the computation of 

kP  and 

1kP , equations 2.27 and 2.33 must be treated as a system of linear, time-varying 

difference equations.  

 

2.4.2  Closed-Form Expressions for Generalized Covariance. The solution to any 

linear system of difference equations can be written in terms of an initial condition 

response and an impulse response [Che99]. 

 


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
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n

l

k

lkl

n

j

k

jkjkk

w

w
1

0,
1

1

0,0
}{}{  ee  (2.44) 

 

 


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



 




n

l

k

lkl

n

j

k

jkjkk

w

w
1

1

0,
1

1

0,0
}{}{  ee  (2.45) 

 

where 
k

  and 

k
  are xx nn   matrices, kj ,  and 

kj,  are kn x   matrices, kl ,  is an 

)1(  kn x  matrix, 

kl ,  is an kn x   matrix, 1

0}{ k

jw  is a 1k  time series vector for 

jw  from time index 0 to time index 1k  and 1

0}{ k

l  is a 1k  time series vector for l  

from time index 0 to time index 1k . 

An algorithm for the computation of 
k

 , 

k , kj , , 

kj, , kl ,  and 

kl ,  is 

provided in Appendix A. Evaluating ][ T

kkE ee  and ])([ T

kkE 
ee  results in the following 

expressions for kP  and 


kP  
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T

klklkl

n

j

T

kjkjkj

T

kkk

w

1
,,,

1
,1,,0

 VWPP  (2.46) 
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kkk
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1
,1,,

1
,1,,0

)()()(  VWPP  (2.47) 

 

where ,0
xx nn   P  ,1,

kk

kj



  W  )1()1(

,

 kk

kl V  and kk

kl



  1,V  are given 

by  

 ])([ 000

TE   eeP  (2.48) 

 

 ])}{(}{[ 1

0

1

01,

Tk

j

k

jkj wwE 

 W  (2.49) 

 

 ])}{(}{[ 00,

Tk

l

k

lkl E V  (2.50) 

 

 ])}{(}{[ 1

0

1

01,

Tk

l

k

lkl E 

  V  (2.51) 

 

 1, kjW , 1, klV  and kl ,V  all have a similar structure and are populated using 

equations 2.3 and 2.4. For example 
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,2,1,

2,22,12,

1,12,11,

1,


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



W  (2.52) 

 

1, klV  is similar to 1, kjW  except that each 
nmw j

r ,
 is replaced by ., nml

r  
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2.5 Estimate Error Variance as a Function of Autocorrelation 

For the linear combination x
Ty  , the a posteriori estimate error variance is 

determined by applying a covariance transformation to equation 2.46. That is 

 


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2

,
  VWP  (2.53) 

 

A similar expression can be obtained for 2

, )( 

ky  by applying the same transformation to 

equation 2.47. The two summations on the right hand side of equation 2.53 are sums of 

quadratic forms in 1, kjW  and kl ,V . Through proper manipulation, they can be expressed 

directly in terms of the autocorrelation function values lki
r ,  and lkwi

r , . 

To illustrate, consider the term .,1,, y

T

kjkjkj

T

y   W Defining 
k  as 

y

T

kj  ,  allows the quadratic form to be written as 

 



 
k

l

lkjly

T

kjkjkj

T

y

1

1,,1,, ][  WW   (2.54) 

 

Expressing the product 1, kjW  using summation notation results in 
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mmlkj
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kjkjkj
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,1,, )(  WW    (2.55) 

 

which can also be written as 
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m

mlmlkjy

T

kjkjkj

T

y

1 1

1,,1,, )( WW    (2.56) 

 

Defining
kk    as 

T
 , equation 2.56 can be written in the form 
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 

 
k

l

k

m

mlkjy

T

kjkjkj

T

y

1 1

1,,1,, ][  WW   (2.57) 

 

where the symbol   indicates the entry-wise product of two matrices. 
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With the aid of equation 2.52, and temporarily dropping the j and k subscripts, the 

right hand side of equation 2.57 can be written as 

 

kwkwkkwkkwww

kkwkkwww

kkwkkwww
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(2.58) 

 

where jiw ,  is the ),( ji  element of  . 

Equation 2.58 can also be written in the more compact form 
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 Together, equations 2.57 and 2.59 lead to the conclusion that 
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The same procedure can be applied to the second summation on the right hand side of 

equation 2.53, resulting in the following equation for 
2

, ky  
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 (2.61) 

 

 

2.5.1  Covariance Initialization. The initial covariance matrix 


0P  is given by 
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where ])([ 0,0,0,

TE    P  is the  nn   covariance matrix of the initial estimate 

error vector, 

0, . 

Both 

0̂  and 


0̂  are estimates of the initial state vectors 0  and 0 . Recall that 

  and   were added to model the colored nature of   and w , respectively. Given that 

  and w  are zero-mean Gaussian random vectors, the only estimates of 0  and 0  

consistent with the zero-mean Gaussian model are 

0̂  and 

0̂ . The initial state 

estimate is a deterministic vector, which leads to the conclusion that 

  TTE )ˆ(ˆ])ˆ(ˆ[ 0000   and   TTE )ˆ(ˆ])ˆ(ˆ[ 0000  . Substituting these 

expressions into equation 2.62 results in the initial covariance matrix 
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Equation 2.61 expresses the estimate error variance in terms of the autocorrelation 

function values, lki
r ,  and lkwi

r , . When lki
r ,  and lkwi

r ,  are precisely known, they are 

simply inserted into equation 2.61 to compute 2

, ky  which is subsequently used to 

compute integrity risk. However, when lki
r ,  and lkwi

r ,  are unknown, 2

, ky  (and 

consequently the integrity risk yI  in equation 2.21) is also unknown. In this case it is 

necessary to produce a variance 2

, ky  that upper bounds 2

, ky  so that the computed 

integrity risk yI  always upper bounds the true risk. Before the variance bound can be 

constructed, an uncertainty structure on lki
r ,  and lkwi

r ,  must be specified. 
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2.6  Variance Bounding with Autocorrelation Uncertainty 

This dissertation introduces the bounded uncertainty model 
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  (2.64) 
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jjj
,,1,,,,   (2.65) 

 

Given this uncertainty structure, the variance upper bound 2

,ky  can be constructed from 

equation 2.61 by setting nml
r ,  and 

nmw j
r ,

 equal to their lower bound value whenever 

0, nml
  and 0, nmw j

 , respectively, and by setting nml
r ,  and 

nmw j
r ,

 equal to their 

upper bound value whenever 0, nml
  and 0, nmw j

 , respectively. Mathematically, 

the variance bound can be stated as 
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 (2.66) 

 

where nml
r ,  and 

nmw j
r ,

 are defined as 
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2.6.1  Remarks. The estimate error variance given in equation 2.61 was derived for the 

general case where  nll ,,1,}{   and wj njw ,,1,}{   are non-stationary, i.e., 

nml
r ,  and nmw j

r ,  depend on the two time indices m and n. In certain applications, 

additional knowledge about the autocorrelation functions might be available. For 

instance, it may be known that the autocorrelation functions are wide sense stationary, in 
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which case nml
r ,  and 

nmw j
r ,

 only depend on nm . Under this scenario, equation 2.61 

can be re-expressed as a linear combination of kll
rr ,0, ,,    and 

)1(,0, ,, kww jj
rr   prior 

to forming the variance bound. This special case will appear in Section 2.7.  

Upper bounding the estimate error variance relies on the ability to upper and 

lower bound the autocorrelation functions associated with each measurement noise 

component and disturbance input. There are two ways to obtain the autocorrelation 

bounds. First, it might be possible to determine the bounds analytically based on a 

physical understanding of what is causing the time correlation. If it is not possible or is 

intractable to use a physical approach, then the bounds must be determined through 

experimental means. 

 

2.7 One-Dimensional Estimation Application 

 The algorithms developed above will now be applied to the estimation problem 

shown in Figure 2.1. 

 

 
 

Figure 2.1. One-Dimensional Estimation Problem 
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The position )(1 tx  and velocity )(2 tx  are estimated using an accelerometer 

attached to the vehicle and a ranging beacon located at the origin. Assume that the 

vehicle is moving in a horizontal, inertial reference frame. 

 

2.7.1  Measurement and State Dynamic Models. The measurement model for the 

ranging beacon is given by 

 
kkk xz  ,1  (2.68) 

 

where kz  is the beacon measurement at time index k, kx ,1  is the position of the vehicle at 

time index k and k  is the ranging measurement noise at time index k. 

 Continuoustime dynamic models for position and velocity are given by 

 )()( 21 txtx   (2.69) 

 

 )()(2 tatx   (2.70) 

 

where )(ta  is the vehicle’s inertial acceleration sensed by the accelerometer. 

Accelerometer measurements are output in the form of a velocity increment, 

which is the integral of acceleration over a given time interval. They operate in this 

fashion because the process of integration allows them to capture changes in acceleration 

over the sampling interval, which is especially important for applications with high 

vehicle dynamics [Jek01]. 

In addition to integrating vehicle acceleration, the accelerometer will also 

integrate random disturbances, denoted by )(t . Therefore, the signal being integrated 

can be expressed as )()()(~ ttata  . Using this relation, the velocity dynamic model 

in equation 2.70 can also be written as 
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 )()(~)(2 ttatx   (2.71) 

 

 

2.7.2  Conversion to Discrete-Time. In Section 2.1, linear measurement and state 

dynamic models were introduced. Namely, 

 
kkkkk  ,,  JH z  (2.72) 

 

 
kkkkk w,,1  GF    (2.73) 

 

The ranging beacon measurement model in equation 2.68 is already in the format of 

equation 2.72 with ]01[, kH , T

kkk xx ][ ,2,1  and .1, kJ  However, the 

dynamic models in equations 2.69 and 2.71 are defined in continuous-time. These two 

equations will now be converted to discrete-time form. 

 Integrating both sides of equation 2.71 from time index k to time index k + 1 

yields 

 


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kk daxx   (2.74) 

 

Making the definitions  da
k

k

k )(~1




  and  dw
k

k

k )(
1




  allows equation 2.74 

to be written in the form 

 
kkkk wxx  ,21,2  (2.75) 

 

where k  is the accelerometer measurement (i.e., the velocity increment) and kw  is the 

associated accelerometer measurement noise. 

 Similarly, integrating both sides of equation 2.69 from time index k to time index 

k + 1 results in 
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1

2,11,1 )(

k

k

kk dxxx   (2.76) 

 

In order to perform the integration, a functional expression for )(2 tx  is required. 

Assuming that )(ta  is approximately constant over the integration interval allows 

equation 2.70 to be written as ],[,)()( 1,22  kkkk tttttaxtx . Inserting this 

expression into equation 2.76 and performing the integration yields 

 
kkkkk ttttatxxx   1

2

,2,11,1 ,
2

1
 (2.77) 

  

 Over the interval ],[ 1kk tt , txxa kk   /)( ,21,2 . Replacing 1,2 kx  with the 

right hand side of equation 2.75 results in the approximation twa kk  /)(  . 

Substituting this relation into equation 2.77 yields the discretetime position dynamic 

model 
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 Equations 2.75 and 2.78 can be written in the state space form 
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which can finally be expressed as 

 
kkkkkkk w,,,1   GGF    (2.80) 

 

 The dynamic model in equation 2.80 is slightly different from equation 2.73 due 

to the presence of the term kk  ,G . However, this vector is entirely known and 

therefore its presence does not impact the estimate error covariance matrix. 
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2.7.3  Discrete-time Filter Model. Suppose that k  and kw  are time-correlated, and 

that state augmentation is used to define the filter model. While this step is 

straightforward for the measurement model, it is difficult to perform state augmentation 

directly on equation 2.80 because kw  is an integrated random process. Therefore, the 

state-augmented dynamic model will first be defined in continuous-time, followed by a 

conversion to discrete-time. 

 For this example, k  can be decomposed as kkk r , where }{r  is a zero-

mean, white Gaussian random process with variance 
2

r  and }{  is a first order Gauss-

Markov process. The continuous time dynamic model of   is given by 

 
),0(~)0(,)()(

1
)( 2








 Ntqtt   (2.81) 

 

where   is the time constant of the Gauss-Markov process, 
2

  is the variance of the 

Gauss-Markov process and }{ q  is a zero-mean, white Gaussian random process with 

power spectral density   /2 2Q . 

 Similarly, the disturbance input )(t  can be decomposed as )()()( tqtt   , 

where }{ q  is a zero-mean, white Gaussian random process with power spectral density 

Q  and }{  is a first-order Gauss-Markov process governed by the dynamic model 
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1
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 Ntqtt   (2.82) 
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where   is the time constant of the Gauss-Markov process, 
2

  is the variance of the 

Gauss-Markov process and }{ q  is a zero-mean, white Gaussian noise process with 

power spectral density   /2 2Q . 

 Collecting equations 2.69, 2.71, 2.81 and 2.82 into one matrix-vector equation 

results in the state-augmented dynamic model 
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 (2.83) 

 

where the substitution )()()( tqtt    has been made in equation 2.71. 

 Well known methods exist to convert equation 2.83 to the discrete-time form 

kkkkkk qxx  GF1 . Expressions for kF  and kG  can be found in [Ste94], and the 

covariance matrix of kq  can be determined using the Van Loan algorithm [Van78]. 

 

2.7.4  Autocorrelation Bound Determination. The autocorrelation bounds for k  and 

)(t  are defined using the same mathematical structure as the filter model, i.e., they are 

based on the sum of a white Gaussian noise process and a first order Gauss-Markov 

process. The parameters defining these bounds are specified in Table 2.1. 
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Table 2.1. Autocorrelation Bound Parameters 

Ranging Beacon  Accelerometer 

Lower Bound Upper Bound  Lower Bound Upper Bound 

m25.0r  m50.0r   
2/12/1 sg5 


Q  2/12/1 sg10 


Q  

m75.0  m0.1   g30   g50   

sec50  sec200   sec50  sec200  

  

 In what follows, nml
r ,  and 

nmw j
r ,

 will be replaced by nmr ,  and ,, nmwr  

respectively, because   and w  are scalars for this example. It is shown in Appendix B 

that the autocorrelation function of w  is given by 
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 (2.84) 

  

 The autocorrelation function of   is more straightforward. For the Gauss-Markov 

component of the beacon measurement noise, the autocorrelation function is given by
 

[Gel74] 
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The white noise component of   has the autocorrelation function 
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When equations 2.85 and 2.86 are combined, the autocorrelation function of   is 

described by the equation  
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 (2.87) 

 

 Notice that both nmr ,  and nmwr ,  are stationary autocorrelation functions, i.e., they 

are only a function of the time difference, nm  . The autocorrelation bounding functions 

are obtained by substituting the upper and lower bound values from Table 2.1 into 

equations 2.84 and 2.87. 

 Design values of  ,  , 
2

 , 
2

 , Q  and 
2

r  must be specified in order to 

define the Kalman filter. Typically, the upper bound values are used, and the same 

approach is adopted in this dissertation. The rationale behind this choice is that 

measurements with highly correlated errors do not provide as much new information as 

measurements whose errors are less correlated. This in turn should produce a larger 

estimate error variance. However, it will be shown shortly that these qualitative 

arguments do not always work. 

 

2.7.5  Covariance Initialization. The last step to complete before conducting the 

simulation is to specify the initial covariance matrices, 

0P̂  and 


0P . For this example, 

0P̂  

is set equal to 
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 Recall from equation 2.63 that the only non-zero elements of 


0P  are those 

belonging to the upper left  nn   matrix which are identical to the values in the upper 

left  nn   matrix of 

0P̂ . Given that 2n , this results in the following form for 


0P  
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 The ranging beacon and accelerometer measurement sampling intervals are equal 

to 5 sec (i.e. sec5 t ). Sixty measurement epochs are simulated, for a total simulation 

time scale of 300 seconds. In this case, the autocorrelation bounding functions can be 

represented graphically as in Figures 2.2 and 2.3. 

 
 

Figure 2.2. Ranging Beacon Measurement Error Autocorrelation Bounds 
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Figure 2.3. Accelerometer Measurement Error Autocorrelation Bounds 

 

2.7.6  Position State Simulation Results. For the position state, the bounding variance 

2

1x  is determined using the coefficient vector T

x ]0001[
1
 . Since the a posteriori 

state estimate is the best available estimate at any given time index, only the posterior 

bound will be considered. Figures 2.4 and 2.5 show the ranging beacon and 

accelerometer error autocorrelation functions producing the variance bound at an elapsed 

time of 300 seconds. 

 
 

Figure 2.4. Beacon ACF Producing Position State Variance Bound 
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Figure 2.5. Accelerometer ACF Producing Position State Variance Bound 

 

 The autocorrelation functions producing the position estimate error variance 

bound are characterized by sharp transitions between the upper and lower bounding 

functions. Where the transitions occur as well as their frequency is different for the 

ranging beacon and the accelerometer. Physically, the autocorrelation functions in 

Figures 2.4 and 2.5 represent the worst-case scenario. That is, if the ranging beacon and 

accelerometer errors had the autocorrelation functions shown in Figures 2.4 and 2.5, 

respectively, then the position estimate error variance would attain its largest value. 

Therefore, it is not necessarily the upper bound autocorrelation function that results in the 

worst-case estimate error variance. 

 

2.7.7  Velocity State Simulation Results. For the velocity state, the bounding variance 

2

2x  is determined using the coefficient vector T

x ]0010[
2
 . Figures 2.6 and 

2.7 show the ranging beacon and accelerometer error autocorrelation functions producing 

the variance bound at an elapsed time of 300 seconds. 
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Figure 2.6. Beacon ACF Producing Velocity State Variance Bound 

 

 
 

Figure 2.7. Accelerometer ACF Producing Velocity State Variance Bound 

 

 Figure 2.6 shows that the beacon measurement error autocorrelation function 

producing the velocity bound is nearly identical to that shown in Figure 2.4, except that 

the transition points occur at slightly different times. The accelerometer error 

autocorrelation function shown in Figure 2.7 has two transitions and is distinctly different 

from the function shown in Figure 2.5. Therefore, the worst-case autocorrelation 

functions for one state are not necessarily the worst-case for another state. If integrity risk 



41 

 

needs to be quantified for multiple states, the bounding algorithm must be applied 

separately for each state of interest.  

 The methods developed in this chapter are effective at bounding integrity risk for 

linear estimation applications that use the Kalman filter. However, there are situations 

where it is advantageous or even necessary to process sequential measurements 

simultaneously in a batch estimator. For example, when the measurement noise and 

disturbance inputs cannot be described by a finite state model, state vector estimation can 

only be properly implemented using batch algorithms. In nonlinear estimation 

applications, the convergence properties of batch estimators make them more suitable 

than sequential algorithms like the extended Kalman filter. Therefore, it is beneficial to 

extend the bounding methods developed in this chapter to batch estimation.  
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CHAPTER 3 

EXTENSIONS TO BATCH ESTIMATION 

This chapter considers integrity risk bounding for estimation applications that use 

batch algorithms for state estimation. In Section 3.1, linearized measurement and state 

dynamic models are derived, which are merged into one batch measurement equation in 

Section 3.2. A new, generalized covariance matrix for batch WLS is defined in Section 

3.3 that explicitly accounts for the fact that the weighting matrix is only an approximation 

of the true batch measurement noise covariance matrix. In Section 3.4, the estimate error 

variance is obtained from the generalized covariance matrix and is expressed directly in 

terms of measurement noise and disturbance input autocorrelation function values using 

the results from Section 2.5. An upper bound on the estimate error variance is defined in 

Section 3.5 for the bounded autocorrelation uncertainty structure, which is subsequently 

used to compute an upper bound on integrity risk. Section 3.6 implements the bounding 

algorithms developed in this chapter for a two-dimensional nonlinear estimation problem. 

 

3.1  Linearized Measurement and State Dynamic Models 

Consider the measurement model 

       ),( kkk  h  (3.1) 

 

where n

k   is the measurement vector, n)(h  is a known, nonlinear vector 

function, n

k   is the state vector and n

k   is a zero-mean Gaussian random 

vector. 
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 Expanding equation 3.1 in a first order Taylor series yields the linearized 

measurement model 
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where *

k  is a nominal value of k  and *

k  is a nominal value of k . Given that k  is 

zero-mean, it is simplest to choose *

k . 

 Defining 



nn

k


 ,H , 



nn

k


 ,J  and n

k z  as 
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 *

,

** ),( kkkkkk  H hz  (3.5) 

 

allows equation 3.2 to be written more compactly as 

 
kkkkk  ,,  JH z  (3.6) 

 

 Notice that if  nn  , then kz  will not provide sufficient information to estimate 

k . In this case, it is necessary to use measurements collected over time to estimate the 

state vector. At each measurement epoch, the total number of measurements available for 

estimation increases by n , but the total number of states also increases by n . 

Therefore, in order for the measurement batch to provide sufficient information for 

estimation, a dynamic model must also be available for  . 
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 Suppose that the dynamic model of a subset )(  of   is known. Then equation 

3.6 can be partitioned as 
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where 



nn

k


 ,H , 



nn

k


 ,H , n

k   and n

k  , with )(  nnn  . 

The dynamic model of   is given by 

 ),(1 kkk wf    (3.8) 

 

where n)(f  is a known, nonlinear vector function and wn

k w  is a zero-mean 

Gaussian random vector. 

 Expanding equation 3.8 in a first order Taylor series results in the linear dynamic 

model 
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where *

k  is a nominal value of k  and 
*

kw  is a nominal value of kw , taken to be 

*

kw . 

 Defining 
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allows equation 3.9 to be written more compactly as 

 
kkkkkk wu ,,1  GF    (3.13) 

 

Notice that ku  is known because it is determined from the nominal values *

k  and 
*

kw . 

Equations 3.7 and 3.13 describe a linear estimation problem in the state vector 

TT

k

T

k ][  . These two equations, collected over the time interval ),( 1 Qtt , can be 

combined into one batch measurement model that allows existing algorithms to be used 

for state vector estimation. 

 

3.2  Batch Measurement Model and WLS Estimator 

 At time index k = 1, equations 3.7 and 3.13 can be written as 

 
11,11,11,1   JHH z  (3.14) 

 

 
11,111,2 wu  GF    (3.15) 

 

Solving equation 3.15 for 1  results in 11,

1

1,1

1

1,2

1

1,1 wu  GFFF
   . Substituting 

this expression into equation 3.14 yields the measurement model 
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1,1,11,1   JGFHFHFHH  
wuz  (3.16) 

 

 The measurement and state dynamic models at k = 2 are given by 

 
22,22,22,2   JHH z  (3.17) 

 

 
22,222,3 wu  GF    (3.18) 

 

Rearranging equation 3.18 into the form 22,

1

2,2

1

2,3

1

2,2 wu  GFFF
    and using 

this relation in equations 3.16 and 3.17 yield the measurement equations 



46 

 

 

11,11,

1

1,1,1

1

1,1,

22,

1

2,

1

1,1,2

1

2,

1

1,1,3

1

2,

1

1,1,11,1









JGFHFH

GFFHFFHFFHH









wu

wuz

 (3.19) 

 

 
22,22,

1

2,2,2

1

2,2,3

1

2,2,22,2   JGFHFHFHH  
wuz  (3.20) 

 

 In general, the batch measurement model can be written as 
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where 
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 TT

q

TT

q

TT
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Defining , nnqn x  ,nqn z  nqn u )1(   and ,)1( wnqnqn    then 

,zn

Q z ,xz nn

Q


 H ,xn

Q x ,uz nn

Q


 G ,un

Q u nn

Q
z  J and 

n

Q  . The capital letter Q will be used to indicate the size of the batch. 

 An estimate of Qx  can be obtained using weighted least squares [Bro97] 

 )()(])([ˆ 1
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, QQQ

T

QQQ

T
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T

QQQ

T

QQ uzx GJPJHHJPJH  

  (3.28) 

 

where ][,

T

QQQ E P   is the  nn   measurement noise covariance matrix. Equations 

2.3, 2.4 and 2.5 (restated below for convenience) are used to populate Q,P . 
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 lkjiwE ljki and,,,,0][ ,,   (3.31) 

 

 The WLS estimator is a linear, unbiased estimator. Given that ),(~ ,QQ N P , 

this implies that QQQ xx  ˆ  is also a zero-mean Gaussian random vector, whose 

probability density function is completely specified by the covariance matrix 
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][ T

QQQ E P . For x
Ty  , where xn  is a known vector, the estimate error 

variance is given by  Q

T

y P2 , which is used to compute integrity risk via the 

relation ])2(erfc[ 2/12  yyyI  . Just as in the case of the Kalman filter, the estimate 

error covariance matrix is also a critical aspect of integrity risk assessment in batch 

estimation. 

 

3.3  Generalized Covariance Matrix for Batch WLS 

In what follows, equation 3.28 will be written in the form ,)(ˆ
QQQQQ uzx GS   

where zx nn

Q


 S  is given by 1

,

11

, )(])([  T

QQQ

T

QQ

T

QQQ

T

QQ JPJHHJPJHS  . Notice 

that QS  is a function of the measurement noise and disturbance input autocorrelation 

function values comprising Q,P . Therefore, QS  will be denoted by )(rQS , where 

nr  is a vector of autocorrelation function values. However, r  is an unknown 

vector, and the WLS estimator is formed using an approximate matrix, )ˆ(ˆ rQS . That is, 

)()ˆ(ˆˆ
QQQQQ uzrx GS  , where r̂  is based on the best available knowledge of the 

measurement noise and disturbance input autocorrelation functions. 

 To establish the estimate error vector associated with )()ˆ(ˆˆ
QQQQQ uzrx GS  , 

use equation 3.21 to replace )( QQQ uz G  with )( QQQQ JH x , which results in 

 ][)ˆ(ˆˆ
QQQQQQ JHS  xrx  (3.32) 

 

Noting that IHS QQ )ˆ(ˆ r , equation 3.32 can be simplified to 

 
QQQQQ JS )ˆ(ˆˆ rxx   (3.33) 
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which can also be written as QQQQ  JS )ˆ(ˆ r . 

 Evaluating ][ T

QQE   results in 

 )ˆ(ˆ)()ˆ(ˆ][)ˆ,( , rrrrr
T

Q

T

QQQQ

T

QQQ E SJPJSP    (3.34) 

 

where xx nn

Q


 )ˆ,( rrP  is the generalized covariance matrix of Q  which accurately 

reflects the fact that the WLS estimator is using approximate autocorrelation function 

values. 

 The noise vector Q  in equation 3.24 is ordered according to time, but it can also 

be arranged according to measurement noise and disturbance input components by 

applying a linear transformation. That is 

TT

n

TT

n

TTTT

q

TT

q

TT

w
][][ 1211121 wwww 


 T  (3.35) 

 

 
QQ  T  (3.36) 

 

where q

i   is a time series of the measurement error from sensor i, 1 q

i w  is a 

time series of disturbance input i and  nn 
 T  is a matrix consisting of 0’s and 1’s. 

 Realizing that T

QQ TPTP )()( ,, rr   , equation 3.34 can be also be written as 

 )ˆ(ˆ)()ˆ(ˆ)ˆ,( , rrrrr
T

Q

T

Q

T

QQQQ SJTPTJSP   (3.37) 

 

The advantage of this formulation is that )(, rQP  is block diagonal, which follows from 

equations 3.29 through 3.31. This fact will be exploited in the next section to derive an 

expression for the estimate error variance in terms of lki
r ,  and lkwi

r , . 
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3.4  Estimate Error Variance as a Function of Autocorrelation 

 Applying a covariance transformation to equation 3.37 results in the following 

expression for 2

y  

 
y

T

Q

T

Q

T

QQQ

T

yy  )ˆ(ˆ)()ˆ(ˆ
,

2
rrr SJTPTJS    (3.38) 

 

Defining n  as y

T

Q

T

Q

T  )ˆ(ˆ rSJT  allows 2

y  to be written as 

  )(,

2
rQ

T

y  P  (3.39) 

 

 Clearly, 2

y  is a quadratic form in )(, rQP . It was shown in equation 2.57 that 

equation 3.39 can be expressed in the equivalent form 
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1 1
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2 ])([ rP  (3.40) 

 

where  nn 
   is defined as 

T . 

 The covariance matrix )(, rQP  is given by 

 ),,,,,(diag)( 11, wnnQ WWVVP 
 r  (3.41) 

 

where niqq

i ,,1,  V  and w

qq

i ni ,,1,)1()1(  W . 

Equation 3.41 implies that equation 3.40 can be written as 
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  (3.42) 

 

where qq

l

   is the diagonal block of   corresponding to lV  and 

)1()1(  qq

j   is the diagonal block of   corresponding to jW . 

 Each lV  and jW  is structured as 
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Substituting equations 3.43 and 3.44 into equation 3.42 and using the result from 

equation 2.59 results in  

 

  

  



















 





















w

jjjj

llll

n

j

q

m

q

mn

nmwnmw

q

m

mmwmmw

n

l

q

m

q

mn

nmnm

q

m

mmmmy

rr

rr

1

2

1

1

1

,,

1

1

,,

1

1

1 1

,,

1

,,

2

2

2








 (3.45) 

 

where nml ,  is the ),( nm  element of l  and 
nmw j ,  is the ),( nm  element of j . 

 

 

3.5  Variance Bounding with Autocorrelation Uncertainty 

 For unknown lki
r ,  and lkwi

r ,  that adhere to the bounded uncertainty structure 

given in equations 2.64 and 2.65, an upper bounding variance 2

y  can be obtained by 

following the same procedure outlined in Section 2.6. That is 
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where 
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3.6  Two-Dimensional Estimation Application 

 The algorithms developed in Sections 3.4 and 3.5 will now be applied to the two-

dimensional estimation problem shown in Figure 3.1. 

 
 

Figure 3.1. Two-Dimensional Estimation Problem 
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3.6.1  Linearized Measurement and State Dynamic Models. It is desired to estimate 

the position, velocity and heading of the vehicle. At any time index k, the state vector is 

the 15  vector 

 T

kkkkkk vv ][ ,,  x  (3.48) 

 

where k  and k  are the polar coordinates of the vehicle, kv ,  and kv ,  are the velocity 

components of the vehicle along the ê  and ê  directions, respectively, and k  is the 

heading angle, which determines the orientation of the vehicle body frame with respect to 

inertial space. The body frame and heading angle k  are defined in Figure 3.2. 

 
 

Figure 3.2. Vehicle Body Frame and Heading Angle 

 

 Two accelerometers mounted along the 1b̂  and 2b̂  axes and a rate gyroscope are 

attached to the vehicle. The outputs from these sensors, denoted by   and  , 

respectively, are the integrals of inertial acceleration and inertial angular velocity over a 

specified time interval t . In addition, measurements of   and   are available from a 

radionavigation system: a VHF Omnidirectional Ranging beacon (VOR) colocated with 
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Distance Measuring Equipment (DME) at the origin [For08]. The sampling interval of 

the VOR/DME is t . 

 The measurement models are given by 

 
kvkkvz ,,    (3.49) 

 

 
kdkkdz ,,    (3.50) 

 

where kvz ,  and kdz ,  are the VOR and DME measurements, respectively, and kv,  and 

kd ,  are the associated measurement noise. 

 It is shown in Appendix C that the continuous time dynamic model of x  is given 

by 
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 (3.51) 

 

where 
1ba  and 

2ba  are the inertial acceleration components along the 1b̂  and 2b̂  axes, 

respectively, and   is the inertial angular velocity of the vehicle. 

 The variance upper bound in equation 3.46 was derived on the basis of linearized, 

discrete-time measurement and state dynamic models. Hence, before the variance bound 

can be computed for this example, equation 3.51 must first be converted to the linear, 

discrete-time form 

 
kkkkkk wuxx GF 1  (3.52) 
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A procedure to determine 55  kF , 5ku  and 65  kG  is provided in 

Appendix D. 

 

3.6.2  Autocorrelation Bounding Functions. This example will use the same 

autocorrelation function models introduced in the one-dimensional estimation problem of 

Section 2.7. That is, the autocorrelation bounds on   and   are determined from 
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 (3.53) 

 

and the autocorrelation bounds on kv,  and kd ,  are determined from the equation 

 

nm

nm

tnm
r

l

gl

rlgl

mnl





























 






,

,

exp2

,

2

,

2

,

,






  (3.54) 

 

where the index j varies from 1 to 3 and the index l varies from 1 to 2. 

 The parameters defining the bounds are provided in Tables 3.1 and 3.2. 

Table 3.1. Accelerometer and Gyroscope Autocorrelation Bound Parameters 

Accelerometer  Gyroscope 

Lower Bound Upper Bound  Lower Bound Upper Bound 

2/332/1 s/me5 Q  
2/332/1 s/me10 Q   2/12/1 s/deg05.0Q  

2/12/1 s/deg1.0Q  

2s/m25.0  
2s/m50.0   s/deg15.0  s/deg30.0  

sec25  sec50   sec25  sec50  
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Table 3.2. VOR and DME Autocorrelation Bound Parameters 

VOR  DME 

Lower Bound Upper Bound  Lower Bound Upper Bound 

deg25.0r  deg50.0r   m125.0r  m25.0r  

deg50.0g  deg0.1g   m25.0g  m50.0g  

sec25  sec50   sec25  sec50  

  

 Substituting the upper and lower bound values into equations 3.53 and 3.54 

defines the autocorrelation bounding functions. In addition, the upper bound values will 

be used to specify the weighting matrix of the WLS estimator. For the numerical 

simulation, the VOR/DME sampling interval is 2 sec (i.e., sec2t ) and the 

accelerometer and gyroscope sampling interval is 0.5 sec (i.e., sec5.0t ). 

 

3.6.3  Radial Position State Simulation Results. For the radial position state, the 

bounding variance 2

  is determined using the vector T]00001[ . Figures 

3.3 through 3.7 show the autocorrelation functions producing the variance bound at an 

elapsed time of 30 seconds. 
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Figure 3.3. DME ACF Producing Position State Variance Bound 

 

 
 

Figure 3.4. VOR ACF Producing Position State Variance Bound 

 

 
 

Figure 3.5. Accelerometer # 1 ACF Producing Position State Variance Bound 
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Figure 3.6. Accelerometer # 2 ACF Producing Position State Variance Bound 

 

 
 

Figure 3.7. Gyroscope ACF Producing Position State Variance Bound 

 

 For the WLS estimator defined using the upper bound values from Tables 3.1 and 

3.2, the estimate error variance 
2

  will attain its largest value when the VOR, DME and 

inertial sensor errors have the autocorrelation functions shown above. However, there is 

one important constraint that is not being satisfied: that the autocorrelation function 

values from Figures 3.3 through 3.7 must produce matrices lV  and jW  that are positive 

semi-definite. This is most easily seen by checking the eigenvalues of lV  and jW . If the 
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eigenvalues are all non-negative, then the constraint is satisfied. The results of this test 

are summarized in Table 3.3. 

Table 3.3. Range of Eigenvalues for Worst-Case Autocorrelation Functions 

Sensor Eigenvalue Range 

DME 2m]08.2,360.0[  

VOR 2deg]30.7,831.0[  

Accelerometer # 1 22 s/m]97.1,243.0[  

Accelerometer # 2 22 s/m]75.1,139.0[  

Gyroscope 22 deg]02.1,e41.8[   

 

 It can be seen from Table 3.3 that none of the autocorrelation functions in Figures 

3.3 through 3.7 are positive semi-definite. This implies that the estimate error variance 

bound given in equation 3.46 is overly conservative. A tighter bound on the variance can 

be achieved by requiring the autocorrelation functions to be positive semi-definite in 

addition to being contained between upper and lower bounding functions. This approach 

will be pursued in the next chapter. 
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CHAPTER 4 

BOUND REDUCTION VIA SEMI-DEFINITE OPTIMIZATION 

The integrity risk bounding problem is formally defined in this chapter in terms of 

semi-definite optimization. Section 4.1 formulates the problem statement, which is 

converted in Section 4.2 into the standard primal form of a semi-definite programming 

problem. Equations for primal-dual optimality are introduced in Section 4.3 that are 

solved using an infeasible interior point algorithm. Comparisons between the SDP 

bounding method and the direct approach developed in Chapters 2 and 3 are made in 

Section 4.4 for the two-dimensional estimation application. 

 

4.1  Problem Statement 

The variance bounds given in equations 2.66 and 3.46 can both be stated formally 

as the solution to the optimization problem 
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where n  is the size of l  for nl ,,1   and n  is the size of j  for wnj ,,1  . 

Notice that 0  for the batch variance bound. Because lV  and jW  are symmetric 

matrices, the total number of autocorrelation function values rn  is given by 
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 A tighter variance bound can be defined by including positive semi-definite 

constraints on lV  and jW  in equation 4.1, resulting in the new optimization problem 
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 Consider the cost function of the maximization problem corresponding to 1l . 

Using index notation and temporarily dropping the l  subscript, notice that 
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The expression T

mnnm V  is recognized as the trace of the product, T
V . Given that V  

is symmetric, equation 4.4 leads to the conclusion that 
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Therefore, equation 4.3 can be written in the equivalent form 
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 In what follows, the constant term   will be omitted because it does not 

contribute to the optimization process. There are wnn   independent maximization 

problems in equation 4.6, each with the prototypical structure 
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The negative sign is introduced into the cost function to convert the maximization 

problem to a minimization problem. 

 

4.2  Conversion to Standard Primal Form 

 In standard form, the primal SDP problem is given by 
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To convert equation 4.7 to standard primal form, the inequality constraints must be 

converted to equality constraints and then written in terms of a matrix trace. For given 

indices i and j, the two inequality constraints can be represented in the equivalent form 
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 Let )1(  nnd  be equal to 

 T

nnnn sese ][ 1111 d  (4.10) 
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and define )1()1(  nnnnD  as a diagonal matrix with the elements of d  on the main 

diagonal. Combining Y  and D  into one )2()2(  nnnn  matrix X  yields 
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 To illustrate how the two equality constraints in equation 4.9 can be written in the 

form 
ii d)(Tr XA , consider the case where 2n . Then X  is given by 
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The constraint 111111 aey   can be written as 11)(Tr aXA , where A  is defined as 
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Similarly, the constraint 121212 bsy   can be written as 12)(Tr bXA  by defining A  as 
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 The same procedure can be followed for the other constraints in equation 4.9. 

Defining )2()2(  nnnnC  as 
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equation 4.7 can be written in the standard form 
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4.3  Primal-Dual Optimality and Interior Point Algorithms 

 The dual problem associated with the primal SDP in equation 4.16 is given by 
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where )1(  nn  is the Lagrange multiplier vector for the primal equality constraints 

and )2()2(  nnnnS  is the dual slack matrix. 
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 It is shown in Appendix E that the optimal solution to the primal and dual 

problems must satisfy the system of matrix equations 

 )1(,,1,)(Tr  nnid ii XA  (4.18) 
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 0SX   (4.20) 

 

 0,0  SX  (4.21) 

 

In this dissertation, an infeasible interior point algorithm is used to solve equations 4.18 

through 4.21. Specific details concerning the algorithm can be found in Appendix F. The 

variance bound 2* )( y  is obtained by solving this set of equations for each of the wnn   

maximization problems in equation 4.6. 

 

4.4  Comparison of Bounding Methods 

 A comparison will now be made between the SDP bounding approach developed 

in this chapter and the direct approach presented in Chapters 2 and 3 for the two-

dimensional estimation problem. In that example, the VOR, DME, accelerometer and 

gyroscope measurement error autocorrelation functions are wide sense stationary. 

Therefore, in addition to being symmetric, 
lV  and jW  are also Toeplitz. This extra 

information about the structure of 
lV  and jW  is incorporated in the SDP solution via 

additional constraints.   
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4.4.1  Symmetric Toeplitz Constraints. The nature of the symmetric Toeplitz 

constraints is most easily revealed by examining a specific case. Suppose that the matrix 

variable Y  in equation 4.7 is 44  . 
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The symmetric Toeplitz form of Y  (denoted by tY ) is given by 
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Comparing Y  to tY , it can be seen that Y  will be symmetric Toeplitz when the 

constraints in Table 4.1 are satisfied. 

Table 4.1. Symmetric Toeplitz Constraints for 44   Matrix 

Diagonal Constraints Off-Diagonal Constraints 

0
2211
 yy  0

2312
 yy  

0
3322
 yy  0

3423
 yy  

0
4433
 yy  0

2413
 yy  

 

In general, there are 2/)2)(1()1(  nnn  symmetric Toeplitz constraints, each of 

which can be written in the form 0)(Tr XAi  and included in the constraint set of 

equation 4.16. 
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4.4.2  Radial Position State Simulation Results. Figure 4.1 shows the percent 

reduction in 2

  achieved using the SDP bounding method. The results are shown in 2 

second intervals. For this example, the state vector is 15  , which can only be observed 

when at least three VOR/DME measurements populate the batch. Therefore, the results 

begin at an elapsed time of four seconds. 

 
 

Figure 4.1. Percent Reduction in Variance Bound Achieved Using SDP 

 

 At an elapsed time of six seconds, the maximum percent reduction of 3.2% is 

achieved which quickly settles to approximately 3%. For a fixed value of the variance 

bound, the SDP method can tolerate a larger separation between the autocorrelation 

bounding functions, thereby reducing the required level of knowledge of the 

measurement noise and disturbance input statistics. Whether or not it is worth using an 

SDP approach over the direct bounding method will be problem dependent. 

 For real-time applications, the computational efficiency of the direct bounding 

method far outweighs the bound reduction benefits of the SDP approach. In these 

instances, if necessary levels of integrity cannot be achieved with the direct approach, 
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more effort should be placed in reducing the separation between the autocorrelation 

bounding functions. On the other hand, if the integrity risk bound is not required in real-

time and/or it is not possible to reduce autocorrelation bound separation, then SDP may 

be the only way to achieve the required degree of integrity. 

 The sensor error autocorrelation functions producing the estimate error variance 

bound at an elapsed time of 30 seconds are shown in Figures 4.2 through 4.6. 

 
 

Figure 4.2. DME ACF via SDP Leading to Position State Variance Bound 

 

 
 

Figure 4.3. VOR ACF via SDP Leading to Position State Variance Bound 
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Figure 4.4. Accelerometer # 1 ACF via SDP Leading to Position State Variance Bound 

 

 
 

Figure 4.5. Accelerometer # 2 ACF via SDP Leading to Position State Variance Bound 

 

 
 

Figure 4.6. Gyroscope ACF via SDP Leading to Position State Variance Bound 
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Table 4.2. Eigenvalues of SDP ACFs Producing Position State Variance Bound 

Sensor Eigenvalue Range 

DME 29 m]19.2,e77.9[   

VOR 211 deg]29.8,e34.1[   

Accelerometer # 1 228 s/m]73.1,e74.3[   

Accelerometer # 2 228 s/m]57.1,e82.7[   

Gyroscope 210 deg]12.1,e18.5[   

  

Table 4.2 shows that the autocorrelation functions leading to the radial position state 

variance bound are indeed positive semi-definite. Chapters 2 through 4 have considered 

integrity risk bounding for unconstrained estimation applications. However, certain 

applications contain additional information about the state vector in the form of 

constraints. The next chapter will address the integrity risk bounding problem for a 

particular class of constrained estimation applications. 
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CHAPTER 5 

MIXED REAL/INTEGER INTEGRITY RISK BOUNDING 

This chapter considers estimation applications where a subset of the state vector is 

constrained to be integer-valued. Section 5.1 introduces the integer bootstrap estimator 

and shows that the impact of bootstrapping on the state estimate error vector can be 

accounted for via successive measurement updates. The mixed real/integer integrity risk 

equation is derived in Section 5.2 as a function of a vector of conditional variances. For 

the bounded autocorrelation uncertainty structure, Section 5.3 defines the integrity risk 

bound as the solution of a non-convex optimization problem. 

Section 5.4 provides two approaches to solve the optimization problem globally 

using a hyper-rectangular feasible region that circumscribes the true polytopic feasible 

region. The performance of these methods is demonstrated for a static baseline estimation 

application in Section 5.5. A third method is developed in Section 5.6 to upper bound 

integrity risk over the polytopic feasible region, and Section 5.7 compares the 

performance of the polytopic and rectangular bounds for the baseline estimation problem. 

 

5.1  Integer Bootstrap Estimator 

Suppose that x  can be partitioned as 

 TTT ][ pax   (5.1) 

 

where ana  is the integer subset of x  and pnp  is the real-valued subset of x  

with xpa nnn  . 
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 Integer bootstrapping is one method available for converting a real-valued 

estimate â  to an integer estimate a


 [Teu01b]. The vector â  is random because it is 

dependent on the noisy measurement vector, z . This implies that there is a certain 

probability that a


 will be equal to a given integer vector  , with correct integer 

estimation being the most desirable. It is possible to increase the probability of successful 

integer estimation significantly by operating on a vector b  that is a specific integer linear 

combination of a . That is, ab
T

Z , where aa nnT 
 Z  is determined from the 

estimate error covariance matrix aa nn

a


 P̂  associated with â  [Teu95]. Both Z  and 

1
Z  must have integer entries to ensure that transformations between the original domain 

and the z-domain do not change the integer nature of a  and b . 

 

5.1.1  Accounting for Bootstrapping Via Measurement Update. Let the estimate of 

x  and its associated estimate error covariance matrix prior to bootstrapping be 0x̂  and 

,ˆ
0P  respectively, where aP̂  is the upper left aa nn   block of 0P̂ . The bootstrapping 

process begins by rounding the real-valued estimate 010|1
ˆˆ a

Tb Z  to its nearest integer, 

where T

1Z  is the first row of .T
Z  Mathematically, this is denoted by ]ˆ[ 0|10|1 bb 


, where 

][  indicates the rounding operation. 

 In general, the estimate error covariance matrix 0P̂  is fully populated. Therefore, 

0|1b


 conveys information about the other components of x  by virtue of their correlation 

with 1b . By viewing 0|1b


 as a noise-free measurement of 1b , the impact of the initial 
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bootstrap step is captured by updating 0x̂  and 0P̂  to the conditional quantities 1x̂  and 

1P̂  via a Kalman measurement update. That is 

 )ˆ(ˆˆ
010|1101 xxx HK  b


 (5.2) 

 

 
0111

ˆ)(ˆ PHKIP   (5.3) 

 

where xn


1

1 H  and xn1K  are given by 

 ][ 11
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 1

101101 )ˆ(ˆ  TT
HPHHPK  (5.5) 

 

 During the second step of bootstrapping, the real-valued estimate 121|2
ˆˆ a

Tb Z  is 

rounded to its nearest integer followed by another measurement update. 

 ]ˆ[ 1|21|2 bb 
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 (5.6) 
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 In general, the process above can be executed m  times, with anm 0 . The size 

of m  is ultimately dictated by the integrity risk requirements of a given application. The 

integer estimates will be combined in the 1m  vector T

mmB bbb ][ 1|1|20|1 





b .  
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5.1.2  Bootstrap Success Rate. Let aa nn

b


 P̂  be the matrix ZPZP a

T

b
ˆˆ   and let 

aa nn 
 L  and aa nn 

 D  be the matrices associated with an T
LDL  decomposition 

of bP̂ . It is shown in [Teu01b] that the probability of the event Bb


 is given by  
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where m

j l  is the vector of the first m  components of the thj  column of T
L , 

m

B b  is the true integer vector that Bb


 is an estimate of, and 2
ˆ

1|

ˆ
jjb

  is the error 

variance of 1|
ˆ

jjb  obtained from 1
ˆ

jP . The function )(x  is the cumulative distribution 

function for a standard normal random variable, i.e., 
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5.2  Integrity Risk in Mixed Real/Integer Estimation 

 The set of all possible integer vectors   constitute a countably infinite set. 

Therefore, the law of total probability can be used to write the integrity risk associated 

with x
Ty   as 
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1

)()|],[(
i

iBiByyyy PPI  bb
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Equation 5.13 cannot be used to quantify integrity risk because it is an infinite series. A 

conservative approximation for yI  can be obtained by first splitting the series into two 

parts, resulting in [Kha10b] 
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 Conservatively assuming that 1)|],[(  iByyyP b


  for all ,1 ni  

equation 5.14 simplifies to 
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where yÎ  is used to indicate that equation 5.15 is a conservative approximation of yI . 

 Noting that  
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equation 5.15 can be re-written as 
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which can finally be simplified to 

 

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iBiByyyy PPI
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

  (5.18) 

 

In principle, yÎ  can be computed using any set of n integer vectors. A method is provided 

in [Kha10b] to choose this set so that yÎ  is a tight upper bound on yI .  

 

5.2.1  Integrity Risk as a Function of Conditional Variance. The first probability on 

the right hand side of equation 5.18 is the conditional probability that ],[ yyy   

given that bootstrapping resulted in the integer estimate .iB b


This probability will be 
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written using the shorthand notation )],[( | yymyP  , where my |  is the estimate 

error of y after m steps of bootstrapping. Because bootstrapping can be represented as a 

linear measurement updating process and the fact that the measurement noise and 

disturbance inputs are Gaussian, my |  is a Gaussian random variable. 

 The variance of my |  is obtained from the transformation ym

T

ymy  P̂ˆ 2

|   and it 

is shown in [Kha10b] that the mean of my |  for a given index i  has the form 

 )()ˆ(ˆ 1

00, iB

TTT

yyi   
bHPHHP  (5.19) 

 

where xnm 
 H  is defined as ][ :1

TT

m ZH  , with anmT

m


 :1Z  being the first 

m  rows of T
Z . 

 Using these definitions, )|],[( iByyyP  b


  evaluates to 
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Substituting equations 5.11 and 5.20 into equation 5.18 results in the following 

expression for integrity risk 

 




































 














 





























 














 




m

j b

iB

T

j

b

iB

T

j

n

i my

yiy

my

yiy

y

jjjj

I

1 ˆˆ

1 |

,

|

,

1
ˆ2

)(21

ˆ2

)(21

1
ˆˆ

1ˆ

1|1|











 blbl



 (5.21) 

 

 Let 2/1j ,  )(, i

T

jji  bl ,  and 
1|

ˆˆˆ



jjbj   for all mj ,,1  . Also define  

ym  1 , yimi ,1,    and mym |1
ˆˆ   . Then equation 5.21 can be re-written in the 

compact form 
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Equation 5.22 indicates that the computed integrity risk is a function of the 

conditional variances 2

1

2

1
ˆ,,ˆ

m  . However, these do not represent the true 

conditional variances because the Kalman filter (or WLS estimator) is using approximate 

models for the unknown measurement noise and disturbance input autocorrelation 

functions. 

 

5.3  Natural Formulation of Mixed Integer Integrity Risk Bound 

The fact that bootstrapping can be accounted for through a Kalman measurement 

update means that the results from Chapter 2 can be applied to each conditional variance. 

Specifically, the true conditional variance 
2

j  can be written in the form of equation 2.61 

using the coefficient vector .T

j

T

j Z  Defining rnr  as a vector containing all 

measurement noise and disturbance input autocorrelation function values, 
2

j  can be 

expressed in the generic form 

 rd
T

jjj c 2  (5.23) 

 

where jc  is a scalar and rn

j d . 

For the bounded autocorrelation uncertainty structure introduced in equations 2.64 

and 2.65, the mixed integer integrity risk bound is given formally as the solution to the 

optimization problem 
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Equation 5.24 is the most natural form of the integrity risk bound because it is 

defined as an optimization problem directly in terms of what is unknown: the 

autocorrelation function values. In order for the integrity risk bound to be meaningful, it 

must be greater than or equal to the global optimal solution. However, global optimality 

of a candidate solution can only be guaranteed if the optimization problem is convex. 

 

5.3.1  Convexity Analysis. One test for convexity involves using the fact that the 

composition of a convex function with an affine mapping preserves convexity [Boy04]. 

Let )(rf  denote the cost function in equation 5.24, and suppose that )(rf  is a convex 

function of r . If this hypothesis is true, then )( rg Qf  must also be a convex function 

for every g  and Q . Assume that r  is a 13   vector and that Q  has the structure 
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 The composite function )( rg Qf  is formed by replacing rd
T

jjc   with 

)( rgd Q T

jjc , which, for the particular form of Q  given above, can be written as 

 
3)( rc jj

T

jj   rgd Q  (5.26) 

 

Substituting equation 5.26 into the cost function of equation 5.24 results in 
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For 2n , 1m , 2/11   and 12  with the parameter values contained in 

Table 5.1, )( rg Qf  has the form shown in Figure 5.1.  

Table 5.1. Parameters Used for Convexity Analysis 

i j ji ,  j  j  

1 1 1.72 0.28 1.34 

1 2 0.66 0.71 0.20 

2 1 0.79   

2 2 0.86   

 

 

 
 

Figure 5.1. Behavior of Cost Function after Affine Composition 

 

Figure 5.1 clearly shows that )( rg Qf  is not convex. Therefore, )(rf  is not a 

convex function, implying that well-known optimization techniques will at best produce a 

local minimum. The only way to guarantee that a global solution has been found to a 
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non-convex optimization problem is through an exhaustive search scheme using specified 

grid points that span the feasible region. However, extensive analysis is required to 

ensure that the variation of the cost function between grid points is sufficiently small so 

that the global minimum has been determined with an acceptable level of accuracy. This 

difficulty coupled with the long computation times incurred from exhaustive search 

strategies generally makes them an undesirable solution. An alternative formulation will 

be developed in the next section that alleviates these deficiencies. 

 

5.4  Bounding Integrity Risk over a Hyper-Rectangular Region 

 In multi-sensor systems with multiple disturbance inputs, rnm  . Therefore, it is 

more efficient to work in the 2 domain instead of the r domain. Using equation 

5.23, the optimization problem in equation 5.24 takes the alternative form  
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where 12  m  is defined as T

m ][ 2

1

2

2

2

1

2

    and   is the feasible 

region of 2 . 

 Notice from equation 5.24 that if 0jc  and jd  is a vector of zeros except that 

the thj  element is 1, then )(rf  has the same form as the cost function in equation 5.28. 

The special forms of jc  and jd  have no impact on the convexity analysis given in 

Section 5.3.1. Therefore, equation 5.28 still constitutes a non-convex optimization 

problem. Mathematically defining   is not a straightforward matter, and this will be 
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deferred until Section 5.6. In the present discussion, a simpler feasible region is used that 

contains   within its interior to enable determination of an integrity risk bound **

yy II  . 

Upper and lower bounds on 
2

j  can be obtained for the bounded autocorrelation 

uncertainty structure using the method provided in equations 2.66 and 2.67. Collectively, 

these bounds describe a hyper-rectangle in 1m  that circumscribes  , which will be 

denoted by  . Defining 
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the integrity risk bound obtained from solving equation 5.28 over   is given by 
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An upper bound on 
*

yI , denoted by 
*

yI , can be found by minimizing the product 

for each i, and then summing over i. Now, because each 
2

j  can vary independently over 

 , the minimum of the product is the product of minimums, leading to the new 

optimization problem  
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Appendix G shows that the global minimum of )( 2

, jjif   must occur at either jl  

or ju . This useful fact allows 
*

yI  to be obtained in a quick and direct manner by simply 

setting 
2

j  equal to jl  or ju  for every index i. 
*

yI  is the most straightforward bound 
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considered in this chapter and will be used as a basis for comparison with more advanced 

techniques. A major deficiency of the method described above is that the optimal set of 

conditional variances will most likely be different for each i, when in fact there can only 

be one set. Therefore, 
*

yI  has a propensity to be overly conservative.  

 

5.4.1  Rectangular Bound Using Subdivisions. The fact that the global minimum of 

)( 2

, jjif   must reside at either jl  or ju  is true regardless of the size of the interval 

],[ jj ul .   can be partitioned into small rectangular elements by subdividing each 
2

j  

into N equally spaced segments. Solving equation 5.31 over the thq  rectangular element 

defines a local integrity risk bound 
*

, qyI .The global bound is then defined as the 

maximum value of the local bounds, i.e. 

 ),,,(max *

,

*

2,

*

1,

*

, Enyyymaxy IIII   (5.32) 

 

 where En  is the total number of rectangular elements. 

The case 1En  corresponds to no partitioning of  , and therefore 
**

, ymaxy II  . 

As En , each rectangular element becomes a single point, and **

, ymaxy II  . 

Therefore, for any  En1 , the method of subdivisions will produce an integrity risk 

bound *

, maxyI  that is smaller than 
*

yI . In the next section, the two bounding methods 

developed above will be compared for a specific mixed real/integer estimation problem. 

 

 

 



83 

 

5.5  Static Baseline Estimation Application 

 Consider the problem illustrated in Figure 5.2. The baseline length p  between 

stationary antennas A and B is to be estimated using carrier phase measurements from 

three GPS satellites in a circular orbit. The radius of the orbit (relative to the Earth’s 

center O) is sr  and all satellites travel counterclockwise with constant speed .sv  

 

 
 

Figure 5.2. Problem Setup for Static Baseline Estimation 

 

5.5.1  Linearized Measurement Models. This example will use the simplified carrier 

phase measurement models 

 
kiikkiki abz ,AA,AA,,A ||||   xx  (5.33) 

 

 
kiikkiki abz ,BB,BB,,B ||||   xx  (5.34) 

 

where kiz ,A  is the carrier phase measurement received by antenna A from satellite i 

at time index k, 2

, kix  is the position vector from O to satellite i, 2

A x  is the 

position vector from O to antenna A, kb ,A  is the clock bias of the receiver 
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connected to antenna A,   is the wavelength of the GPS carrier signal, ia A  is the 

integer ambiguity associated with antenna A and satellite i and ki,A  is receiver 

measurement noise for antenna A and satellite i at time index k. 

 Similar definitions exist for the terms in equation 5.34. The vector norms 

appearing in equations 5.33 and 5.34 can be linearized using a first order Taylor series 

expansion, resulting in the linearized measurement models 
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where a superscript * indicates an approximate quantity used for linearization. 

 Let 2x  be the vector originating at antenna A and terminating at antenna B. 

Then xxx  AB . The row vector TT

ki )( *

A, xx   is a line-of-sight vector originating at 

antenna A and terminating at satellite i. Given that the antenna-to-satellite distance is 

many orders of magnitude larger than the antenna baseline length, it is reasonable to 

assume that TT

ki

TT

ki )()( *

B,

*

A, xxxx   or, more simply, that 
*

A

*

B xx  . Substituting 

these relations into equation 5.36 results in 
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Defining the line-of-sight unit vector 
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and subtracting equation 5.35 from equation 5.37 yields the single-difference (SD) 

measurement model 

 )()()(ˆ
,A,BAB,A,B,,A,B kikiiikk

T

kikiki aabbzz   xe  (5.39) 

 

At this point, the antenna subscripts A and B will be dropped, and equation 5.39 will be 

re-written as 

 
kiik

T

kiki abz ,,,
ˆ   xe  (5.40) 

 

 The clock bias term kb  can be eliminated by subtracting the SD carrier phase 

measurement corresponding to an arbitrary ‘master’ satellite j from kiz , . This results in 

the double-difference (DD) carrier phase measurement model 

 )()()ˆˆ( ,,,,,, kjkiji

T

kj

T

kikjki aazz   xee  (5.41) 

 

Defining kjkikji zzz ,,,   and jiji aaa  , equation 5.41 becomes 

 )()ˆˆ( ,,,,, kjkiji

T

kj

T

kikji az   xee  (5.42) 

  

 For this example, Tp ]0[x , where p is the unknown distance to be 

estimated. In addition, Figure 5.2 indicates that T

kikiki ]sincos[ˆ
,,, e . Using these 

two facts, equation 5.42 takes the final form 

 )(]coscos[ ,,,,, kjkijikjkikji apz    (5.43) 

 

 

5.5.2 Batch Measurement Model. Suppose that the master satellite index 3j . 

Because the satellites can be ordered arbitrarily, there is no loss of generality in making 

this assumption. Defining 2kz , 32  kH , 3 , 32  kJ  and 3k  as 

 T

kkk zz ][ ,32,31z  (5.44) 
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 Taap ][ 2313  (5.46) 
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 T

kkkk ][ ,3,2,1   (5.48) 

 

allows the complete set of measurements at time index k to be written as 

 
kkkk  JH z  (5.49) 

  

 The vector   is estimated using a batch WLS estimator. Stacking measurements 

from 1k  to qk   results in the batch measurement model 

 
QQQQ  JH z  (5.50) 

 

where 32  q

Q H , qq

Q

32  J  and q

Q

3  are defined as 

 TT

q

T

Q ][ 1 HHH   (5.51) 

 

 ),,(diag 1 qQ JJJ   (5.52) 

 

 TT

q

T

Q ][ 1    (5.53) 

 

 

 

5.5.3  Autocorrelation Bounding Functions and Simulation Parameters. One set of 

upper and lower bounding functions are used to bound the autocorrelation function 

associated with each satellite’s SD measurement error. The bounds are defined using the 

same model given in equation 2.87. That is, 
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The parameters defining the upper and lower bounds are provided in Table 5.2. 

Table 5.2. Autocorrelation Bound Parameters for SD Measurement Error 

Lower Bound Upper Bound  

mc0.15r  mc0.30r   

mc75.0  mc50.1   

sec200  sec400   

 

 It is assumed that GPS L1 carrier phase measurements are used to estimate  , 

which correspond to a wavelength of mc19.03 . The batch WLS estimator is 

designed using the upper bound values from Table 5.2, and is run for 15 minutes. 

Additional parameters used for the simulation are summarized in Table 5.3.  

Table 5.3. Simulation Parameters for Baseline Estimation Problem 

Parameter Assigned Value 

Orbital Radius km26560sr  

Satellite Speed s/km4sv  

GPS Sampling Interval sec60t  

Initial Satellite Angles, 
i    120,85,20  

Baseline Error Acceptability Bound   m1p  
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There are two integer-valued states in this example. Hence, two stages of bootstrapping 

are required to form an integer estimate of the carrier phase cycle ambiguities. 

 

5.5.4  Analysis Results for First Bootstrapping Phase. During the first stage of 

bootstrapping, the integrity risk bound for the baseline state p  is determined using the 

five integer candidates 

 }2,1,2,1,0{ S  (5.55) 

 

The integrity risk bound 
*

pI  is defined by setting 
2

j  equal to the values given in Table 

5.4 for each candidate in S. 

Table 5.4. Conditional Variance Sets that Produce 
*

pI  

Conditional Variance 
Integer Candidate Index 

1 2 3 4 5 

2

1  1u  1l  1l  1l  1l  

2

2  2u  2u  2u  2u  2u  

 

By subdividing 
2

1  and 
2

2  into N equally spaced segments, a tighter integrity 

risk bound can be achieved using the method of subdivisions. Figures 5.3 and 5.4 show 

the percent reduction in the integrity risk bound relative to 
*

pI   for small and large N. 

With 20N , more than 90% reduction in the integrity risk bound is achieved, which 

represents a full order of magnitude reduction. For this example, subdividing   provides 

substantial improvement in the integrity risk bound.  
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Figure 5.3. Bound Reduction Achieved Using Subdivisions ( Small N ) 

 

 
 

Figure 5.4. Bound Reduction Achieved Using Subdivisions ( Large N ) 

 

5.5.5  Analysis Results for Second Bootstrapping Phase. After two stages of 

bootstrapping, the integrity risk bound is determined using the seven integer candidate 

vectors 
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which are selected independently of S given in equation 5.55. 



90 

 

Table 5.5 contains the values of 
2

j  for each candidate vector that produce the 

integrity risk bound 
*

pI . 

Table 5.5. Conditional Variance Sets that Produce 
*

pI  

Conditional Variance 
Integer Candidate Index 

1 2 3 4 5 6 7 

2

1  1u  1u  1l  1l  1u  1l  1l  

2

2  2u  2l  2u  2l  2l  2u  2l  

2

3  3u  3u  3u  3u  3u  3u  3u  

 

Figures 5.5 and 5.6 show the percent reduction in the integrity risk bound relative 

to 
*

pI  for small and large N. 

 

Figure 5.5. Bound Reduction Achieved Using Subdivisions ( Small N ) 
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Figure 5.6. Bound Reduction Achieved Using Subdivisions ( Large N ) 

 

These figures lead to the same conclusion that the potential reduction in the 

integrity risk bound achieved by the method of subdivisions is significant. However, 

subdivisions cannot eliminate or even reduce the conservatism introduced into the bound 

by approximating the polytope by a circumscribing hyper-rectangular region. Therefore, 

if smaller subdivisions do not reduce the integrity risk bound sufficiently, the only avenue 

for reduction is to define the bound over the true polytopic feasible region.  

 

5.6  Bounding Integrity Risk over Polytopic Region 

 It is of practical and theoretical importance to understand how much 

conservatism, if any, is introduced into the bound by approximating   by  . This 

section develops a new method to upper bound integrity risk over  .  

 

5.6.1  Determination of Feasible Region. Equation 5.23 shows that each conditional 

variance is a linear function of r . Collecting all of the conditional variances in one vector 

2  results in the linear system of equations 
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 rc D2  (5.57) 

 

where 12  m , 1 mc  and rnm 


)1(D . 

 Equation 5.57 describes an affine transformation from the r domain to the 

2 domain. Given that the feasible region of r  is a closed, convex hyper-box in rn  

and the fact that affine transformations preserve convexity [Boy04], it follows that   is a 

closed, convex polytope in 1m . A closed, convex polytope can be described by a set of 

linear inequalities [Lue08]. Therefore,   is defined mathematically as 

 },1,|{ 22

ek

T

k nk   g  (5.58) 

 

  An efficient method to determine kg  and k  is derived in Appendix H, where it 

is also shown that the number of inequalities necessary to define   obeys the relation 

 




m

k

re kkmnCn
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),1(22  (5.59) 

 

where ),( rnC  denotes how many ways n  objects can be taken r  at a time. That is 
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 The integrity risk bound from equation 5.28 can now be stated more precisely as 
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 (5.61) 

 

 

5.6.2  Partitioning   into Rectangular Elements. An upper bound on 
*

yI  can be 

obtained by partitioning   into small rectangular regions, just as was done in Section 
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5.4. Figure 5.7 shows an example of what this partitioned region might look like when 

1m  and 3rn . 

 
 

Figure 5.7. Example of Partitioned Polytopic Feasible Region 

 

  One approach for generating these elements begins by partitioning ],[ 11 ul  into 

N  equally spaced segments. For the thp  segment, the minimum value of 
2

2  is 

determined by solving the optimization problem 
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 (5.62) 

 

and the maximum value pu ,2  is found by minimizing 2

2 .  

 The interval ],[ ,2,2 pp ul  can be partitioned into N  equally spaced segments, and 

the lower bound on 
2

3  associated with ],[ ,1,1 pp ul  and ],[ ,2,2 qq ul  is determined by 

solving the optimization problem 
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 (5.63) 

 

Minimizing 2

3  instead of 
2

3  produces the upper bound qpu ,3 . 

 The interval ],[ ,3,3 qpqp ul  can be partitioned into N  equally spaced segments, 

and the process above can be continued to determine hyper-rectangular elements that 

encompass  . 

Equations 5.62 and 5.63 can each be written in the form 

 

0,0

,,1,t..s

min*







sx

xa

xc
x

qjbs

y

jj

T

j

T

  (5.64) 

 

which is recognized as the standard form of a linear programming (LP) problem. 

Numerous algorithms exist to solve LP problems, and this dissertation uses the 

active set method described in [Gil84]. After determining the En  rectangular elements, 

the integrity risk bound *

, maxyI  is defined as the maximum value of the individual bounds 

associated with each element.  

 

5.6.3  Efficacy of the Polytopic Bound. Suppose that the element rS  producing *

, maxyI  

resides within the interior of  . In this case, the polytopic bound will not provide any 

improvement over the rectangular bound, and *

,

*

, maxymaxy II  . One way to ascertain if 
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*

,

*

, maxymaxy II   is to simply compute both bounds and compare their values. However, this 

approach is unnecessarily time consuming if the bounds do happen to be identical. A 

more efficient method involves determining if the intervals ],[ jj ul  defining rS  are 

simultaneously feasible in  . 

It is already known that ],[ 11 ul  because   circumscribes . The 

minimum permissible value of 
2

2  associated with ],[ 11 ul  is determined by solving the 

LP problem  
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 (5.65) 

 

and the maximum permissible value 
*

2u  is attained by minimizing 2

2 . 

If *

22 ll   and 
*

22 uu  , then ],[ 22 ul  is simultaneously feasible with ],[ 11 ul . The 

minimum permissible value of 
2

3  associated with ],[ 11 ul  and ],[ 22 ul  is determined 

by solving the LP problem 
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 (5.66) 

 

and the maximum permissible value 
*

3u  is obtained by minimizing 2

3 . 



96 

 

If 
*

33 ll   and *

33 uu  , then ],[ 11 ul , ],[ 22 ul  and ],[ 33 ul  are simultaneously 

feasible. This process can be continued to determine if the intervals ],[ jj ul  are 

concurrently feasible in  . Whether or not the polytopic approach has any potential for 

bound reduction can therefore be ascertained by solving up to 2m LP problems. 

 

5.7  Comparison of Rectangular and Polytopic Bounding Methods. This section 

compares the rectangular and polytopic bounds for the static baseline estimation 

application. The rectangular bound is fundamentally conservative because it replaces   

with   and because it uses finite size rectangular elements to subdivide  . The 

polytopic bound eliminates the former source of conservatism, suggesting that it can 

potentially achieve the same value as the rectangular bound using larger (i.e., fewer) 

rectangular elements. To illustrate, consider Figure 5.8, which shows   and   after one 

bootstrapping step.  

 
 

Figure 5.8. Feasible Regions after One Bootstrapping Step 
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If 
*

, maxyI  is determined from an element in the upper left or lower right regions of 

 , then the polytopic bound will achieve the same value using larger rectangular 

elements because it will not consider these infeasible regions. For comparison purposes, 

let the rectangular bound *

,maxpI  be fixed using 100N  and let the polytopic bound 

*

,maxpI  be defined for different numbers of segments, pN .  Figures 5.9 and 5.10 show the 

percent reduction in the integrity risk bound relative to *

,maxpI  achieved by using *

,maxpI .  

 
 

Figure 5.9. Polytopic Bound Performance after One Bootstrapping Phase 

 

 

 
 

Figure 5.10. Polytopic Bound Performance after Two Bootstrapping Phases 
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Figure 5.9 shows that the polytopic bound achieves the same value as *

,maxpI  when 

90pN . Hence, after one phase of bootstrapping, the polytopic bound requires almost 

the same number of elements as the rectangular bound. After two bootstrapping phases, 

Figure 5.10 indicates that *

,maxpI  determined using 50pN  achieves the same value as 

*

,maxpI  using 100N . Hence, the polytopic bound has to consider 87.5% fewer 

rectangular elements ( 350  versus 3100 ).  If both bounds use 100 segments, it is evident 

from Figure 5.10 that *

,maxpI  reduces the integrity risk bound by 9% relative to *

,maxpI . 

Even though the polytopic bound is significantly more computationally 

demanding than the rectangular bound, the reduction in bound magnitude and number of 

elements can make up for this deficiency when 2  is higher dimensional. Approaches to 

improve the efficiency of the polytopic bound are discussed at the conclusion of this 

dissertation. 
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CHAPTER 6 

CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK 

Quantifying integrity risk is essential in safety critical estimation applications. 

When state estimation is accomplished by filtering measurements over time, accurate 

assessments of integrity risk are generally not possible due to uncertainty in the stochastic 

models of measurement noise and disturbance inputs. In this case, an upper bound on 

integrity risk must be obtained. This dissertation developed the first implementable 

methods to upper bound integrity risk when the measurement noise and disturbance 

inputs have a bounded autocorrelation uncertainty structure. These methods were derived 

for both real-valued and mixed real/integer estimation applications that use the Kalman 

filter, batch WLS estimator and integer bootstrap estimator.  

 

6.1  Summary of Contributions 

A main objective of this work has been to derive two classes of bounding 

methods. One that uses simplifying approximations to obtain a conservative bound 

quickly and efficiently, and another that uses more advanced mathematical techniques to 

define a tight bound on integrity risk. Below is a summary of this dissertation’s 

contributions. 

 

6.1.1  Integrity Risk Bounding in Kalman Filtering. A new set of linear difference 

equations was derived in Chapter 2 that enabled determination of how measurement noise 

and disturbance input autocorrelation functions map into the state estimate error variance. 

The resulting expressions were used to develop a fast method to determine the worst-case 
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autocorrelation functions that lead to an upper bound on integrity risk. A one-dimensional 

position and velocity estimation application was used to illustrate this method.  

 

6.1.2  Bounding Integrity Risk in Batch Estimation. Chapter 3 derived a new form of 

the batch WLS estimate error vector when the weighting matrix has unknown but 

bounded elements. This expression allowed the methods from Chapter 2 to be used to 

define an integrity risk bound for the batch WLS estimator. The method was 

demonstrated for a two-dimensional position and velocity estimation application. 

 

6.1.3  Real-Valued Integrity Risk Bounding via Semi-Definite Optimization. The 

integrity risk bound was formally defined in Chapter 4 as a semi-definite programming 

problem that was subsequently solved using a primal-dual interior point algorithm. 

Formulating the integrity risk bound this way allowed enforcement of the constraint that 

the autocorrelation functions must be positive semi-definite in addition to being bounded. 

Performance comparisons were made for the two-dimensional estimation problem. 

 

6.1.4  Mixed Real/Integer Integrity Risk Bounding. For the integer bootstrap 

estimator, the mixed integer integrity risk bound was defined in Chapter 5 as a non-

convex optimization problem over a polytope. Two methods were developed to define a 

conservative integrity risk bound by solving a relaxed version of the optimization 

problem in which the polytopic region is replaced by a circumscribing hyper-rectangle. 

The performance of these methods was compared for a static baseline estimation 

application. 
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6.1.5  Mixed Real/Integer Integrity Risk Bounding over a Polytope. A third 

approach was derived in Chapter 5 to upper bound the mixed real/integer integrity risk by 

solving the non-convex optimization problem over the polytope. This required creation of 

a new procedure to determine the set of inequalities that define the polytope, which was 

used in conjunction with linear programming to define the integrity risk bound. 

Simulation results and comparison studies were made with the rectangular bound for the 

static baseline estimation problem. 

 

6.2  Recommended Topics for Future Research 

 

6.2.1  Autocorrelation Bound Determination. A fundamental assumption throughout 

this dissertation has been that the autocorrelation bounding functions are given. A method 

must be devised to determine these bounds either through experimental or analytical 

means. Experimental methods will most likely produce bounds that do not contain the 

true autocorrelation function with probability one. To address this issue, the methods 

developed in this dissertation must be adapted to accommodate ‘soft’ bounds that are 

only known to contain the autocorrelation functions with a specified probability. 

 

6.2.2  Minimize Integrity Risk Bound by Exploiting Estimator Structure. All of the 

integrity risk bounds in this dissertation have been derived for a pre-defined estimator. 

However, the magnitude of the integrity risk bound is dependent on the estimator design, 

which provides an interesting topic for future research: examine how estimator structure 

can be exploited to produce the minimum upper bound on integrity risk. 
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6.2.3  Improving Efficiency of the Polytopic Integrity Risk Bound. The polytopic 

bound has the potential to significantly reduce the magnitude of the rectangular bound. 

However, it is computationally intensive due to the large number of inequality constraints 

needed to define the polytope. One way to improve efficiency is to compute the bound 

using an approximate polytopic region defined by a small set of linear inequality 

constraints. How this set of inequalities is chosen and the impact on the magnitude of the 

integrity risk bound is a topic for future research. 
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APPENDIX A 

GENERAL SOLUTION TO LINEAR SYSTEM 

OF DIFFERENCE EQUATIONS 
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This appendix derives the general solution to the following linear system of 

difference equations 

 
kkkkk ML  

ee  (A.1) 

 

 
kkkkk wee NF 

1
 (A.2) 

 

When 0k , equation A.1 can be written in the form 
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   ee  (A.3) 

 

where 00 L , xn

l 0,  is equal to the thl  column of 0M  (i.e. ),:(00, ll M ) and 

0,l  is a scalar corresponding to the thl  component of 0 . 

 Similarly, when 0k , equation A.2 can be written as 
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where ),:(0 jN  is an 1xn  vector corresponding to the 
thj  column of 0N  and 0,jw  is 

a scalar corresponding to the 
thj  component of 0w . Replacing 0e  by the expression on 

the right hand side of equation A.3 results in 
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 Defining the xx nn   matrix 001  F , the 1xn  vector 0,01, ll  F  and the 

1xn  vector ),:(01, jj N  allows equation A.5 to be expressed more compactly as 
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 When 1k , equation A.1 becomes 
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where ),:(1 lM  is an 1xn  vector corresponding to the thl  column of 1M  and 1,l  is 

a scalar corresponding to the thl  component of 1 . Replacing 


1e  by the expression on the 

right hand side of equation A.6 results in 
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Defining xx nn 
 1  as ,111
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A.8 to be expressed more compactly as 
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 Similarly, when 1k , equation A.2 becomes 

 




 
wn

j

jwj
1

1,1112 ),:(NF ee  (A.10) 

 

where ),:(1 jN  is an 1xn  vector corresponding to the 
thj  column of 1N  and 1,jw  is a 

scalar corresponding to the 
thj  component of 1w . Replacing 1e  by the expression on the 

right hand side of equation A.9 results in 
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Defining xx nn   2  as 
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 This process can be continued, resulting in the expressions 
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where k  and 

k  are xx nn   matrices, kj ,  and 

kj,  are knx   matrices, kl ,  is an 

)1(  knx  matrix, 

kl ,  is an knx   matrix, 1

0}{ k

jw  is a 1k  time series vector for 

the 
thj  component of w  from time index 0 to time index 1k , 1

0}{ k

l  is a 1k  time 

series vector for the thl  component of   from time index 0 to time index k 1 and k

l 0}{  

is a 1)1( k  time series vector for the thl  component of   from time index 0 to time 

index k. 

 The matrices in equations A.13 and A.14 are defined as 

 IL  

0,  kkk  (A.15) 

 

 ][,]),:(|[ 0,,,  

lkklkkl l  ML  (A.16) 

 

 ][, 0,,,  

jkjkkj  L  (A.17) 
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 IF  





011 ,  kkk
 (A.18) 

 

 
1,1, 

  klkkl  F  (A.19) 

 

 ]),:(|[ 11,1, jkkjkkj 

  NF   (A.20) 
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APPENDIX B 

DISCRETE-TIME AUTOCORRELATION FUNCTION 

OF INTEGRATED RANDOM PROCESS 
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This appendix derives the discrete-time autocorrelation function of the integrated 

random process 

 






tt

t

gaj

j

j

dqw   (B.1) 

 

where ta  is a scalar first order Gauss-Markov process, tqg  is a zero-mean, 

Gaussian white noise process and t  is the discrete-time sampling interval. 

 The autocorrelation function of tqg  is given by 

 )( 2121 ttQtqtqE ggg    (B.2) 

 

where gQ  is the power spectral density of the white noise process and )( t  is the Dirac 

delta function. 

 For the first order Gauss-Markov process, the autocorrelation function is well-

known [Gel74] 
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
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a
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
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||
exp

212

21  (B.3) 

 

where 
2

a  and 
a  are the variance and time constant of the process, respectively. 

 Now consider the values of w at time index j and time index k. 
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




tt

t

gak

k

k

duuquw   (B.5) 

 

The discrete-time autocorrelation function of w is defined as  kj wwE . From equations 

B.4 and B.5, this expectation can be written as 
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 Assuming that ta  and tqg  are mutually uncorrelated, equation B.6 can be 

expanded into the form 
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For simplicity, equation B.7 will be written in the form 21 IIwwE kj  . In order to 

compute 1I , the integral must be evaluated separately for the cases jk   and jk   

because of the absolute value in equation B.3. 

 For jk  , substituting equation B.3 into the first integral on the right hand side 

of equation B.7 results in 
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The absolute value can be eliminated by writing 1I  as the sum of two integrals  
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It is straightforward to verify that the integrals evaluate to the expression 
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 Considering the case now where jk  , 1I  becomes 
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It is straightforward to show that the double integral in equation B.11 evaluates to 
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Because the autocorrelation function is symmetric about the origin, the case where jk   

is easily handled by changing the argument jk tt   to kj tt   in equation B.12. In general, 

1I  can be written as 
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 Substituting equation B.2 into the second integral on the right hand side of 

equation B.7 and using the fact that gQ  is a constant yields 
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Because the Dirac delta function is non-zero only when u = v, the double integral in 

equation B.14 is non-zero only when jk  . Therefore, 2I  evaluates to 
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Combining equations B.13 and B.15 results in the complete autocorrelation function 
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APPENDIX C 

CONTINUOUS-TIME DYNAMIC MODEL FOR 

TWO-DIMENSIONAL ESTIMATION PROBLEM 
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For the estimation problem shown in Figure 3.1, the state vector is given by 

 Tvv ][  x  (C.1) 

 

The continuous time dynamic models of   and   are given by 

 
 v  (C.2) 

 

 


 v  (C.3) 

 

To derive the velocity dynamic model, two coordinate frames will be defined. An inertial 

coordinate frame (denoted by I) and a polar coordinate frame (denoted by P). These two 

frames are depicted in Figure C.1. 

 
 

Figure C.1. Inertial and Polar Coordinate Frames 

 

 It is most convenient to express the vehicle velocity vector in the P-frame, i.e., 

 eev ˆˆ vv  . Therefore, the dynamic model will be derived by differentiating in P. 

However, the derivative of v  in the P-frame must be related to the derivative of v  in the 

I-frame because accelerometers sense inertial acceleration of the vehicle. These 

derivatives are related via the relation [Wie10] 

 
v

vv
 PI

IP

td

d

td

d
  (C.4) 

 

where PI  is the angular velocity of the P-frame with respect to the I-frame, and is 

given by 
z

PI
ê . The vector zê  is a unit vector orthogonal to ê  and ê .  
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 The derivative on the right hand side of equation C.4 is the inertial acceleration of 

the vehicle, and will be denoted by a . Defining the left hand side of equation C.4 as v , 

this equation can be written as 

  vav  PI  (C.5) 

 

Accelerometers sense inertial acceleration in the vehicle body frame (B-frame). 

Therefore, equation C.5 is re-expressed in the form 

 vav  PIBP R  (C.6) 

 

 The matrix BP
R  is a 22   rotation matrix that rotates a vector from the B-frame 

(depicted in Figure 3.2) to the P-frame. Its determination is most easily accomplished by 

decomposing BP
R  into the product of two rotation matrices 

 BIIPBP
RRR   (C.7) 

 

where 22  IP
R  rotates a vector from the I-frame to the P-frame and 22  BI

R  

rotates a vector from the B-frame to the I-frame. 

 From Figure 3.2  
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and from Figure C.1 
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Substituting equations C.8 and C.9 into equation C.7, it can be shown that 
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 The cross product in equation C.6 can be simplified to 
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 )ˆˆ(ˆ
 eeev vvz

PI    (C.11) 

 

Distributing the cross product and replacing   with the right hand side of equation C.3 

yields 

 
  eev ˆˆ  vvPI   (C.12) 
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PI   (C.13) 

 

Gyroscopes sense the vehicle’s inertial angular velocity, which for this example, is equal 

to the heading rate,  . The dynamic model for vehicle heading is then given by 

     (C.14) 

 

 When taken together, equations C.2, C.3, C.6 and C.14 constitute a set of 

nonlinear differential equations that can be written in the form 

 ),,( axfx   (C.15) 

 

where ),,( axf  is defined as 
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and the elements of the state vector x  are defined in equation C.1. 
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APPENDIX D 

DISCRETIZATION AND LINEARIZATION FOR 

TWO-DIMENSIONAL ESTIMATION PROBLEM 
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This appendix derives a procedure for the discretization and linearization of the 

following system of nonlinear differential equations 

 ),,( axfx   (D.1) 

 

where 5)( f  was derived in Appendix C and is given by 
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Equation D.1 can be converted to a discrete-time nonlinear system using a numerical 

integration scheme. For the purposes of this example, a fourth order Runge-Kutta 

algorithm is used, which is defined by the recursion [Kin02] 
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where the 15  vectors 1k  through 4k  are given by 

 )( )(,)(,1 kkk tth axfk   (D.4) 
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 ))(,)(,( 34 hthth kkk  akxfk  (D.7) 

 

 The parameter h is the step size of the fourth order Runge-Kutta integrator. In 

what follows, the shorthand notation 1a , 2a  and 3a  will be used to denote )( kta , 
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)2/( htk a  and )( htk a , respectively, and 1 , 2  and 3  will be used to denote 

)( kt , )2/( htk   and )( htk  , respectively. 

 Equation D.3 can be approximated by a linear system of difference equations 

using a first order Taylor series expansion. Making the following definitions 
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the Taylor series expansion can be written as 
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 The chain rule of differentiation must be applied repeatedly in order to evaluate 

the partial derivatives in equations D.8 through D.14. To illustrate, consider the term 

kxk  /2 , which appears in equation D.8. In the definition of 2k  given in equation D.5, 

let 2/1kx  k . Then 
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where  /f  is determined by evaluating the gradient of the function ),,( af   

defined in equation D.2 and kxk  /1  is determined by taking the gradient of 1k  defined 

in equation D.4. The same procedure can be applied to compute the other partial 

derivatives in equations D.8 through D.14. 

 Defining 5ku , 9k  and 95  kB  as 
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 ][
332211  BBBBBBB aaak   (D.20) 

 

allows equation D.15 to be written as 

 
kkkkkk BF  uxx 1  (D.21) 

 

 In order to compute kF , 
ku  and kB , the 12  acceleration vector a  and scalar 

inertial angular velocity   are required at three points in time. However, the 
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accelerometer and gyroscope output the integral of inertial acceleration and inertial 

angular velocity over a specified time interval, t . That is  

 
t

da


 )(  
(D.22) 

 

 
t

d


 )(  (D.23) 

 

 Therefore, it is necessary to relate 1a  through 3a  and 1  through 3  to   and 

 . This requires an acceleration and angular velocity profile over the integration 

interval. The Runge-Kutta step size is twice the accelerometer and gyroscope output rate 

(i.e., th 2 ), which implies that there are two   and   measurements available 

over the interval ],[ 1kk tt . Therefore, the highest order acceleration and angular velocity 

model that can be used is a linear model. For acceleration, this model is given by 

 )()( 1 kttata    (D.24) 

 

where 1a  and   are to be determined. 

 Substituting the right hand side of equation D.24 into equation D.22 results in 
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Similarly, the second   measurement can be expressed as 
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Solving equations D.25 and D.26 for 1a  and  , results in 
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 From equation D.24, notice that 

 )(12 kk tttaa    (D.29) 

 

 )2(13 kk tttaa    (D.30) 

 

Substituting the expressions for 1a  and   from equations D.27 and D.28 into equations 

D.29 and D.30 yields 

 

t
a





2

21

2


  (D.31) 

 

 

t
a





2

3 12

3


  (D.32) 

 

Analogous expressions can be derived for 1 , 2  and 3 . 
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 Equations D.28 and D.31 through D.35 are used to populate kF , ku  and kB  in 

equation D.21. The last step is to use equations D.28 and D.31 through D.35 to convert 

k  from errors in a  and   to errors in   and  . Let 6kw  be defined as 

 TTT

k ][ 2211   w  (D.36) 
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Then k  and kw  are related by the linear transformation kk wM , where 69 M  

is given by 
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Replacing k  in equation D.21 by 
kwM  and defining 65 kG  as MBG kk  , the 

linearized dynamic model is finally given by 
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APPENDIX E 

CONDITIONS FOR PRIMAL-DUAL OPTIMALITY 
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This appendix derives a set of equations that must be satisfied by the optimal 

solution to the primal and dual SDPs stated in equations 4.16 and 4.17. As long as the 

primal and dual problems have non-empty interiors (i.e., there exists an 0X  and 0S  

that satisfy the equality constraints in equations 4.16 and 4.17), optimal solutions *
X , *

S  

and *  exist for the primal and dual SDPs such that **)(Tr T
dXC  [Van96]. 

Replacing C  with the left hand side of the equality constraint in equation 4.17 results in 
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Because *
X  is primal feasible, ii d)(Tr *

XA . Therefore, equation E.2 reduces to 
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 Note that for two symmetric, positive semi-definite matrices A  and ,B  

 BAAB 0)(Tr . Therefore, at a primal-dual optimal solution, equation E.3 

implies that **
XS . Re-introducing the constraints from equations 4.16 and 4.17, 

primal-dual optimal solutions must satisfy the following equations 
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 0SX   (E.6) 

 

 0,0  SX  (E.7) 
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APPENDIX F 

INFEASIBLE INTERIOR POINT ALGORITHM 

FOR SEMI-DEFINITE OPTIMIZATION 
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Interior point algorithms work by restricting the iterates to a certain neighborhood 

of the central path, defined by the set of equations [Wri97]  

 )1(,,1,)(Tr  nnid ii XA
 

(F.1) 
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 0,   ISX  (F.3) 

 

 0,0  SX  (F.4) 

 

As 0 , the solution to equations F.1 through F.4 approaches the primal-dual optimal 

solution. Most interior point algorithms set   equal to  , where ]1,0[  is a 

centering parameter and   is the normalized duality gap, i.e., ])2([/)(Tr  nnSX  

[Lue08]. 

 In order to  solve equations F.1 through F.4, they must be converted to a set of 

linear equations. For guess solutions ,0X ,0S  and , the linearization is 

accomplished by making the substitutions ,XXX   ,SSS   and   , 

resulting in 
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 ISXSXSX   (F.7) 

 

where the 2
nd

 order term SX  has been dropped from equation F.7. 

 Defining the scalar ibr ,  and matrix )2()2(  nnnn

c R  as 
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allows equations F.5 through F.7 to be written as 
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 ISXSXSX   (F.12) 

 

 Solving equations F.10 through F.12 for X , S  and   will, in general, 

produce matrices X  and S  that are not symmetric. In response, the symmetrization 

operator, defined in equation F.13 for an arbitrary matrix M , is introduced [Kou07]. 
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Applying P  to both sides of equation F.12 results in 

 ISXSXSX  )(PP   (F.14) 

 

 Equations F.10, F.11 and F.14 constitute a set of linear matrix equations. In order 

to obtain the search directions X , S  and  , these equations must first be written in 

matrix-vector form. To facilitate the conversion, the following relations are used 

 )(vec)(vec)(Tr BABA
TT  (F.15) 

 

 )(vec)()(vec XABBXA  T

 (F.16) 
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where )(vec X  is a column vector obtained by stacking each column of X  underneath 

the immediately preceding column and   indicates the Kronecker product of two 

matrices [Bel97]. 

 The resulting linear system of equations has the form bx M . Defining mn  as 

)1(])2([2 2  nnnnnm
, then mm nn 

 M , mnx  and mnb  with the 
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 The vector )1(  nn

b r  is a column vector containing the s', ibr , )2(

,

 nn

ic R  

is the thi  column of 
cR  and XF , SF  are 22 ])2([])2([  nnnn  matrices defined 

as 
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It is not difficult to imagine that even for relatively small n, the size of M  is exceedingly 

large. In order to solve the linear system of equations efficiently, sparseness of the 

coefficient matrix must be taken advantage of and parallel computation techniques must 

be employed. A detailed discussion of this topic can be found in Chapter 11 of [Wri97]. 

 After solving equations F.10, F.11 and F.14 for the search directions X , S  and 

 , the guess solutions X , S  and   are updated according to 

 XXX  q  (F.22) 

 

 SSS  q  (F.23) 

 

   q  (F.24) 

 

where the scalar q  is the largest value in the interval ]1,0[  that keeps X , S  and   in a 

specified neighborhood of the central path. 

 In this dissertation, an infeasible interior point algorithm is used that operates in a 

neighborhood of the central path that admits infeasible iterates. The advantage of this 

type of algorithm is that it does not require an initialization phase. Instead, it merely 

requires initial values of X  and S  (denoted by 0X  and 0S , respectively) that are 

symmetric positive definite. The degree of infeasibility in X , S  and   is captured by 

computing the vector norm 
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(F.25) 

 

 Notice that if X , S  and   are feasible then br  and cR  (i.e., 0 ). 

Also notice from equation E.3 in Appendix E that the value of the normalized duality gap 

is equal to zero at *
X  and *

S . Therefore, at each step of the algorithm, progress must be 
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made toward reducing   and   to zero. This is accomplished by choosing the step 

length ]1,0[q  to be the largest value such that 

  )01.01( q  (F.26) 
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where 0  and 0  are computed at the initial point 
0X , 

0S  and 
0  and 1  is a given 

parameter that controls how much priority is placed on improving feasibility at each 

iteration. In the most aggressive case where 1 , the relative decrease in the degree of 

infeasibility must be at least as large as the relative decrease in the normalized duality 

gap. 

Equation F.27 is one characteristic of the infeasible neighborhood used in this 

work, which is defined as [Wri97] 
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where )1,0(  is a given value and )(eig SXi  indicates the thi  eigenvalue of SX . In 

this dissertation, the configurable parameters are set equal to: 25.0 , 2  and 

01.0 . 
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APPENDIX G 

PROOF THAT GLOBAL MINIMUM RESIDES AT AN ENDPOINT 
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Consider the minimization problem  
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 Let the cost function be denoted by )( 2f . Differentiating )( 2f  with respect 

to 2  results in 
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Factoring equation G.3 yields 
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Making the definition 2/  , equation G.4 can be rearranged into the form 
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 Recognizing the last factor on the right hand side of equation G.5 as 

 sinh2cosh2   , the first derivative becomes 
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The roots of equation G.6 are the critical points of )( 2f . Notice that )(exp 2x  is 

non-zero for any finite value of x . This implies that the critical points must satisfy the 

relation 

 0sinhcosh    (G.7) 

 

 Given that cosh  is non-zero for all  , dividing both sides of equation G.7 by 

cosh  yields 

 0tanh    (G.8) 

 

The fact that tanh  is a monotonically increasing function implies that there is only one 

solution to equation G.8, which is given by 
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Re-introducing the definition 2/  , equation G.9 implies that 
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 Whether or not the critical point in equation G.10 is a local minimum or a local 

maximum can be ascertained using the second derivative test. However, before 

differentiating equation G.6, the following definitions will be made 
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 )sinhcosh()(   h  (G.12) 

 

which allows equation G.6 to be written more compactly as 
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The second derivative is then given by 
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 At the critical point c   specified in equation G.9, 0)( ch  . Therefore, it is 

only necessary to evaluate the first term on the right hand side of equation G.14. 
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Equation G.15 simplifies to 

 
)coshsinh()(

2

1
exp

)(

2

)(

22

272

,

22

2

2

cc

cc
cc

d

fd
















   (G.16) 

 

 Making the substitution )/(tanh 1  c  from equation G.9 and using the 

relations 
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equation G.16 becomes 
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The last factor on the right hand side of equation G.19 can be simplified further, 

depending on whether   is positive or negative. 
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 Upon substituting equation G.20 into equation G.19, the second derivative at the 

critical point becomes 
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Because   is always positive, the right hand side of equation G.21 is negative at 
2

c  (i.e., 

2

c  is a local maximum). Therefore, the global minimum to the optimization problem in 

equation G.1 must occur at either l  or u . 
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APPENDIX H 

DETERMINATION OF POLYTOPIC FEASIBLE REGION 
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The vector of conditional variances obeys the linear system of equations 

 rc D2  (H.1) 

 

where 12  m , 1 mc  and rnm 


)1(D . 

Equation H.1 can also be written in the form 

 
rr nn rrr dddc  2211
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where 1 m

i d  is the thi  column of D  and ir  is the thi  component of r . 

Now suppose that 1m  of the id  are chosen to form a matrix )1()1(  mmA  

and the remaining 1mnr  id  are used to form a matrix )1()1( 


mnm rB . Then 

equation H.2 becomes 
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with 1 m

a r  and 
1


mn

b
rr  formed from components of r  that correspond to the 

columns of A  and B , respectively. 

 Notice that A  is a square matrix. Pre-multiplying both sides of equation H.3 by 

1
A  results in 
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Defining 1

A

 mc , rnm 


)1(

A L  and rnAr  as cc
1

A

 A , ][ 1

A BAIL
 , 

and TT

b

T

a ][A rrr   allows equation H.4 to be written more concisely as 
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 The components of 
A

21
c A  are known affine combinations of the 

2

j , 

whereas AA rL  has unknown but bounded elements. For a given component of AA rL , 

upper and lower bounds are determined by setting each component of Ar  equal to its 

upper or lower bounding value, depending on the sign of the corresponding element in 

AL . This is analogous to the procedure described in Section 2.6 to upper and lower 

bound 
2

j . Therefore, equation H.5 describes a set of )1(2 m  linear inequality 

constraints of the form 

 
k

T

k 2g  (H.6) 

 

where 1 m

k g  and k  is a scalar. 

 Selecting a different set of id  for A  and assigning the remaining id  to B  will 

yield a new set of inequalities. This process can be performed for all possible A  

matrices. However, it is only necessary to consider sets of id  that include the first 

column of D ; those that do not include the first column result in repeated inequality 

constraints. Hence, ),1( mnC r   combinations of the id  need to be considered, where 

),( rnC  denotes how many ways n  objects can be taken r  at a time. That is 

 

!)(!

!
),(

rnr

n
rnC


  (H.7) 

 

  For the specific case where 3m  and 7rn , equation H.7 indicates that there 

are 20 relevant sets of 
4id . Table H.1 lists these sets together with the number of 

new inequalities contributed by equation H.5 for each set. 
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Table H.1. Number of Constraints Introduced from each Column Combination 

Group One  Group Two 

Columns of D  
Number of New 

Inequalities 
 Columns of D  

Number of New 

Inequalities 

4321  8  5431  2 

5321  6  6431  2 

6321  6  7431  2 

7321  6  6531  2 

5421  4  7531  2 

6421  4  7631  2 

7421  4  6541  2 

6521  4  7541  2 

7521  4  7641  2 

7621  4  7651  2 

 

There are a total of 70 inequality constraints when 3m  and .7rn  

Mathematically, the number of inequalities en  can be written as 

 )3,2()2,1()1,(2  mnCmnCmnCn rrre  (H.8) 

 

Equation H.8 can be generalized to arbitrary m  and rn , resulting in the following 

expression for the number of inequalities necessary to define the polytopic feasible region 
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