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ABSTRACT 

Unmanned Air Vehicles (UAVs) have recently generated great interest because 

of their potential to perform hazardous missions without risking loss of life. If 

autonomous airborne refueling is possible for UAVs, mission range and endurance 

will be greatly enhanced. However, concerns about UAV-tanker proximity, dynamic 

mobility and safety demand that the relative navigation system meets stringent 

requirements on accuracy, integrity, and continuity. In response, this research focuses 

on developing high-performance GPS-based navigation architectures for Autonomous 

Airborne Refueling (AAR) of UAVs. 

The AAR mission is unique because of the potentially severe sky blockage 

introduced by the tanker.  To address this issue, a high-fidelity dynamic sky blockage 

model was developed and experimentally validated.  In addition, robust carrier phase 

differential GPS navigation algorithms were derived, including a new method for 

high-integrity reacquisition of carrier cycle ambiguities for recently-blocked satellites.  

In order to evaluate navigation performance, world-wide global availability and 

sensitivity covariance analyses were conducted. The new navigation algorithms were 

shown to be sufficient for turn-free scenarios, but improvement in performance was 

necessary to meet the difficult requirements for a general refueling mission with 

banked turns.  Therefore, several innovative methods were pursued to enhance 

navigation performance. 

First, a new theoretical approach was developed to quantify the position-

domain integrity risk in cycle ambiguity resolution problems.  A mechanism to 

implement this method with partially-fixed cycle ambiguity vectors was derived, and it 
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was used to define tight upper bounds on AAR navigation integrity risk.  A second 

method, where a new algorithm for optimal fusion of measurements from multiple 

antennas was developed, was used to improve satellite coverage in poor visibility 

environments such as in AAR.  Finally, methods for using data-link extracted 

measurements as an additional inter-vehicle ranging measurement were also 

introduced.  

The algorithms and methods developed in this work are generally applicable to 

realize high-performance GPS-based navigation in partially obstructed environments.  

Navigation performance for AAR was quantified through covariance analysis, and it 

was shown that the stringent navigation requirements for this application are 

achievable.  Finally, a real-time implementation of the algorithms was developed and 

successfully validated in autopiloted flight tests. 

 



 1

CHAPTER 1 

INTRODUCTION 

Unmanned Air Vehicles (UAVs) have recently generated great interest because of 

their potential to perform hazardous missions without endangering the lives of pilots and 

crews. A UAV does not fatigue, and thus endurance is limited by mechanical constraints, 

weapon payload and, primarily, fuel [34] [12]. If aerial refueling is possible for UAV’s, 

mission range and endurance will be greatly enhanced. Since UAVs are unmanned, such 

refueling missions must take place autonomously. In this work, a GPS-based navigation 

algorithm for autonomous air refueling of unmanned air vehicles is developed. 

1.1 Global Positioning System 

Navigation is not a modern field. Migrating animals like birds, bees, whales, and 

schools of fish equipped with different internal sensors have utilized navigation 

techniques to guide them to their desired destinations. Our ancestors, guided by the sun 

during the day and the stars during the night, crossed the vast seas and traveled across 

continents. However, these celestial beacons could become invisible in the presence of 

cloud cover and other adverse weather conditions which, if prolonged, would lead to 

misguidance and possibly a fatal outcome.  Technological advancements made during the 

twentieth century have led to the development of artificial stars (satellites) that can be 

launched into space for navigation. These satellites, which represent the building blocks 

of the Global Positioning System (GPS), shower the earth with an electromagnetic signal 

that can be reached globally regardless of the weather conditions.   
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GPS is a passive satellite-based ranging system that is based on the trilateration 

principle [25]. A passive system is one in which the user does not interact with the 

broadcast signal and only listens to it.  Trilateration is a positioning technique that uses 

distance measurements from known locations to calculate the position of the user.  In 

GPS, satellites represent the known points. In order to determine the distance between the 

user and the satellite, one must know the transit time of the GPS signal. In order to 

measure the transit time, the clocks in the satellites and the receivers must be 

synchronized. However, receivers are usually equipped with inexpensive quartz 

oscillators in contrast to the ultra stable atomic clocks used onboard the satellites. 

Therefore, in addition to the three position-coordinate unknowns, the bias in the receiver 

clock at the instant of the measurement must be estimated. As a result, each user needs at 

least four satellites in view in order to determine his position. (For more about position 

estimation using GPS see Chapter 2.) GPS satellites are medium earth orbit (MEO) 

satellites with an altitude of 

approximately 20,000 km. A satellite 

at this altitude orbits around the 

earth twice a day. In order to provide 

worldwide coverage with four or 

more visible satellites at any instant, 

a constellation of 24-36 satellites is 

required. The baseline constellation, 

which was declared in 1995, consists 

of 24 satellites which are arranged in 
Figure 1.1. GPS Constellation 
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six orbital planes (four satellites distributed evenly in each plane) inclined at 55o relative 

to the equatorial plane (Figure 1.1). At the time of the writing of this dissertation, there 

were typically 27-31 operational satellites.  

The satellites and their signals are tracked continuously from worldwide monitor 

stations. The data collected from these monitor stations is processed at the Master Control 

Station (MCS). The MCS is responsible for many critical operations required to sustain 

GPS, including: monitoring satellite orbits, commanding small maneuvers to sustain the 

satellite’s orbit, monitoring and maintaining satellite health, maintaining GPS time, 

predicting and updating satellite ephemerides (satellite position and velocity) and 

uploading the navigation data message to the satellites. GPS satellites transmit the radio 

ranging signals along with navigation data at two different frequencies: L1 (centered at 

1575.42 MHz) and L2 (centered at 1227.60 MHz). The Radio Frequency (RF) power at 

the satellite antenna port is approximately 50 watts of which only about 10-16 watts reach 

the surface of the earth. Therefore, the GPS signal received on earth is extremely weak 

and it is typically unreliable to use those signals passing through buildings, tunnels and 

metallic objects. 

The performance of the navigation algorithms is quantified based on four 

parameters that describe its accuracy and reliability (robustness). Real time navigation 

applications usually demand that the final architecture meets the required levels of these 

parameters. These parameters are: 

1. Accuracy: Accuracy is the measure of the navigation output deviation from 

truth under fault-free conditions and is often specified in terms of a 95% 

confidence level. 
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2. Integrity: Integrity is the ability of a system to provide timely warnings to 

users when the system should not be used for navigation. Integrity risk is the 

probability of an undetected navigation system error or failure that results in 

hazardously misleading information. 

3. Continuity: Continuity is the likelihood that the navigation signal-in-space 

supports accuracy and integrity requirements for the duration of intended 

operation. Continuity risk is the probability of a detected but unscheduled 

navigation function interruption after an operation has been initiated. 

4. Availability: Availability is the fraction of time the navigation function is 

usable (as determined by its compliance with the accuracy, integrity, and 

continuity requirements) before the operation is initiated.  

 

1.2 Airborne Refueling 

Two main types of in-flight refueling systems are currently in use: the drogue 

system which most U.S. Navy aircraft use and the boom system which the U.S. Air Force 

uses. In the drogue system, a flexible hose with a cone-shaped basket at the end, also 

called a drogue, is winched out from the tanker wing (Figure 1.2-a). The receiving 

aircraft has a probe which the pilot guides into the basket. The boom system, in contrast, 

has a fixed boom which is lowered from the tanker end and is extended into a socket on 

the top of the receiving aircraft (Figure 1.2-b). Today, there are three types of tanker 

airplanes in service that are used for in-flight air refueling: KC-135, KC-10 and KC-130. 

In the KC-10 and KC-130, the drogue hose is winched from the wings of the airplane 

(Figure 1.2-a). In contrast, the KC-135 is capable of using both types of refueling 

systems. The drogue system used for the KC-135 is basically a short adaptor that is 
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attached to the end of a fixed boom. Although the KC-10 is larger than the KC-135, there 

are only 59 KC-10’s in American inventory compared to 615 KC-135 airplanes. In this 

work, the KC-135 using the boom system is studied in detail. 

 

Figure 1.2. Air Refueling Systems. a) Drogue System and b) Boom System 

 
The tanker aircraft usually flies in a race track pattern that is limited by the 

refueling airspace.  The race track pattern consists of two straight legs and two turning 

legs as shown in Figure 1.3.  The KC-135 is capable of providing 1000 gallons/minute of 

fuel through its boom. If the straight leg is long enough 

to refuel the receiving aircraft, a straight and level 

refueling mission is conducted. However, if the airspace 

is small and the refueling time exceeds the straight leg 

time, a race track refueling mission (where the receiving 

aircraft remains engaged with the boom through the turn 

legs) becomes necessary. 

Aerial refueling is a key capability required to 

b.a.

Figure 1.3. Race Track 
Refueling Pattern 
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make full use of the benefits inherent in the UAV [34],[19]. Since UAVs are unmanned, 

such refueling missions must take place autonomously. Autonomous Aerial Refueling 

(AAR) is considered a “technical challenge” by the US Air Force [12] and is relatively 

new area of research, with most of the previous work being done within the past five 

years. A key role in successful refueling is to estimate the position of the UAV relative to 

the tanker very accurately and in real time. In addition, to ensure safety and operational 

usefulness, the navigation architecture must provide high levels of integrity. To meet 

these requirements, several instruments and methods for relative navigation have been 

pursued.  

1.3 Previous Work 

1.3.1  Autonomous Airborne Refueling (AAR). Most of the previous research in AAR 

focused on passive and active vision sensors. Passive vision systems do not require the 

cooperation of the target in any way [32]. The disadvantages with passive systems come 

from their significant computational burden and sensitivity to lighting conditions. In 

contrast, active vision systems communicate and coordinate with the target using a set of 

structured light beacons and a sensor [18],[37]. While active vision sensors are more 

robust to lighting conditions, they require that additional equipment be installed on the 

tanker and the UAV which increases the weight and also the cost. 

A benefit of using GPS for AAR is that GPS systems are already installed 

onboard the UAV and the tanker. So, there are no weight or cost penalties in expanding 

its use. GPS was not originally considered a candidate for AAR terminal navigation 

because of AAR’s stringent accuracy requirements and the severe sky blockage that the 

tanker causes to the GPS signal. A passive vision system integrated with GPS has been 
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developed by Sierra Nevada Corporation for autonomous refueling using a drogue system 

[11]. In addition to the visibility limitations, described above, the video tracking system 

that was developed is highly dependent on the GPS estimated relative vector between the 

tanker and receiving aircraft. Therefore, the video tracking system requires the visibility 

of four satellites at all times. The drogue hose is usually long and sometimes is winched 

from the wing tips, which makes the blockage caused by the tanker insignificant. 

Therefore, it is quite possible to have enough satellites visible during the mission. In 

contrast, the boom is much shorter than the hose and causes a significant blockage to the 

GPS satellites. Moreover, because of the rigid structure of the boom, there are potentially 

disastrous consequences if the boom does not penetrate the receiving port. Therefore, the 

navigation requirements of AAR using the boom are tighter than those using the drogue 

system. 

 
1.3.2  Sea-Based Joint Precision Approach and Landing System (SB-JPALS). SB-

JPALS is intended to support automatic shipboard landing of aircraft on carrier ship 

decks.  The mobility of the reference station (ship), requires higher levels of accuracy and 

integrity than those required for similar precision approach applications at land-based 

airfields. Because of the highly stringent requirements, SB-JPALS is based on Carrier 

Phase Differential GPS (CPDGPS) positioning (see Chapter 2). AAR’s navigation 

requirements are similar to SB-JPALS. Therefore, the SB-JPALS navigation architecture 

[13] is exploited as a preliminary basis for the AAR navigation algorithm. However, as 

noted above, the tanker introduces severe sky blockage into the AAR mission which 

reduces the number of visible GPS satellites and hence degrades the positioning 

accuracy. In response, a sky blockage model that describes the resulting tanker shadow 
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must be developed. With regard to integrity concerns, the SB-JPALS navigation 

architecture is not capable of handling satellites that become visible after fixing the cycle 

ambiguities (see Chapter 2 for information about cycle ambiguities). In AAR, specifically 

in race track refueling, satellites are expected to be lost and regained repeatedly because 

of the changing geometry of the tanker shadow with respect to the sky. Therefore, an 

algorithm that handles satellites outages while maintaining integrity should also be 

developed. 

 
1.3.3  Position domain integrity risk of cycle resolution. High accuracy navigation 

applications require the use of carrier phase measurements. However, in order to obtain 

centimeter level accuracy, cycle ambiguities must be resolved. Over the last couple of 

decades, a plethora of research has been conducted in the area of cycle resolution and 

many different approaches have been developed to fix cycle ambiguities. A summary of 

the most frequently used methods is provided in [17]. In applications where integrity and 

accuracy requirements are stringent (such as AAR) the cycle resolution problem can be 

very challenging. Previous methods [31] are based on determining the probability of 

correct fix of the ambiguities that preserves position solution integrity. In these methods, 

it is conservatively assumed that all incorrect integer candidates will cause the position 

errors to exceed the alert limits. However in some navigation applications fixing 

ambiguities with a success rate that meets the integrity risk requirement is not always 

possible. As a result, cycle ambiguities cannot be fixed, which results in poor positioning 

accuracy. Therefore, an innovative approach to calculate the integrity risk by evaluating 

the impact of the incorrect integer candidates in the position domain is developed in this 

work. 
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1.3.4  Measurement redundancy. A variety of methods for using redundant GPS 

measurements from different antennas can be designed to enhance the navigation 

performance. The Local Area Augmentation System (LAAS) uses ground antenna 

redundancy to detect failures and to broadcast corrections to airborne vehicles [35], [28], 

[5] and [21]. Plenty of research has also been conducted on using measurement 

redundancy in Real Time Kinematic (RTK) systems to increase application accuracy 

[36], [20]. Furthermore, a multiple antenna configuration used onboard the navigation 

vehicle demonstrated the ability of antenna redundancy to estimate attitude [8], [6]. 

However, the fusion of measurements from multiple antennas to enhance ambiguity 

resolution and enhance satellite coverage in poor visibility environments (such as AAR) 

has not been studied and will be investigated in this work.  

1.4 Contributions 

The main goal of this research is to develop, implement and experimentally test a high 

performance GPS-based navigation algorithm for autonomous airborne refueling of 

unmanned air vehicles. Within this context, the contributions associated with this 

dissertation can be recapitulated as: 

1. GPS navigation algorithms for Autonomous Airborne Refueling of UAVs 

were developed, implemented, and experimentally validated. These 

algorithms provide robust performance by combining the complementary 

benefits of geometry-free filtering and geometric redundancy. A dual track 

fixing algorithm has also been developed to handle satellites after the 

geometric redundancy step without sacrificing integrity (Chapter 2). Finally, a 
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real-time implementation of the algorithm has been developed and 

successfully validated in a real time flight test conducted in 2007 (Chapter 5).   

2. A high-fidelity, dynamic sky blockage model was developed, implemented 

and experimentally validated.  The sky blockage model was used to study the 

performance of the navigation algorithm and was also used in the planning of 

several AAR flight tests (Chapter 3). AAR flight tests were conducted in 2004 

and the collected data was post-processed and used to validate the blockage 

model (Chapter 5).  

3. A covariance analysis methodology to analyze the performance of the AAR 

architecture was developed to study the sensitivity of navigation availability to 

different requirements (fault free integrity risk, elevation mask, and 

constellation). In addition, a world-wide global analysis for GPS positioning 

was conducted and the results were presented (Chapter 4). 

4. New methods to improve the navigation performance using redundant 

measurements were developed. These methods include blending 

measurements from different antennas and using data-link extracted time-

difference measurements as an additional sensor to enhance accuracy, 

integrity, and continuity. In addition, the benefits of redundant antennas have 

been explored in cycle ambiguity resolution enhancement. In applications that 

are conducted in poor visibility environments such as AAR, measurements 

from different antennas can provide additional information that assist in 

resolving the cycle ambiguities and estimating the position accurately 

(Chapter 6). 
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5. A new method for calculating integrity risk for carrier phase navigation 

algorithms by evaluating the impact of incorrect ambiguity fixes in the 

position domain is developed. In addition, a mechanism to implement this 

method with a partially fixed solution in a navigation system is described. The 

impact of this method on a navigation system such as AAR is also quantified 

through availability analysis simulated over a wide range of error model 

parameters (Chapter 7). 
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CHAPTER 2 

NAVIGATION ALGORITHMS 

During the previous couple of decades, different GPS algorithms have been 

developed. Algorithm diversity depends on the navigation requirements (such as 

accuracy and integrity), application limitations, cost, and legacy. Certain error sources 

exist in the GPS signal. It is important to take these sources into account when modeling 

the range measurements and designing the navigation algorithm. Error models play an 

important role in choosing the type of algorithm and dictate the resulting accuracy that 

can be attained. Depending on the way GPS is used, accuracies can range from 10 meters 

(for standalone GPS) to a few centimeters (in carrier phase differential GPS). In this 

chapter, we start with a brief discussion about the GPS signal and error sources.  Then we 

provide a general description of some of the most commonly used navigation algorithms 

that will serve as background material for explaining the AAR navigation algorithm.  

2.1 GPS Signal and Error Sources 

The main objective of developing GPS was to continuously offer the U.S. military 

accurate estimates of position, velocity and time all over the globe. Civil users, on the 

other hand, would have access to a less accurate, degraded signal for national security 

considerations. The basic accuracy requirements were 10 meters for military users and 

100 meter position error root-mean-square (RMS) for civil users [25]. As a result, GPS 

was designed to provide two kinds of services: 

• Standard Positioning Service (SPS) for civil users 
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• Precise Positioning Service (PPS), which is protected by an encryption key to 

which only authorized users have access.  

GPS satellites transmit ranging codes and navigation messages at two different 

carrier frequencies: L1 at 1575.42 MHz and L2 at 1227.60 MHz. The SPS and PPS 

ranging codes are transmitted on the L1 carrier frequency. The L2 carrier frequency holds 

the PPS ranging code only (future plans of broadcasting the SPS signal on the L2 

frequency exist). The ranging code is a unique orthogonal Pseudo-Random Noise (PRN) 

sequence of zeros and ones that is assigned to each satellite individually. Using the PRN 

code, the receiver is capable of determining the range to each satellite precisely while 

assigning each range to its transmitting satellite. Each satellite transmits two codes, a 

coarse/acquisition (C/A) code for the SPS users and an encrypted precise (P(Y)) code for 

the PPS users. More on the signal structure, acquisition and tracking can be found in [2] 

and [33]. 

The quality of the position estimate depends on different factors such as: the 

satellites’ geometry (number of satellites and their distribution in the sky), navigation 

message errors, and the quality of the range measurement. Since the GPS satellites orbit 

around the earth twice a day, satellite geometry is expected to change as they rise, pass by 

and then set. An example of the navigation message errors is erroneous ephemeris 

parameters that are used to calculate the satellite position. Range measurement errors 

involve all error sources that affect the way the receiver calculates the transit time of the 

GPS signal. These errors include ionospheric and tropospheric propagation delays, signal 

multipath, receiver noise, interfrequency biases, and antenna phase center variations. 

Brief descriptions of these errors follow: 
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• Ionospheric delay (I) is caused by the region of ionized gases (ionosphere) 

that extends from 50 km to about 1000 km above the earth. The ionization is 

caused by the sun’s radiation and, therefore, the electron density varies 

between day and night. In addition, sun activity, such as solar storms and 

geomagnetic disturbances, has a direct impact on the ionosphere’s physical 

characteristics. When the GPS radio signal travels through the ionosphere a 

change occurs in its speed and direction (usually referred to as refraction). 

This change in speed and path affects the transit time, which has a direct 

impact on the calculation of the transit time and hence the range. Because of 

the dispersive effect of the ionosphere on the GPS signal, there are different 

effects on code and carrier measurements.  

• Tropospheric delay (T) is caused by the lower part of the atmosphere 

(troposphere) that extends from the surface of the earth to about 16 km. The 

troposphere is mainly composed of water vapor and dry gases such as N2, O2 

and CO2. The tropospheric delay depends on the density and vapor content in 

the troposphere which is related to the latitude, altitude, season, and weather 

condition. Similar to the ionosphere, the GPS radio signal experiences a delay 

when it travels through the troposphere. In contrast to the ionospheric delay, 

the tropospheric delay is the same on code and carrier measurements. 

• Signal multipath (M): The GPS antenna usually receives the direct signal from 

the satellite and some reflections of the same signal from the ground and 

surrounding objects. Depending on the strength of the reflected signal, the true 
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range measurement will be a weighted sum of the delayed reflected signals 

and the direct signal.  

• Interfrequency bias (df): In dual frequency applications, an additional bias 

appears between the L1 and L2 range measurements. This bias can be caused 

by different signal propagation delays inside the receiver for L1 and L2 

components. In addition, the difference in signal refraction through the wiring 

and antenna cables causes a bias difference (similar to Ionospheric error) 

between L1 and L2 measurements. This difference is usually referred to as 

“interfrequency bias” and is usually modeled as a bias on the L2 

measurement.  

• Antenna phase center variation (da): In high accuracy applications, care must 

be exercised in defining the “user” location. It is the location of the electrical 

phase center that is estimated. The phase center is the point to which the range 

measurements are referred. The antenna electrical phase center, which is 

generally different than its geometric center, varies with the elevation and 

azimuth angles of the signal source. The variation in phase center can range 

from 1 mm - 5cm depending on the antenna design.  

• Carrier phase windup ( ): Because the circular-polarized GPS carrier 

signal has a “corkscrew” structure, changing the receiver antenna orientation 

with respect to the source antenna introduces a shift in the carrier wave. This 

shift results in a change in the measured phase proportional to the relative 

change in azimuth between the signal source and the antenna, which 



 16

accumulates and appears as a bias in the carrier phase measurement and is 

referred to as “carrier phase wind-up”. 

• Receiver noise refers to the noise introduced by the antenna, cables, amplifier, 

receiver and interference. Receiver noise is usually inversely proportional to 

the signal strength (signal-to-noise ratio) which varies with the satellite 

elevation angle. In nominal conditions, receiver noise is typically lower for 

high elevation satellites than for lower elevation satellites. 

Satellite geometry can be improved by adding more satellites in space. For 

example, the European Union (EU) is planning to develop a satellite navigation system 

“Galileo” that mimics GPS. In addition to Galileo, China is developing its own system 

which is called “Beidou”, meaning “Compass”. As of 2007, only one satellite of each of 

the Galileo and Compass constellations have been launched and become operational. 

When the full constellations of Galileo and Compass are declared operational, it is 

expected that the navigation accuracy will be considerably improved as a result of the 

enhanced satellite geometry.  

Some of the ranging error sources can be similar for users located in the near 

vicinity of each other. These errors can be estimated at a reference station of a known 

location and transmitted to other users in the same area. Alternatively, if a relative 

position estimation is desired, the raw measurements can be transmitted from the 

reference station (which may be moving) to the user via a data link. The user can 

difference the two measurements and eliminate the common error sources. Such a 

process is generally called differential GPS, abbreviated DGPS. More about DGPS will 

be discussed later in this chapter.  
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GPS receivers usually provide two types of range measurements for each 

frequency: a pseudorange measurement and a carrier phase measurement. The 

pseudorange measurement is the measure of the phase offset between the received code 

for a given satellite and an identical code generated internally in the receiver multiplied 

by the speed of light. The term pseudo is used because of an unknown bias that results 

from the fact that the receiver clock is not synchronized with the satellite clocks. In other 

words, satellites and receivers keep time independently and each one generates a code 

based on its own clock. Therefore, two biases are introduced to the true range 

measurement: one that is related to the satellite clock offset (referred to as the ith satellite 

clock bias τ (i ) and one that is related to the receiver clock bias τr. Adding the error 

sources (ionospheric delay I, tropospheric delay T, Multipath M, and phase center 

variation da) to the satellite and receiver clock biases, the relation between the L1-

pseudorange measurement PR and the true range ρ for the ith satellite and rth receiver can 

be expressed as,  

  (2.1)

 
where, 

: L1 pseudorange raw measurement for a given satellite (i) in units of length 

: true range from the receiver (r) to a given satellite (i) in units of length 

: ith satellite clock bias in units of length 

: receiver clock bias in units of length 

: L1-ionospheric delay error for a given satellite (i) in units of length 

: tropospheric delay error for a given satellite (i) in units of length 
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: multipath error for a given satellite (i) in units of length 

: antenna phase center variation for a given satellite (i) in units of length 

: L1-pseudorange receiver noise and modeling errors for a given satellite (i) in 

units of length 

The L2-pseudorange code can also be expressed similarly to Equation 2.1. In 

addition to the L1-error sources, the interfrequency bias (df) is added. Also, knowing that 

the ionospheric delay is inversely proportional to the square of the carrier frequency, it 

can be expressed in terms of the L1-ionospheric delay as shown in Equation 2.2.  

 
 

(2.2)

 
where, 

: L2 pseudorange raw measurement for a given satellite (i) in units of length 

 and : L1 and L2 carrier signal frequencies 

 : multipath errors for a given satellite (i) in units of length 

 : interfrequency bias in units of length 

 : L2-pseudorange receiver noise and modeling errors for a given satellite (i) 

in units of length 

The precision of the code phase measurements (PR) due to nominal receiver noise 

is typically 0.2-1.0 m (σPR). Therefore, smaller errors such as antenna phase center 

variation (da) can be dropped from the code measurement equations (Equations 2.1 and 

2.2) and combined with the receiver noise term ( ).  
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In addition to the code measurement, the receiver usually provides a more precise 

measurement which is referred to as the carrier phase measurement. The carrier phase 

measurement is the difference between the phase of the satellite transmitted carrier signal 

and the receiver generated carrier at the instant of the measurement. Since the carrier 

signal is of a much shorter wavelength (19.0 cm for L1 and 24.0 cm for L2), it is not a 

surprise that the carrier measurements are more accurate than the code, which has a wave 

length of 300 m for C/A code and 30 m for P(Y) code. However, the carrier signal is 

simply a sinusoidal wave that does not have a coded structure like the code signal. 

Therefore, although the receiver can easily track up to a hundredth of a carrier cycle 

(typical carrier phase noise can be around 1.0 cm), it lacks a mechanism to know the 

number of whole cycles there are between the satellite and the user. This unknown is 

referred to as the integer ambiguity or cycle ambiguity. As long as the receiver tracks the 

carrier phase signal, the cycle ambiguity (N) stays the same and the receiver provides the 

change of fraction of cycles (or whole cycles) (φ) while the distance between the user and 

the satellites change.  

Except for few additional error sources, carrier phase measurements experience 

the same error sources as the code phase measurement. As the ionosphere delays the code 

phase signal, it advances the carrier phase signal by the same amount. In addition, 

multipath errors are much smaller for carrier phase measurements compared to code 

phase measurements because of the carrier signal’s shorter wavelength. Parallel to the 

code phase measurement models shown in Equations 2.1 and 2.2, L1 and L2 carrier 

phase measurement models can be expressed (in range units) as follows,   
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(2.3)

 

 
 

(2.4)

 
where, 

 and : L1 and L2 carrier phase raw measurement for a given satellite (i) in 

units of length 

 and : L1 and L2 cycle ambiguity for a given satellite (i) in units of cycles 

 and : L1 and L2 carrier signal wavelengths 

 and : L1 and L2 multipath errors for a given satellite (i) in units of 

length 

 : antenna phase center variation for a given satellite (i) in units of length 

1 and 2: L1 and L2 carrier phase windup for a given satellite (i) in units of 

length 

  and : L1 and L2 carrier phase receiver noise and modeling errors for a 

given satellite (i) in units of length 

Estimating the cycle ambiguity (N) is usually referred to as cycle resolution and is 

generally nontrivial. Cycle ambiguity resolution will be discussed in detail in section 

2.3.3. The code phase and carrier phase measurements can be used differently for 

different applications. In the following sections three different methods for estimating the 
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position are explained: stand alone positioning, code differential positioning and carrier 

phase differential positioning.  

2.2 Standalone GPS 

The term standalone GPS is used when the user position is estimated without 

using a reference station. Therefore, the position is typically expressed with respect to a 

geodetic reference frame (such as latitude, longitude and height). In the absence of the 

reference station corrections, certain models for the error sources are used. Parameters for 

estimating the satellite clock bias and ionospheric delay are broadcast in the navigation 

message [2]. Alternatively, the ionospheric delay can be eliminated using dual frequency 

(L1/L2) receivers [25]. The tropospheric delay can be estimated using different models 

[27]. Multipath errors can be reduced by smoothing the code using the carrier signal [25]. 

Otherwise, the assumed standard deviation of the receiver noise can be inflated to take 

into account the combined multipath and other receiver errors. For simplicity, only L1 

pseudorange measurements will be used for estimating the position in this section.  

After correcting the L1 pseudorange for the signal errors, Equation 2.1 is reduced 

to 

    (2.5)
 

where, 

PRc
(i): corrected pseudorange for a given satellite (i) 

: remaining modeling errors and receiver noise (with a standard deviation (σ) 

that can range from 1 m to 6 m) 
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If the user and satellite positions in a certain coordinate frame are denoted as 

xr=(x, y, z) and x(i)=(x(i), y(i), z(i)), respectively, then the true range (ρr
(i)) can be expressed 

as, 

  x x   (2.6)

 
where, 

: the norm of  

x : position of satellite (i) in certain coordinate frame  

x : user position in the same coordinate frame as the satellite 

Substituting Equation 2.6 in Equation 2.5, the pseudorange as a function of the 

user position (xr) can be written as, 

  x x   (2.7)
 

Equation 2.7 is a nonlinear equation with respect to the user position xr and 

contains four unknowns; three coordinates for xr and the receiver clock bias τr. Therefore, 

at least 4 satellites are required to solve the four unknowns. In order to linearize Equation 

2.7, we start with an initial guess of the user location (x0) and clock bias (τ0). The 

approximate pseudorange using the initial guess (PR0) would be, 

  x x   (2.8)
 

where, 

x : user location initial guess 

: receiver clock bias initial guess  

Dropping the error term ( ) for simplicity then subtracting Equation 2.8 from 

(2.7) and using x=x0+δx and τr=τ0+δτ, the pseudorange difference becomes, 
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  x x x x x   (2.9)
 

where, 

x x x   

  

Using a Taylor series expansion, the term x x x x x  can be 

approximated as the projection of the position error (δx) on the line-of-sight unit-vector 

(e) from the initial guess (x0) to satellite (i) as shown in Equation 2.10. 

  x x x x x
x x
x x

· x e · x  (2.10)

 
where, 

e(i): line-of-sight unit-vector from initial guess (x0) to satellite (i) 

Substituting Equation 2.10 in Equation 2.9 and stacking all n-visible satellite 

measurements in a matrix form,  

 
1

1

x   (2.11)

 
Equivalently, referring to the left hand side of Equation 2.11 by the measurement 

vector (z), the line of sight vector matrix by observation matrix (H), unknown position 

and clock vector by state vector (x) and the measurement noise by (ν), Equation 2.11 can 

be rewritten as, 

  z H x ν  (2.12)
 

where, 

z: measurement vector  

H: observation matrix  
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x: state vector 

ν: measurement noise vector 

Using weighted least squares estimation, x can be estimated using the 

measurement vector z, the observation matrix H and the weight matrix V, which is the 

covariance of the error ( ). Assuming that the measurements from different satellites 

are independent, uncorrelated and randomly distributed with zero mean and a standard 

deviation , the covariance matrix V can be constructed by placing the variance (σ 2) 

of the error of each corrected measurement ( ) on the diagonal elements as shown in 

Equation 2.13. 

  V
0

0
  (2.13)

 
where, 

: variance of the error of corrected pseudorange measurement . 

It should be noted here that the uncorrelated error assumption is usually not 

justified. However, although estimation theories provide methods to estimate correlated 

measurements, characterizing the correlation between GPS measurements from different 

satellites is quite difficult in practice. Therefore, it is generally preferred to simplify the 

problem while maintaining an appropriate caution with the results.  

At this point, weighted least squares can be used to provide an estimate of x (x) as 

shown in Equation 2.14 with a covariance given by Equation 2.15. 

  x H V H HV (2.14)
 

  P x H V H   (2.15)
 

where,  
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x: estimate vector 

Px: covariance of the estimate error vector  

In standalone positioning, the position estimation quality is limited by the quality 

of the measurements. Using this positioning method, accuracy ranging from 3 to 10 

meters is achievable. The resultant accuracy mainly depends on the receiver noise levels 

and the error models, which affect V, and the satellite geometry, which affects H.  

2.3 Code Differential GPS 

In differential GPS (DGPS), some of the spatially correlated errors can be 

eliminated if a reference station is located in the vicinity of the user and is broadcasting 

differential corrections to the user. The reference station can also broadcast unprocessed 

(raw) measurements to the user through a data link. The user can use these broadcasted 

raw measurements directly to mitigate the GPS errors and estimate its position relative to 

the reference station. This is referred to as relative positioning. The reference station here 

is not necessarily a fixed station; it can be a moving platform such as the carrier ship for 

aircraft shipboard landing or the tanker in AAR.  

The following derivation is based on the relative positioning implementation of 

DGPS. The subscripts r and u are used to indicate measurements from the reference 

station and user, respectively. For simplicity and without loss of generality, we will 

consider L1 measurements only. Based on Equation 2.1, the pseudorange measurements 

at the reference and user receivers are, 

    (2.16)
 

    (2.17)
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When the user receives the time tagged reference station measurements, it forms 

differenced pseudorange measurements ( ) by subtracting its measurements from the 

reference measurements as shown in Equation 2.18. The subscript (ru) is used to indicate 

a difference between the user and reference terms. 

 

 

(2.18)

 
It can be observed in Equation 2.18 that 

the satellite clock bias is eliminated in this 

differencing process. If the user and reference 

station are in the same vicinity, the tropospheric 

and ionospheric error terms can also be 

eliminated due to spatial correlation. In fact, if 

the distance of the user is within 1.0 nmi of the 

reference station, the ionospheric term (Iru) 

would typically be less than 1.0 cm. In addition, 

if the user is within 200 m height (for example) the tropospheric error (Tru) is typically 

around 1.0 cm [14]. The multipath error term (Mru), however, cannot be eliminated in this 

process. Instead, these errors, and the receiver noise errors ( ), are usually lumped in 

to one combined error term ( ) as expressed in Equation 2.19. 

    (2.19)
 

The distance from the satellite to the reference or user is typically around 20,000 

km. Comparing this distance to the distance between the user and the reference antennas, 

Figure 2.1. Relative Positioning 
Concept 
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the signal rays (which represent the pseudoranges) can be approximated as parallel lines, 

as shown in Figure 2.1. In this case, the difference of the true range ( ) equals the 

projection of the relative vector (x ) onto the line of sight vector between satellite (i) 

and the reference antenna (e ). Therefore, Equation 2.19 becomes, 

  e · x   (2.20)
 

where, 

xru: the relative position vector between the reference station and user 

At this point, the relative position vector (xru) can be estimated using least squares 

estimation (see Section 2.2). This method generates a relative position estimate with an 

accuracy of approximately 1.0 m. If higher accuracies are desired, it is recommended to 

utilize carrier phase differential GPS.  

2.4 Carrier Phase Differential GPS 

When the carrier phase measurements are used in differential mode, centimeter 

level accuracy is achievable. Applying the same analysis described in 2.3 to the carrier 

phase measurements,  

  e · x ,   (2.21)
 

where, 

Nru: cycle ambiguity difference between reference station and user (Nr – Nu) 

: carrier phase wavelength 

Stacking the carrier phase measurements of Equation 2.21 in a matrix form (as 

shown in Equation 2.22, but with subscripts to illustrate the size of the matrices, it is 
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observed that the cycle resolution from one epoch (one time shot) is under-determined 

(i.e. there are n measurements and n+4 unknowns).  

 

e 1 0 0

e 1 0
0

e 1 0 0

x

 

(2.22)

 
Using block matrix notation, 

  I 
x

  (2.23)

 
where, 

1: a column vector of ones 

I: identity matrix 

If the signal is not interrupted, the receiver maintains phase lock and, hence, the 

count of fractions of cycles. As a result, the number of unknown cycles (cycle ambiguity 

N) remains unchanged for different epochs (time intervals). This property helps in 

solving the under-determined problem of estimating the cycle ambiguities mentioned 

above. Although code measurement noise (0.3-1.0 m) is larger than one cycle (0.19 m for 

L1 and 0.24 m for L2), code measurements are usually used to provide a rough estimate 

and help in the observability of the cycle ambiguities. In addition to the noise levels and 

the geometry (which affects the position estimate using code measurements), CPDGPS 

also depends on the quality of the cycle ambiguity estimation. Filtering the code and 
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carrier measurements for a long period of time reduces the cycle ambiguity estimation 

errors.  

 
2.4.1  Cycle Ambiguity Estimation. There are multiple techniques of estimating cycle 

ambiguities. One of these techniques is to use code and carrier measurements as follows. 

The code and carrier measurements are stacked as shown in Equation 2.24. 

 
PR e 1 0

e 1 I

x

N

ε
ε   (2.24)

 
The Kalman filter [9] can be used to estimate the cycle ambiguities (Nru) in 

Equation 2.24. However, filtering Equation 2.24 should be performed with caution, 

because the Kalman filter strictly applies only for measurements with unbiased and 

uncorrelated measurement noise [9]. Unfortunately, due to multipath residuals in the 

error terms (ε  and ε ), the measurement noise of Equation 2.24 is time-correlated. 

There are two ways to use a Kalman filter under these circumstances. One is by 

augmenting the system in Equation 2.24 with multipath states, which results in a white 

measurement noise in part (this method will be discussed later in Section 2.5.3). The 

other is by whitening the error terms (ε  and ε ) by taking measurement epochs that 

are separated far enough apart (at least twice the measurement noise time constant). 

Usually, a three or four minute sample interval (depending on the multipath environment 

and multipath time constant) is sufficient to whiten the GPS errors.  

In kinematic mode, where the relative position vector (xru) and the clock bias 

( ) are changing, these states should not be filtered. Different methods exist to avoid 

filtering the relative position vector and clock bias. One of the simple methods described 

by Lawrence [22] is to multiply the model equation (Equation 2.24) by the left null space 
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matrix (L) of the first four columns of the observation matrix H (which represent the 

observation elements of the position and clock bias states). The left null space of a matrix 

A is defined as the ortho-normal nonzero matrix that transforms A to zero (LA=0 and 

LTL=I). By pre-multiplying Equation 2.24 by L, it becomes, 

  L PR L 0
 I

N L
ε
ε   (2.25)

 
where, 

L: left null matrix of the matrix 
e

 

The measurement noise matrix (V) in this case is a diagonal matrix that is 

constructed from code and carrier noise multiplied by L from the left and by LT from the 

right side as illustrated in Equation 2.26.  

  V L 

0 0 0

0 0 0
0 0 0

0 0 0

 L   (2.26)

 
Finally, the Kalman filter is used to estimate the cycle ambiguity (N) with a 

covariance (PN). The cycle ambiguities are, by definition, integer numbers of carrier 

cycles. Although, the ideal solution for ( ) should be an integer number (N), the output 

of the Kalman filter is always a floating point number. The process of fixing the cycle 

ambiguity is discussed in the following section. 

 
2.4.2  Cycle Ambiguity Resolution. Although rounding a floating cycle ambiguity 

estimate to its nearest integer is a simple task, the issue of the observability of the cycle 
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ambiguities and receiver clock bias in the single difference mode (Equation 2.23) must be 

addressed. Since the clock term is common to all measurements and both the cycle 

ambiguities and the clock term are biases, distinguishing the clock bias from the cycle 

ambiguity is essentially impossible. In other words, it is the sum of the cycle ambiguity 

and clock bias that we estimate accurately, not each one individually. Therefore, the 

estimated cycle ambiguities might contain float residuals from the clock bias, which 

should not be rounded. However, since the receiver clock bias is common to all 

measurements, the difference between all measurements and one arbitrarily chosen 

measurement (usually referred to as the master satellite measurement) can be used to 

eliminate this bias. The process of differencing the single difference (difference between 

the user and reference station) measurements of all satellites from the master satellite is 

known as double differencing and is usually a requirement for fixing the ambiguities. 

Measures of the correctness of fixing the ambiguities to its nearest integer must be 

provided to ensure compliance with the integrity requirements. Fixing ambiguities is a 

non-trivial process and a lot of research has been conducted in this area in the last two 

decades. As a result, many different methods have been developed and a summary of the 

most frequently used methods is provided in [17]. In this section, a promising fixing 

method is briefly described. More details about this method with a new contribution that 

is accomplished in this research related to this topic are discussed in Chapter 7.   

In this work, integer fixing is facilitated using the least-square ambiguity 

decorrelation adjustment (LAMBDA) bootstrap method [39]. LAMBDA provides an 

integer transformation matrix (Z) that maps the cycle ambiguity estimates  and its 
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covariance matrix N  to    and a decorrelated covariance matrix (Q) as shown in 

Equations 2.27 and 2.28. 

       (2.27)
 

  N    (2.28)
 

The decorrelation step is necessary to make the fixing process faster and more 

efficient. The bootstrap rounding method fixes ambiguities sequentially and provides a 

measure of the Probability of Correct Fix (PCF) at each step of the fixing process. The 

sequential adjustment starts according to the decorrelated ambiguity (Q) conditional 

variances ( / ) with the most precise ambiguity being fixed first. The ith conditional 

variance, defined as the variance of the ambiguity i conditioned on the previous 

ambiguities in the set I={1,2,…,i-1} are fixed, is the (i,i) element of the diagonal matrix 

D resulting from the LDLT decomposition of Q [38]. At each step in this sequence (the 

kth step for example), the probability that integers 1:k are fixed correctly given that all 

integers in the set I={1,…,k-1} are fixed correctly (PCFk/I) is given by, 

  / 2Φ
1

2 /
1  (2.29)

 
where, 

PCFk/I: the probability that integers 1:k are fixed correctly given that all integers in 

the set I={1,…,k-1} are fixed correctly, 

Φ
√

exp .  

If the PCF of the kth fixed ambiguity is greater than the predefined PCF threshold, 

the kth ambiguity  is rounded to its nearest integer . Next, having the integer 

value of the kth ambiguity, the remaining real valued ambiguities are corrected 
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accordingly. The corrected ambiguity vector  and its corresponding covariance  

is updated according to the model shown in Equation 2.30 and sequential least square as 

in Equations 2.31 to 2.33. 

      (2.30)
 

 
N     N   (2.31)

 
  1   (2.32)

 
  N   N   (2.33)

 
where, 

: kth rounded ambiguity element  

: kth row of the transformation matrix Z 

: corrected cycle ambiguities based on fixing ambiguities 1 to k, such that 

( ) 

N : covariance of the corrected cycle ambiguity , such that ( N N) 

This process is repeated for all ambiguities (from k = 1 to n). If an “all-fixed” 

solution is desired, by the time all integers are fixed, PCF must still be greater than a 

predefined PCF threshold. In this case, the resultant N  will be approximately zero. 

Otherwise, if the PCF after fixing all integers is less than the PCF threshold, the float 

solution (before the fixing process) is retained. However, as we will see in Chapter 4, the 

performance of a “partial fixing” approach is far better than the all-fixed approach. In 

partial fixing, the fixing process is performed for those ambiguities that can be fixed with 
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a PCF that is higher than the predefined threshold. The remaining ambiguities remain 

floating.  

 
2.4.3  High Rate Positioning. When using the error-whitening method by taking 

measurement epochs that are separated far enough apart, the cycle ambiguities are 

filtered at a low rate (twice the multipath time constant). The cycle ambiguity estimates 

are only fixed if the probability of fixing is higher than the predefined threshold. 

However, in most high dynamic navigation applications, it is not practical to estimate the 

relative position vector at such a low rate (3 - 4 minutes). Therefore, a time update can be 

used for positioning between the filtering intervals. In this time update, pseudo-carrier 

measurements ( ) can be constructed by subtracting the fixed ambiguities (N) from the 

carrier phase measurements as shown in Equation 2.34.  

  e 1
x

ε ,   (2.34)
 

where, 

: pseudo-carrier measurements 

N: estimated cycle ambiguity vector from Kalman filter 

, : pseudo-carrier measurement noise 

λ: carrier phase wave length 

Using Equation 2.34, a least square estimate of the relative position vector (xru) 

can be calculated at higher rates (1.0 Hz for example). If ambiguities are not all fixed, 

which is in the case of a partially fixed solution or floating ambiguities, this method will 

not work. One reasonable variant of this approach for partially fixed or floating 
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ambiguities is to take into account the covariance of the estimated integers after the 

partial fixing process, as shown in Equation 2.35.  

  V V PN  (2.35)
 

where, 

V : measurement error covariance 

PN: covariance of the estimated ambiguities N 

However, in Appendix A, it is analytically proved that this step is equivalent to 

using another Kalman filter update without taking into account the colored noise nature 

of the measurements. Therefore, the multipath state augmentation method is used for high 

rate carrier phase positioning using partially fixed ambiguities; this will be discussed in 

Section 2.5.3.  

The ability to fix all ambiguities is highly dependent on the quality of the cycle 

ambiguity estimate obtained from the Kalman update. If the Kalman filter has been 

running for a period long enough to reduce the error in the estimated cycle ambiguity to a 

level below the desired PCF threshold, all ambiguities will be fixed. However, this might 

require the filter to run for a long time, during which measurements from the reference 

receiver must be accessible for the user, which might not be the case in JPALS or AAR. 

2.5 AAR Algorithms 

Although satellite motion can provide the observability for the estimation of the 

cycle ambiguities, the rate of satellite motion is relatively slow in comparison with the 

time scale that the UAV spends within the broadcast radius of the tanker in the refueling 

missions. As mentioned in Section 2.4.3, long filter durations are necessary to improve 

the accuracy of the estimated ambiguities to the required limits (as we will see in Chapter 
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4, the position estimate error standard deviation must not exceed approximately 21cm). In 

addition, knowing that the broadcast volume is approximately 10 to 20 nmi, the single 

difference operation does not eliminate the ionospheric and tropospheric decorrelation 

errors with the UAV. These residual errors are negligible only if the UAV is less than 

approximately 1.0 nmi away from the tanker. Therefore, before using Equation 2.24 at 

these large distances, ionospheric and tropospheric decorrelation errors must be properly 

modeled. However, modeling these errors with accuracy similar to the carrier phase noise 

(1.0 cm) is quite difficult and, if miss-modeled, can affect the integrity robustness of the 

cycle ambiguity estimate. Therefore, the CPDGPS algorithm described in section 2.4.3 is 

not practical for the AAR mission. In response, an alternative approach, which is based 

on the JPALS algorithm, is adopted in this research. 

JPALS and AAR applications are equipped with dual frequency (L1 and L2) GPS 

receivers because they have access to the military encrypted L2 signal. Therefore, carrier 

measurements at the two frequencies can be combined to create a beat frequency 

measurement with wavelength λw = 86 cm, generally known as the ‘widelane’ observable 

[25]. Because of the longer wavelength, the widelane cycle ambiguities are easier to 

identify using code phase measurements. Once the widelane cycle ambiguities are 

identified, the widelane observable provides a reliable measurement source (more 

accurate than code phase) from which the cycle ambiguities for L1 or L2 can be resolved. 

In addition, dual-frequency approaches can be made more effective through the use of 

measurement filtering and satellite redundancy. 

 
2.5.1  JPALS Navigation Algorithm. The JPALS navigation algorithm provides robust 

CPDGPS performance by combining the complementary benefits of geometry-free 
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filtering [24] and geometric redundancy [13] and [10]. Geometry-free, by definition, does 

not depend on the geometry of the satellites or the user location and eliminates most of 

the nuisance terms and errors. On the other hand, geometric redundancy is highly 

dependent on the satellite geometry and is very sensitive to decorrelation errors and the 

correlation between the measurements. A geometry free measurement  of the 

widelane cycle ambiguity Nw can be formed by subtracting the narrowlane pseudorange 

(another beat frequency measurement with wavelength λw = 10.7 cm) PRnr from the 

widelane carrier φwr (which eliminates the geometry-dependent term ρ and the nuisance 

terms τ, T, I, ) as shown in Equations 2.36 - 2.38 which are adapted from [25] and 

[24]. However, other frequency dependent biases (like inter-frequency biases or antenna 

phase center variations) are not eliminated in the geometry free calculation (Equation 

2.38). Assuming that these errors change slowly with time (with respect to the filtering 

periods used later in this work), their filtered components will be eliminated in the double 

difference operation performed inside the service volume (more on this to come shortly). 

However, if the tanker and UAV antennas are different, phase center variations must be 

calibrated such that any residual errors are included in the carrier phase error model used.   

 

 

           

 

(2.36)

 

    (2.37)
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(2.38)

 
where, 

: geometry free measurement for a given satellite (i). 

: narrowlane pseudorange for a given satellite (i) 

: widelane carrier phase for a given satellite (i) 

: widelane cycle ambiguity for a given satellite (i) 

: widelane wavelength 

: geometry free remaining interfrequency and antenna biases 

2 
  

: remaining errors and multipath which are modeled as first order Gauss-Markov 

with autocorrelation time constant  α and a variance ( ) equal to  

 

where, 

: geometry free variance 
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, : L1 and L2 carrier phase noise variance 

 , : L1 and L2 pseudorange noise variance 

When the UAV is far from the tanker, inside or outside the service volume (i.e., 

the region where the tanker reference GPS measurements are available to the UAV), the 

geometry free measurements ZGF are calculated based on Equation 2.38. A running 

average is used to filter ZGF over a time interval T(i). The variance of the filtered geometry 

free measurements ( ) is estimated using a first order Gauss-Markov measurement 

error model to account for correlation, caused mainly by multipath, between 

measurements (Equation 2.39) [14]. 

  2
T /

2
T /

1 T /   (2.39)

 
where, 

T(i): time interval over which the widelane cycle ambiguities for satellite (i) is filtered. 

β: multipath autocorrelation time constant of  

Using the geometry free measurements is beneficial because long filter durations 

can be used before the UAV enters the service volume. However, as Equation 2.38 

shows, ambiguity resolution of ( ) is not possible outside the service volume because 

of errors such as antenna phase center variations and inter-frequency biases (dGF in 

Equation 2.38), which can only be eliminated using double differencing inside the data 

link range as shown in Equation 2.40.  

  Δ ,

Δ , 1 ,   (2.40)

 
where, 
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Δ: Indicates a double difference operation between the tanker and the UAV and 

satellites (i) and (k) 

Δ : double differenced filtered geometry free measurements 

Δ : double differenced filtered widelane cycle ambiguity  

: differenced and filtered errors, which are normally distributed with a variance 

of  ( ).  

Figure 2.2 shows a double difference example of Δ  in Equation 2.40. The 

sample plot corresponds to satellites 14 and 25 from flight test data collected in 2004 (the 

flight test and data will be described in detail in Chapter 5). The thin line shows the noisy 

double differenced geometry free measurements ( Δ ) and the thick dashed line 

represents the filtered output ( Δ ). It can be seen that because of the noise, it is hard 

to know the widelane ambiguities exactly. On the other hand, the filtered geometry free 

measurement converges to the integer value of the widelane cycle ambiguity ( Δ ).   

 

Figure 2.2. Sample of a Double Differenced Geometry Free Measurement 
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Cycle ambiguity resolution at the L1 and L2 wavelengths requires geometric 

redundancy and is therefore limited to the service volume. In this space, the UAV has 

access to the tanker reference carrier phase measurements and filtered geometry free 

measurements.  Because the UAV is closer to the tanker inside the service volume, it is 

more robust to ionospheric and tropospheric decorrelation errors. Therefore, only when 

the UAV is near the tanker can carrier phase geometric redundancy be utilized for cycle 

estimation of L1 and L2 integers. In addition, a double difference operation ( Δ) between 

the tanker and UAV measurements and between the master satellite measurement (k) is 

used to eliminate the additional biases from the filtered geometry free measurements (as 

shown in Equation 2.40 and the satellite and receiver clock biases τ(i)and τr from the 

carrier phase measurements (Equations 2.41 to 2.43). 

  Δ ,

Δ , , Δ , Δ , ,   (2.41)

 
  Δ , Δe , x Δ , ,   (2.42)

 
  Δ , Δe , x Δ , ,   (2.43)

 
Stacking Equations 2.41 - 2.43 in matrix form for all satellites (Equation 2.44), L1 

and L2 integers can be estimated.  

 
ΔZ /
Δ
Δ

I I
Δe I
Δe I

x
ΔN
ΔN

ε
ε
ε

  (2.44)

 
At this stage, integer fixing is facilitated using the LAMBDA bootstrap method 

[39] to meet the fault free integrity requirements. As mentioned in Section 2.4.2, the 

fixing process is performed for those ambiguities that can be fixed with a PCF that is 

higher than the predefined threshold. The remaining ambiguities remain floating. In order 



 42

to maintain the fault free integrity associated with ambiguity resolution, which is 

consumed by the PCF budget in the fixing step, geometric redundancy (including fixing 

ambiguities) is performed only once. At this stage, the resultant ambiguities are used to 

form the pseudo-carrier measurements (Equation 2.34), which can be used to estimate the 

positions thereafter. However, as noted earlier, this is only applicable if an all-fixed 

ambiguity solution is used. Therefore, in order to be able to calculate the position using 

partially fixed ambiguities, multipath state augmentation must be implemented in the 

geometric redundancy and positioning steps.  

 
2.5.3  JPALS with Multipath State Augmentation. In order to use partial fixing in the 

AAR algorithm, the JPALS architecture described earlier in Section 2.5.2 is modified to 

include multipath states. Multipath state augmentation ensures that the remaining carrier 

phase measurement noise is white and therefore Kalman filter can be safely used.  

In this research, single difference carrier phase multipath colored noise (Δ ) is 

assumed to be a first order Gauss-Markov random process with a time constant (β) and a 

random noise input (wM) as shown in Equation 2.39. 

  Δ
1
Δ   (2.45)

 
Writing Equation 2.45 in discrete form, to be consistent with the Kalman filter 

implementation used throughout this work, for a sample period T, we have 

  Δ /  Δ w   (2.46)
 

Adding multipath to the states of the geometric redundancy step, Equation 2.44 is 

now replaced with 
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ΔZ

Δ 1
Δ 2

I I
Δe 1I
Δe 2I 0

x
ΔN 1
ΔN 2

Δ
Δ 2

ε Δ
ε Δ 1
ε Δ 2

 

 
In matrix notation, 
 

   

(2.47)

 
where, HD is defined as the matrix that coverts the single difference measurements to 

double difference Δ  Δ . The terms  and  represent white receiver 

measurement noise (a separate error source from multipath). 

Therefore, the system dynamic equation (which is used for time-update 

propagation) becomes 

 

Δ
Δ

Δ
Δ

/  
/  

Δ
Δ

Δ
Δ

 

 
In matrix notation, 
 

 

(2.48)

 
where, 

 wx corresponds to infinite process noise on the position state to illustrate the loss of 

knowledge about the current relative position vector compared to the one at the 

previous epoch  

wM is the process noise corresponding to the white noise term in the Gauss-Markov 

model in Equation 2.46. 
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Using the model expressed in Equations 2.47 and 2.48, Kalman filter time update 

(Equation 2.49 and 2.50) and measurement update (Equations 2.51 to 2.53) can be used 

to estimate the cycle ambiguities, relative position vector and multipath. 

      (2.49)
 

      (2.50)
 

          (2.51)
 

    (2.52)
 

        (2.53)
 

where,  

: state estimate vector at epoch k and can be decomposed as 
 

, which 

can be initialized with  

: covariance matrix of   and can be decomposed as 
N M

N N NM

M MN M

, 

which can be initialized with 
∞ 

∞   

Note that the infinity terms in the initialized covariance matrix  represent the 

lack of knowledge of the initial relative position vector and ambiguity states. Multipath 

states, on the other hand, do not exceed . Cycle ambiguities estimates   can then be 

fixed using the same technique discussed in Section 2.4.2. After fixing ambiguities, 
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whether partially or fully, the relative vector xru can be estimated at any future epoch 

using Kalman filter as shown in Equations 2.49 to 2.53 and replacing 2.47 by 2.54 below. 

 

Δ 1
Δ 2

Δe 1I
Δe 2I 0

x
ΔN 1
ΔN 2

Δ
Δ 2

ε Δ 1
ε Δ 2

 

In matrix notation, 
 

   

(2.54)

 

2.5.3  AAR Concept of Operation (CONOPS). The AAR mission is different from 

other missions because of the severe blockage that is introduced by the tanker. This 

blockage reduces the number of visible GPS satellites and hence degrades the positioning 

accuracy. Therefore, a blockage model is needed to evaluate the shadow mask caused by 

the tanker at the refueling point and predict beforehand the blocked satellites. Such a 

model is developed in Chapter 3.  

Both the tanker and the UAV will be filtering the geometry free measurements 

from takeoff until the UAV requires refueling (Figure 2.3-a). In order to predict, and 

hence limit, the effect of the satellite blockages, the AAR mission can be simulated using 

the known GPS constellation at the time of the mission, the heading of the tanker and a 

blockage model (Figure 2.3-b). Once the UAV enters the service volume, the tanker has 

access to the UAV measurements and is able to simulate the AAR mission (using a 

covariance analysis similar to the one that will be described in Section 4.1) to decide 

whether to abort, continue or modify the refueling path. If the positioning accuracy and 

fault free integrity requirements are met based on the predictive simulation, the UAV will 

move to the observation position (tanker lead formation), where the UAV is just off the 
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wing of the tanker and in the clear sky (Figure 2.3-c). At that point the carrier phase 

geometric-redundancy (including fixing ambiguities) can be safely exploited for cycle 

estimation of L1 and L2 integers. From this point forward, CPDGPS positioning can be 

implemented and the relative vector between the UAV and the tanker (xru) is estimated in 

real-time using Equations (2.48 to 2.54). Again, when the UAV moves to the contact 

position (below the belly of the tanker), some satellites will be blocked and removed 

from the fixed integer set (Figure 2.3-d), but the positioning accuracy remains within the 

required limit because the predictive simulation has already taken these blockages into 

account.  

 

Figure 2.3. Conceptual Drawing Shows the Main Steps in the Refueling Algorithm. a: 
Both Aircraft Prefiltering Widelane Cycle Ambiguities Before the UAV Enters the 
Service Volume, b: Tanker Combines Filtered Widelane Cycle Ambiguities to 
Simulate the Mission, c: Geometric Redundancy when the UAV is in the Observation 
Position, d: Some Satellites Will Be Blocked when the UAV Goes Below the Tanker. 
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Although this algorithm provides high accuracy navigation while maintaining 

integrity, its major flaw is its dependence on the geometric redundancy step. In other 

words, the choice of when to apply geometric redundancy remains a question. Also, if the 

receiver tracks a satellite after fixing, there is no way of using it in the CPDGPS 

positioning step. In response, we developed a technique, referred to as the dual track 

fixing algorithm,  that resolves these critical issues while maintaining integrity. 

 
2.5.4  Dual Track Fixing Algorithm. In the JPALS algorithm, for integrity purposes, 

the geometric redundancy and ambiguity fixing is performed only once as a “snapshot”. 

Therefore, if a fixed satellite is blocked and then becomes visible again, there is no 

process to fix it again. As a result, with the decrease in the number of fixed ambiguities, 

the positioning accuracy is degraded with time without any means of regaining the lost 

satellites. This is critical in AAR because, in the existence of the tanker blockage, any 

additional satellite will have a great impact on accuracy and mission success. Moreover, 

in race track refueling (Chapter 4), the movement of the tanker blockage in the sky will 

cause different satellites to be blocked at different times.  

In order to be able to fix new satellites and regain the blocked ones while 

preserving integrity, a parallel (dual) track processing architecture is proposed. In dual 

track fixing algorithm, two parallel tracks are running at each epoch as shown in Figure 

2.4. The first track calculates the position using the pre-fixed integers (referred to as old 

ambiguities or No) from the previous executed geometric redundancy snapshot at time to. 

The vertical position accuracy σvo is extracted as the (3,3) element of the position 

estimate covariance matrix Px. The second track uses the current visible satellites to re-

execute the geometric redundancy step (as if it is the first time the geometric redundancy 
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is executed) and fixes the estimated cycle ambiguities (referred to as current ambiguities 

or Nc). The vertical position accuracy using Nc (σvc) is extracted as the (3,3) element of 

Px. If the previously fixed ambiguities are to be used in the new geometric redundancy 

step, only what is left of the probability of correct fix threshold (after fixing the previous 

set of integers) can be used. This is necessary to maintain the integrity of the fixing 

algorithm and the navigation architecture. However, it would provide better performance 

if the re-execution of the geometric redundancy does not benefit from the previously 

fixed ambiguities (as is done in this work). Next, the position accuracy using current 

ambiguities (σvc), is compared to the one using the old ambiguities (σvo). If σvc is better 

than σvo (σvc < σvc), the algorithm replaces the old fixed integers (No) with the current 

fixed ones (Nc) and uses it afterwards to estimate the position. This set of new integers 

(which is now referred to as No instead of Nc) will be used for positioning until a better 

set replaces it from a different geometry.  

This approach is capable of fixing the reacquired satellites, assures the best 

performance, and is more robust to changes in satellite geometry caused by the blockage. 

The impact of using this algorithm in the race track refueling mission is demonstrated in 

Chapter 4. 



Figure 2.4.. Dual Trackk Fixing Algoorithm 

 

 49



 50

CHAPTER 3 

BLOCKAGE MODEL DEVELOPMENT 

In Chapter 2, it was mentioned that modeling the sky blockage that the tanker 

introduces is necessary for AAR because it will be used at the broadcast radius to 

simulate the mission and provide further recommended actions. In addition, it can be 

used to quantify the performance through availability analysis. In this chapter, two 

different blockage models have been developed. These models are introduced here in a 

progressive order starting from a simple, but coarse wedge model to a more complex high 

fidelity 3D OpenGL model. Although these models are used here to estimate the sky 

masking shadow of the KC135 tanker, they also can be used for other refueling aircraft or 

even to model blockage caused by different obstructions in urban environments. 

3.1 Simple Wedge Blockage Model 

A preliminary blockage model is 

created by “reverse engineering” 

masking-geometries from photographs.  

Pictures of KC-135 tankers from 

different views are used to calculate the 

azimuth and elevation of the masking-

wedge that the tanker shadows from the 

sky (Figure 3.1). For a KC-135, the 

masking wedge covers from 7.0 degrees 

to approximately 65.0 degrees in elevation and 100.0 degrees in azimuth. Throughout this 

work, the blockage model will be represented in an azimuth-elevation polar plot as shown 

Figure 3.1. Reverse Engineering to
Determine the Masking Wedge
Geometry of KC-135 
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in Figure 3.2. In this azimuth-elevation plot, circles represent different elevation angles 

with the origin point representing 90o and the outer circle representing a 0.0o elevation 

angle. The angular lines in Figure 3.2 represent different azimuth angles. The azimuth 

angles are defined with the clockwise direction being positive and the North direction 

representing 0.0o angle. As shown in Figure 3.2, the wedge blockage model developed 

here, while simple and efficient, is very conservative because it covers areas in the sky 

that are not actually blocked by the tanker 

airplane (for example, the clear area 

between the wings and horizontal 

stabilizers). In Chapter 4, we will see that 

the performance of this model is not 

sufficient to meet the AAR requirements. 

For this reason, in the following section, a 

more detailed blockage model is 

developed for the KC135 tanking aircraft. 

3.2 Detailed 3D Blockage Model 

Since the wedge blockage model described above is very conservative, a high 

fidelity blockage model is developed using 3D CAD model of the KC-135 (Figure 3.3) 

obtained from Boeing (the aircraft manufacturer). The first step in generating the detailed 

blockage model is to convert the 3D CAD drawing of the KC-135 tanker to an (n×3) 

vertex matrix (M) containing coordinates of all n tanker vertices. This conversion can be 

done using commercial CAD programs. The vertex matrix is used as an input to the 

blockage model and needs to be regenerated only when a different tanker aircraft is used. 
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Figure 3.2. Azimuth-Elevation Polar Plot
Representing the Wedge Blockage
Model 
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efficiently provides, can be easily converted to azimuth and elevation angles using 

trigonometry.  

In short, OpenGL is analogous to a virtual photographic studio with a camera, 

different types of lenses, a projector, and a projector screen (where the final 2D snapshot 

will be presented). Therefore, in addition to the geometry matrix G, OpenGL library 

acquires five parameters to define the view field as shown in Figure 3.4: 

1. Target point: an imaginary point on the target object (tanker) that defines the 

orientation and the focal point of the camera with respect to the target. It is 

important because all other parameters are computed based on this orientation. 

2. Nearest distance (Cn): the nearest vision limit that the camera can capture. It 

should be set between the camera and the target object. However, Cn also defines 

the projection screen location. To have the best resolution performance, for the 

same number of pixels, the screen should be located as far as possible from the 

camera but before the target. 

3. Farthest distance (Cf): the farthest vision limit that the camera can capture. 

Although Cf can be picked arbitrarily to be a big number, to save computational 

time, it is recommended to set is just outside the limits of the target object. 

4. Left corner point (CL): defines the left lower limit of the view field. As shown in 

Figure 3.4 CL also defines the left lower corner of the projection screen. 

5. Right corner point (CR): defines the right upper limit of the view field. CR also 

identifies the right upper corner of the projection screen.  
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GM: geometry expressed matrix in the model frame (n × 3).  

The nearest and farthest distances are calculated by finding the minimum and 

maximum values of the 3rd column (Z-direction) of the GTR matrix respectively. The 

projections of the minimum and maximum values of the 1st and 2nd column of GTR matrix 

on the nearest distance (projection screen) reveal the left and right corner points. At this 

stage, the OpenGL function generates a 2D pixel-based matrix representing the 2D 

projection of the tanker on the screen. Because the real dimensions of the projection 

screen are already known (from the values of CL and CR), the pixel-based matrix can be 

easily converted to a real dimension (n × n) matrix in meters (PTR). Therefore, OpenGL 

can be considered as a mapping function f that maps the 3D geometric matrix GTR to a 

2D shadow matrix PTR. 

  TR TR   (3.3)
 

where PTR is the shadow matrix expressed in the target frame (n × 3). To calculate the 

azimuth and elevation angles of the imprinted shadow on the screen (PTR), it must be 

converted to the model frame first using Equation 3.4. 

  ( ) TRTRMM PRP =
T

  (3.4)
 

where, 

PM: shadow matrix expressed in the model frame (n × 3). 

TRM R : target frame to model frame rotation matrix (3 × 3). 

Using trigonometry, PM can be converted to azimuth and elevation shadow 

vectors with respect to the boom tip (Equation 3.5). The shadow matrix will be used to 

determine which satellites are being blocked by the tanker. 
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where, 

Azi: azimuth angle corresponding to the ith pixel. 

Eli: elevation angle corresponding to the ith pixel. 

,
M : (i,k) element of the shadow matrix in the model frame target frame to model 

frame rotation matrix (3 × 3). 

Figure 3.5 illustrates a sky 

polar plot that is constructed by 

plotting the azimuth elevation 

values from Equation 3.5. The 

figure visually demonstrates the 

difference between the wedge 

blockage model (shaded area) and 

the new blockage model. It is clear 

that the wedge blockage model 

exaggerates the amount of the sky 

actually obstructed by the tanker. 

3.3 Dynamic Blockage Model 

The blockage model shown in Figure 3.5 is static in the sense that it is calculated 

based on a static relative vector between the UAV and the tanker and that both aircraft 

Figure 3.5. Polar Plot of the Sky Showing the
Comparison Between the Wedge Blockage
Model and the OpenGL Model. 
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  M   (3.6)
 

It should be noted that in straight refueling simulations, xru and Ra are replaced by 

the zeros and the identity matrix (I) respectively, which result in GM being identical to G.  

The UAV attitude does not affect the shadow masking; instead, it only changes 

the UAV antenna low elevation mask for visible satellites. As illustrated in Figure 3.6, 

after constructing the tanker shadow, the dynamic blockage model uses the GPS time tag, 

satellite location, tanker shadow, and the UAV elevation mask (horizon) to construct the 

resulting satellite geometry of the visible satellites.   

3.4 Blockage Model Validation Using Benchmark Test 

To initially validate the detailed blockage model process, a three-vertex geometry 

is used as a benchmark. The azimuth and elevation angles of the three vertices are easily 

calculated analytically, and compared with the model-generated results. Then, the 

complete set of tanker vertices are used to compare 3D CAD views from the boom tip to 

the corresponding OpenGL shadow snapshots. (These tests are implemented in 

MATLAB®, using a camera 

located at the boom tip and 

aimed at the target point on the 

tanker.) The results consistently 

exhibit precise matches. An 

example result is shown in 

Figure 3.7. At this point, the 

blockage model is ready to be 
Figure 3.7. Matching the 3D CAD Drawing as Seen

from the UAV with the OpenGL Snapshot 
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used in availability simulations (Chapter 4) and to be tested in a refueling flight-test 

environment (Chapter 5). 
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CHAPTER 4 

PERFORMANCE ANALYSIS 

In this chapter, the performance of the AAR algorithm described in Chapter 2, 

using the blockage models developed in Chapter 3, is quantified for both straight and race 

track refueling missions. This quantification is carried out by conducting availability 

analysis of the architecture under different AAR requirements.  

4.1 Straight Mission Availability Analysis 

In this section, performance of the AAR algorithm is quantified for those missions 

with a straight flight time long enough to refuel the UAV. First, availability analysis 

using nominal AAR requirements is conducted. Since AAR is in the design stage, a 

sensitivity analysis for different parameters, conditions and locations is then performed. 

 
4.1.1  Availability Analysis. Availability analysis under fault free conditions is 

conducted to analyze the performance of the prescribed architecture. In this context, 

availability is defined as the percentage of time for which the Vertical Protection Level, 

assuming fault free conditions (VPLH0), is smaller than the Vertical Alert Limit (VAL), 

assumed to be 1.1 m. VAL is an integrity requirement representing the maximum 

tolerable error. VPL is a statistical overbound of the vertical position errors and it is 

derived from integrity risk. VPLH0 is a function of the fault free integrity risk (assumed to 

be 1x10-7), the satellite geometry, and the precision of the GPS measurements. If the 

VPLH0 value exceeds VAL, the system is said to be unavailable. VPLH0 is generated via a 

covariance analysis of the proposed architecture described in Section 2.5. In this analysis, 

a maximum prefiltering period of 30 minutes is used to generate floating estimates of the 
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widelane cycle ambiguities. In other words, if the satellite has been visible for a period of 

time longer than the maximum prefiltering time, the prefiltering time is set to the 

maximum prefiltering time. When the UAV is close to the tanker, the broadcast filtered 

widelane observables from the tanker are combined with the UAV observables as 

described in section 2.4. Geometric redundancy is exploited to fix the L1 and L2 integers 

which meet a 1x10-8 constraint for Probability of Incorrect Fix (PIF). In this work, 

partially fixed ambiguities are used unless otherwise stated. (In subsequent sensitivity 

analyses, described later in this chapter, the fault free integrity risk requirement is relaxed 

to 10-4, and the associated PIF is relaxed to 10-5.) After the integer fixing process, the 

blockage model is applied and the position of the receiver aircraft can be estimated based 

on the visible satellites at the refueling point. The standard deviation of the vertical error 

in position estimation standard deviation (σv) (the square root of the (3,3) component of 

the covariance matrix Px resulting from estimating the relative vector in Equation 2.54) is 

calculated and used to generate the VPLH0 by multiplying σv by the integrity risk 

multiplier corresponding to the integrity risk requirement (5.35 for Gaussian errors and a 

1x10-7 fault free integrity risk). 

Using different values of σΔPR (single difference standard deviations), the service 

availability without blockage, using the 2D and the 3D blockage models described in 

section Chapter 3 is calculated for an example Niagara Falls location (43o North and 79o 

west) and shown in Figure 4.1. Niagara Falls is chosen as a location because it is the 

demonstration flight test location. Later in this chapter, a global availability analysis is 

conducted. The single difference sigma σΔPR is related to the raw sigma (σPR) by a scaling 
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factor of √2. The used σΔPR values are based on experimental data analysis for 2006 flight 

test data.  

Since the satellites that are blocked by the tanker depend on the tanker’s azimuth 

(heading) orientation during the flight, the service availability is calculated based on the 

worst-case heading of the tanker flight path at each sampled time during the day. In this 

context, the worst case heading is chosen by finding the worst VPLH0 for 360 different 

heading cases (corresponding to 360o with a 1.0o increment). These results (and those that 

follow) assume a first order Gauss-Markov measurement error model with a time 

constant of one minute (β = 60 seconds in Equation 2.39) to model multipath colored 

noise. Sensitivity of availability to the time constant and prefiltering time is discussed in 

the following section. In this simulation, a 24 satellite (DO229D) [1] constellation is 

used. In addition, the effect of depleted GPS satellite constellations is also included using 

the ‘minimum standard’ constellation state probability model provided in the GPS 

Service Performance Standard (GPS SPS) [3]. The parameters summarized in Table 4.1 

are used for all simulations conducted in this work unless otherwise specified.  

Table 4.1. Simulation Parameters 

Simulation parameter Value 
    

Location 43oN  79oW 
Prefiltering time 30 minutes 

multipath time constant 60 seconds 
integrity risk 1x10-7 
PIF required 1x10-8 

VAL 1.1 m 
Constellation 24 satellite 

Low elevation mask 7.5o 
 1.0 cm 
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Figure 4.1. Availability without Sky Blockage, with 2D Blockage Model and Using 3D 

Blockage Model for Different Code Sigma 

 
Figure 4.1 shows the effect of the tanker shadow on the AAR algorithm 

performance using different blockage models. In AAR, 99.0% availability is required 

from the navigation algorithm. It can be seen that the availability of the simple 2D 

blockage model, like the one described in Section 3.1, is below the requirement for the 

entire range of σΔPR considered. However, in spite of the complexity of calculating the 

3D blockage model detailed in Section 3.2, the navigation performance using this model 
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has been increased between 5% and 22% (depending on σΔPR). These results imply that if 

one uses the 2D model to perform an AAR mission with a σΔPR of 30cm for example, 

72.6% of the time it will not be feasible. However, if the 3D model is used, the chance of 

performing a refueling mission increases to 93.5%. Although these results might not meet 

the final availability requirement for AAR, other improvements to the architecture 

presented later in this work will impact the results. In addition, AAR final requirements 

are still in the design phase, and these requirements can be changed accordingly. 

Therefore, sensitivity analysis to other requirements and parameters is discussed in the 

following section. 

 
4.1.2  Sensitivity Analysis. Using the new blockage model, navigation availability 

sensitivity to other parameters, including carrier phase sigma (σΔφ), partial fixing vs. all 

fixed ambiguities, prefiltering time, multipath time constant, elevation mask, satellite 

constellation used, fault free integrity risk requirement, and use of the Lateral Alert Limit 

(LAL) instead of VAL, is quantified. Figure 4.2 shows the availability results using the 

parameters in Table 4.1, 30.0 cm σΔPR and different σΔφ. It can be seen that sigma carrier 

has a small impact on the availability (by tripling σΔφ from 0.5cm to 1.5cm, availability 

dropped by only 5%). The reason is that, in contrast to most navigation architectures, it is 

not the measurement noise that drives the system availability in AAR but the severe 

blockage. (This conclusion will be further enforced throughout the rest of this thesis.) 

Therefore, in further sensitivity analyses, sigma code and carrier are fixed to one value 

while other parameters are changed.  
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Figure 4.2. AAR Service Availability Sensitivity to Carrier Sigma at Central Pacific 
Using KC-135 Detailed Blockage Model (σΔPR=30cm) 

 
Sensitivity of the AAR algorithm to prefiltering time and multipath time constant 

(β) is summarized in Table 4.2. In these simulations, the detailed blockage model using 

the same parameters in Table 4.1 are used with σΔPR and σΔφ being fixed to 30.0 cm and 

1.0 cm respectively. Although the ratio of the prefiltering time to β in Equation 2.39 can 

be used as a non-dimensional parameter, to reduce the number of the investigated 

parameters, of this ratio has been avoided because of the nonlinearity between 

prefiltering time and β. This nonlinearity is caused mainly by the satellites rising and 

setting. Instead, a range of prefiltering time and multipath time constant values are used 

as shown in Table 4.2. Although, availability performance is stable for a prefiltering time 

to β ratio of 30, an example of the inconsistency in using this ratio is evident in Table 4.2. 
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For a prefiltering time of 10 minutes and β of 30 seconds (ratio of 20) availability is 

93.43%. However, for prefiltering time of 20 minutes and β of 60 seconds (ratio of 20 as 

well) availability is 93.50%. Table 4.2 also shows that prefiltering time has impact only 

for large β (like 60 seconds), where availability ranges from 82.97% to 93.52%. 

Similarly, multipath time constant has an impact on availability for short prefiltering 

times (like 10 minutes), where availability ranges from 82.97 to 93.52%. However, 

increasing prefiltering time for short multipath time constant (above a ratio of 30 as 

mentioned earlier) has absolutely no effect on availability.  

 
Table 4.2. Availability Using Combinations of Different Prefiltering Times and Multipath 

Time Constants β 

Prefiltering time (min) 
10 15 20 25 30 

β (sec) 

20 93.52 93.52 93.52 93.52 93.52 
30 93.43 93.52 93.52 93.52 93.52 
40 89.08 93.52 93.52 93.52 93.52 
50 87.07 92.92 93.52 93.52 93.52 
60 82.97 89.07 93.50 93.51 93.52 

 

Fixing σΔPR and σΔφ to 30.0 cm and 1.0 cm respectively, availability sensitivity to 

different parameters are analyzed and shown in Table 4.3. The “nominal” case 

corresponds to the simulation parameters detailed in Table 4.1 and the 3D detailed 

blockage model in Section 3.2, where the benefit of using the detailed blockage model 

was obvious. However, as evident from the results in the tale, when partial fixing is 

disabled, availability drops to 91.26%. In contrast, relaxing the fault free integrity risk 

requirement from 10-7 to 10-4 (and also the cycle resolution probability of incorrect fix 

requirement from 10-8 to 10-5) improves the availability by approximately 1.0%. It is also 
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shown in Table 4.3 that LAL availability is higher than VAL availability, but only by 

about 1.0% for LAL = 1.1 m. If the GPS antenna is placed 60” or 98” aft the nominal 

refueling port onboard the UAV, availability greatly improves to 95.84 and 96.92% 

respectively. 

In previous simulations the 24 satellite constellation, despite being conservative, 

has been used as a standard to be compared with general navigation algorithms and 

different results in the navigation community. However, the current constellation usually 

contains more than 27 operational satellites (at the time of writing this thesis, there are 29 

operational satellites). Therefore, using the 27 satellite constellation [23] (24 nominal + 3 

operational spares) is considered more realistic. As Table 4.3 shows, using 27-satellite 

constellation instead of the 24 improves the availability to 99.71%. In addition, when the 

elevation mask outside the wedge is lowered from 7.5 to 5.0 or 3.0 degrees, the resulting 

availability is significantly improved from 93.52% to 98.87% and 99.44% respectively. 

In summary, relaxing the fault free integrity risk requirement from 10-7 to 10-4 or using 

LAL instead of VAL has little impact on the service availability. On the other hand, 

changing the GPS antenna location, using a larger satellite constellation or lowering the 

elevation mask improved availability significantly. This proves again that availability of 

AAR is mainly driven by the tanker blockage and any reduction of that blockage (caused 

by moving the GPS antenna far from the refueling port) or increasing the number of 

satellites (by using the 27 satellite constellation or lowering the elevation mask to 3 

degrees) impacts availability significantly. Therefore, considering a 27 satellite 

constellation and a GPS antenna that is located at least 60” downstream from the 
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refueling port are more realistic assumptions for the final architecture. The availability 

under such assumptions is 99.79%, which meets the 99% requirement.  

Different combinations of these test cases are also studied and presented in Table 

4.3. Based on the AAR program recommendations (for demonstration purposes), a 3 

degree elevation mask, 27 satellite constellation, and placement of the GPS antenna 60 

inches aft of the nominal refueling boom tip have all been adopted as reasonable standard 

assumptions. Therefore, availability results for the combination of the three parameters 

are presented (A1+B+C1 in Table 4.3). The availability under this scenario is improved 

to 99.94%. These parameter values are also used to conduct the global availability 

analysis presented next. 

 
Table 4.3. Navigation Availability Sensitivity to Other Parameters 

Sensitivity Parameter Availability 
Parameter 
 

Value 
 

% 
 

Clear sky NA 99.93 
Blockage model Wedge 72.55 
Blockage model (nominal) Detailed 93.52 
Partial fixing Disabled  91.26 
Integrity risk 1x10-4 94.59 
LAL 1.1 94.53 
Antenna location A1 60” aft boom tip 95.84 
Antenna location A2 98" aft boom tip 96.92 
Constellation B 24 + 3 spare 99.71 
Low elevation mask C1 3 deg. 99.44 
Low elevation mask C2 5 deg. 98.87 
A1 + B See above 99.79 
A2 + B See above 99.82 
A1 + B + C2 See above 99.88 
A2 + B + C2 See above 99.91 
A1 + B + C1 See above 99.94 
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4.1.3  Global Availability Analysis. A world-wide availability analysis is conducted 

using the described architecture and the 3D detailed blockage model that was developed 

earlier in Section 3.2. This phase of the study is designed to predict the visibility of GPS 

satellites using the tanking aircraft (KC-135), and the resulting availability of a precise 

navigation solution presented as a function of location on the globe and direction of 

flight. This latter variable is necessary because the shading of the tanking aircraft is not 

symmetrical with respect to the GPS satellite constellation but depends on the direction 

of flight. The same parameters and requirements listed in Table 4.1 and the case referred 

to as (A1+B+C1) in Table 4.3 are used.     

In order to study the effect of the geographic location on availability, a grid map 

of AAR locations is used (Figure 4.3). The selected locations are distributed on a grid of 

10 degree increments in longitude and latitude. However, to improve the resolution in the 

mid-latitude regions, a finer grid size of 5 degrees in latitude is implemented between 

latitudes of -40 and 40 deg. This simulation is executed for one sidereal day (23 hours 

and 56 minutes) and for flight headings from 0 to 345 degrees in 15 degree increments. In 

this study, due to computational burden considerations, the effect of a depleted 

constellation is not taken into account and availability is quantified by the number and 

length of observed navigation outages. Therefore, availability results are expected to be 

more optimistic than those presented in Table 4.3 because of the fault-free constellation 

assumption. In order to reduce the computation time, only one quarter of the globe has 

been analyzed (Lat: 0o to 90o and Lon: 0o to 180o). Because the GPS satellites orbit the 

earth twice a day and because of the symmetry in the grid points, the outage time (Tout) at 
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are calculated using Equations 4.2 and 4.3 below, and the results with respect to the 

heading are shown in Table 4.4.   

   
  ∑ ,

    (4.2)

 

  min ,   (4.3)

 
where,  

m: total number of grid points,  

T: is the number of minutes per sidereal day (1436),  

Tout,i: is the total outage duration for grid point i. 

 

Figure 4.4. Composite Map of All Headings Showing the Outages at the Grid Points 

 
One minute outages are not considered in Tout because it was assumed that an 

integrated INS system would be capable of bridging outages of up to one minute in 

duration. The worst availability for any grid point and composite heading is 99.30%. 

However, the average availability over all headings and all grid points is 99.9985%. 
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These results and the results shown in Table 4.4 are encouraging because they show that 

there is always a time/heading combination that allows the UAV to be refueled 

autonomously all over the globe. 

 
Table 4.4. Global Availability Results (Average and Worst Availability) for Different 

Heading Angles 

Heading (deg) Aavg % Awrst % 
   
0 99.9990 99.8607 
30 99.9990 99.8607 
90 99.9948 99.6518 
150 99.9990 99.8607 
180 99.9990 99.8607 
255 99.9876 99.4429 
270 99.9959 99.8607 
285 99.9876 99.4429 

All other headings 100 100 
Composite 

 
99.9984 

 
99.3036 

 
 

In summary, the availability results show that availability of straight refueling 

pattern under current requirements and certain assumptions (27 satellite constellation and 

GPS antenna located 60” aft refueling port with elevation mask of up to 7.5o) meets the 

99% availability requirement using the prescribed architecture in Section 2.5. However, if 

the refueling airspace is small, a race track refueling pattern must be used. AAR 

navigation availability using such a pattern is expected to be significantly different than 

in this section because both the tanker and UAV perform sharp banks and turns. These 

banks and turns will significantly influence availability as we will see in the following 

section.  
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4.2 Race Track Availability Analysis 

Race track availability simulations are different from the straight and level ones 

because in the straight refueling pattern, the visible satellites, after applying the blockage 

model and the low elevation mask, stay relatively consistent after the refueling mission is 

initiated. However, the sharp banks the UAV performs during the race track pattern and 

the movement of the tanker blockage with respect to the satellite constellation result in 

different visible satellites at different time through the mission. Therefore, before 

presenting the availability of such a pattern, a different simulation scheme must be 

developed.   

 
4.2.1  Race Track Refueling Mission Simulation. The tanker aircraft usually flies in a 

race track pattern that is limited by the refueling airspace. This pattern consists of two 

straight legs and two turn legs as shown in Figure 1.3. If the straight leg is long enough to 

refuel the UAV aircraft, a straight and level refueling mission is conducted. During race 

track refueling, specifically in the turn legs and while the UAV stays in contact position 

below the tanker, both aircraft bank and perform a turn maneuver. During the bank, the 

horizon line of the UAV (zero elevation line with respect to the UAV) blocks a certain 

sector in the sky (Figure 4.5). In other words, satellites that have negative elevation angle 

with respect to the UAV antenna are considered blocked. In this work, the race track is 

simulated as five minutes of straight and level flight for the straight legs and two minutes 

for the turn legs. Although these numbers were picked arbitrarily, they are close to the 

actual flight test patterns (see Chapter 5). As a result, the turn maneuver will sweep both 

the tanker and the horizon blockages 180o through the sky in 2 minutes (Figure 4.6). This 

is expected to cause extreme satellite outages, not enough time to fix the blocked 
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calculated once after fixing the cycle ambiguities and applying the blockage model.  

However, in the case of the race track simulations, the blockage movement at different 

stages through the race track will affect the visible-satellites geometry. In addition, the 

lost satellites might not be immediately gained in the solution when they are visible 

again. As a result, VPLH0 will be changing at each epoch. To account for the geometry 

change, the availability analysis is performed by simulating 1436 race tracks (one race 

track initiated per minute during one sidereal day). The GPS measurement sample rate is 

assumed to be 1Hz. 

The race track simulation starts with a 30o elevation mask that is applied during 

the 30 minute prefiltering period. Although this may be considered a conservative 

assumption, it is necessary in order to account for the maneuvers that the UAV performs 

during the approach to the race track pattern. After prefiltering for 30 minutes, the 

elevation mask is dropped to 5 degrees. At this point, the geometric redundancy is 

executed and L1/L2 cycle ambiguities are estimated for the visible satellites. Then, the 

straight and level blockage model is applied to simulate the refueling boom engagement. 

From this point and forward, relative positioning is applied using Equations 2.48 - 2.54 

and the VPLH0 is calculated for each point.  

In race track refueling simulations, a 20 second multipath time constant (β) is 

used. This value is relaxed relative to the straight refueling pattern simulations because 

post-processing flight-test data estimated the time constant for the geometry free 

measurements to be in the range of 5 seconds (Appendix B). Besides, based on Table 4.2, 

changing the time constant to 20 seconds while keeping prefiltering time at 30 minutes 
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have no impact on the straight refueling availability. However, it will affect race track 

availability because of the challenging nature of the race track refueling mission. 

The severe sky blockage during the turns of the race track refueling missions is a 

challenge to the original JPALS algorithm. If a fixed satellite is blocked during the turn, 

no mechanism exists to fix it again. As a result, the positioning accuracy degrades with 

time due to the inability to regain the lost satellites. This is clearly demonstrated by a 

sample plot illustrating the number of fixed satellites through a turn leg of a race track 

refueling pattern in Figure 4.7. The turn maneuver started at 300 seconds. Visible 

satellites reduce from nine to six. At that point, more satellites are being lost while other 

satellites are visible again. However, because the original JPALS algorithm lacks a 

mechanism to bring in new satellites, the number of fixed ambiguities used in estimating 

the positioning continuously drops to below four satellites after 81 seconds from the 

beginning of the turn (at time = 381 seconds). Assuming that the geometric redundancy is 

restarted at that point, the number of fixed ambiguities becomes and stays at seven 

satellites regardless of the extra three satellites that became visible shortly thereafter. On 

the other hand, when the dual track fixing algorithm (described in Section 2.5.4) is 

utilized, although the number of fixed ambiguities degrades to four satellites at some 

point, it recovers quickly (Figure 4.8). In fact, by the end of the turn all ten visible 

satellites are fixed (while the original algorithm could only fix seven). It should be 

mentioned that the dual track fixing method does not rely on the previously estimated or 

fixed ambiguities and hence maintains the integrity of the architecture. Therefore, this 

approach is capable of regaining the blocked satellites, assures the best performance, and 

is more robust to changes in satellite geometry caused by the blockage. 
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Figure 4.7. Number of Visible Satellite and Fixed Ambiguities Through the Turn Leg of a 
Race Track Mission Using JPALS Original Algorithm 

 

Figure 4.8. Number of Visible Satellites and Fixed Ambiguities Through the Turn Leg of 
a Race Track Mission Using the Dual Track Fixing Algorithm 

 



 78

4.2.2  Race Track Mission Availability Results. In this analysis, each race track of the 

1436 race tracks is marked available or unavailable based on VPLH0.  Specifically, the 

race track is considered unavailable if VPLH0 is greater than VAL for a period of time 

that is longer than the coasting time. Coasting time is defined as the time the Inertial 

Navigation System (INS) can bridge system outages. In section 4.1.3, it was assumed that 

the integrated INS system would be capable of bridging outages of up to one minute in 

duration. However, it may be hard for INS to bridge long gaps without inducing 

significant error. For example, Chan [7] shows that coasting using GPS-aided INS 

induces vertical errors of approximately 16 cm in one minute and 38 cm in two minutes. 

Therefore, coasting times exceeding one minute are not considered in this analysis 

because their induced error might exceed the accuracy requirements (approximately 20 

cm). These numbers are based on certain error models and navigation algorithms that are 

detailed in that specific work [7]. GPS-aided INS architecture design is outside the scope 

of this research. Therefore, availability is quantified as a function of the coasting time 

(ranging from one second to 60 seconds) (Figure 4.9) while setting σΔPR to 30 cm.  Since 

each race track is simulated at 1Hz and the availability is calculated based on 1436 race 

tracks, the race track availability simulation is computationally time consuming. 

Therefore, only one heading for the refueling mission is used for demonstration. In this 

analysis, a heading of 30o is chosen as an arbitrary value. Availability using both the 

original JPALS algorithm and AAR with the dual track fixing algorithm is calculated. 

Figure 4.9 shows the great improvement using the dual track system.  It is also clear that 

the availability is very sensitive to the coasting time.  In addition, even if the coasting 

time is 60 seconds, race track availability does not meet the 99% requirement. Figure 4.9 
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shows that race track refueling missions are not possible using the algorithm as currently 

defined. However, different methods to improve the navigation performance are proposed 

and discussed later in this thesis. These methods include measurement redundancy 

algorithms (Chapter 6) and ambiguity fixing based on domain integrity risk (Chapter 7).  

 

Figure 4.9. Race Track Availability Results With and Without Dual Track Fixing 
Algorithm 
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CHAPTER 5 

EXPERIMENTAL VALIDATION 

In this chapter, the 3D detailed blockage model developed in Chapter 3 is 

validated using flight test data that was collected in 2004. In addition, the AAR 

navigation algorithms described in Section 2.5 are validated in flight tests conducted in 

2006 and 2007. 

5.1 Blockage Model Flight Tests 

Based on the AAR CONOPS (Section 2.5.3), when the UAV enters the service 

volume, it performs a covariance analysis based on the predicted visible satellites at the 

contact position (where the boom is engaged) and the current geometry free observables 

transmitted from the tanker. The blockage model predicts which satellites will be masked 

by the tanker. Based on the predictive simulation results, the algorithm makes the 

decision to continue or abort the mission and provide an alternative heading. Therefore, 

the main goal of this section is to validate the blockage model and quantify its 

performance in real flight conditions. Validation of the navigation algorithms is the 

objective of future flight tests. 

AAR flight tests were conducted in September 2004 to collect time-tagged GPS 

and INS data that were post processed to validate the sky blockage model. In these tests, 

a Lear jet was used as a surrogate for the UAV. The algorithms developed in this work 

were not used to navigate the Lear-Tanker formation. Instead, the Lear pilot regulated the 

aircraft’s position relative to the tanker boom (which was lowered during the flight test 

but not engaged) visually and based on commands received from the boom operator 

inside the tanker. The Lear jet was equipped with two GPS antennas; a front antenna that 
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Figure 5.2. Different Test Points that Define the Refueling Envelope of the KC-135 

 
Nineteen different test point positions for the boom were used in the flight test to 

cover the KC-135 in-flight refueling envelope (Figure 5.2). In the mission planning 

process, these specified boom positions were used to generate a series of sky blockage 

matrices (one for each boom position). Using the sky blockage matrices, simulations for 

each of the boom points were conducted and the quantitative time trace results for VPL 

values, satellites in view, and sky blockage were recorded.  The resulting database was 

used to plan the tanker-Lear formation flight test paths (straight paths relative to the 

ground) by flying in the direction (heading) and time slot for each test point when the 

satellite blockage or the satellite geometry is the worst. Samples of the plots that were 

used in preparing the flight test cards are shown in Figure 5.3 and Figure 5.4. 
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The refueling boom is also captured in this model.  Since real-time boom 

extension and orientation parameters are not available in the test data, the boom is 

assumed to be always pointed toward the front Lear GPS antenna (referred to as OEM4). 

This is done by extracting the boom elements from the CAD model and then aligning the 

boom with the (time-varying) line segment between OEM4 and the pivot boom point on 

the tanker. This approximation is chosen based on Figure 5.1, where it can be seen that 

the simulated refueling point is very near the OEM4 antenna. The tanker masking shadow 

and the blocked satellites are then found using the same algorithm described in Section 

3.3. This process is done at each epoch (2 seconds intervals) during post-flight data 

analysis.  

5.2 Blockage Model Validation Results 

The collected GPS and INS data from both airplane and the relative position 

vector history generated in Appendix C are used in blockage model validation. The data 

set that is used in the validation corresponds to data recorded on 2004/9/21 from 

11:00:38AM to 11:08:48AM. This time is specifically selected because it includes flying 

at the heading of maximum blockage shown in Figure 5.3. When comparing the blocked 

satellites as predicted by the model with the measurement outages, it was found that the 

blockage model is conservative in the sense that there are points where satellites are 

predicted blocked by the model while phase lock is not actually lost. To determine if the 

discrepancies are due to a defect in the blockage model, carrier-to-noise ratio (C/N0) 

values (which indicates the strength of the received signal) for those satellites that are 

predicted blocked are examined.  
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The black dots in Figure 5.6 represent the measured C/N0 values corresponding to 

the L1 signal for satellite-30 (PRN30). A C/N0 value of zero means that the satellite is 

not visible (totally blocked). The shaded area represents the blockage model prediction 

for PRN30. In the case of clear sky (the first 100 seconds), C/N0 values are around 48 

dBHz. Once PRN30 is predicted blocked by the blockage model a drop in C/N0 is 

noticed. By comparing the times when PRN30 is predicted blocked with the times when 

C/N0 values degrade, it is clear that they generally concur. An exception would be the 

last few points at the end of the shaded area, where the blockage model predicts the 

satellite to be in clear sky while no measurement is received. This can be explained by 

the fact that PRN30 has been blocked for a long period and an extra time is required for 

the GPS receiver to reacquire it. In conclusion, the blockage model did not fail in 

identifying PRN30 as being blocked by the tanker. In addition, the observed signal power 

degradation (but not total loss) is evidence that the signal could penetrate certain parts of 

the tanker.  

In order to quantify the power loss caused by the blockage, generally and 

consistently, a C/N0 threshold is used. A C/N0 drop of 5 dBHz from the average prior 

obstruction-free values is considered reasonable value for the threshold to identify signal 

blockage. As an example, in Figure 5.6 a threshold of 43 dBHz is considered reasonable 

for PRN30.  

Figure 5.7 is constructed to compare the blockage model prediction with the 

signal quality for the satellites that encounter blockages. In Figure 5.7, the gray circles 

represent the blockage model prediction and the solid dots indicate a measured C/N0 

value below the threshold. In addition, the shaded area in the plot represents periods 



w

d

su

ca

su

b

ci

ev

re

m

F

where the st

eviation gre

upposed to r

alculated by

urprising be

lockage. By

ircles) with o

vents genera

elatively goo

model and C/

igure 5.6. M
Represents

tandard dev

eater than 26

represent the

y the blocka

ecause the fl

y comparing

occurrences 

ally coincide

od (less than

/N0 drops se

Measured Car
 the Blockag

viation of th

6 cm (see Ap

e ‘truth’ traj

age model. 

flight headin

g occurrence

of C/N0 val

e, especially 

n 3cm (see 

een in Figure

rrier-to-Nois
ge Prediction

he relative 

ppendix C))

ectory, will 

 Also, note

ngs were del

es of target

lues falling b

when the re

Appendix C

e 5.7, is quan

se Ratio (C/N
n)  

positioning 

). Poor relati

affect the lo

e that poor 

liberately se

t satellites p

below the th

lative positio

C)). The corr

ntified in Tab

N0) for PRN

solution is

ive position 

ocation of th

position per

elected to m

predicted to

hreshold, it w

on error stan

respondence

ble 5.1.  

N-30 (Shaded

s poor (stan

vector, whi

he tanker sha

rformance i

maximize sat

o be blocke

was found tha

ndard deviati

e of the bloc

d Area 

 87

ndard 

ich is 

adow 

s not 

tellite 

d (in 

at the 

ion is 

ckage 

 



 88

 

Figure 5.7. Comparison Between the Blockage Model Prediction and the Signal Quality 
for the Satellites that Encounter Blockages. 

 
In Table 5.1 two different quantification metrics are introduced: ‘missed 

measured-outage’ and ‘missed predicted-outage’. Missed measured-outage represents the 

percentage of points that are predicted clear out of the measured blocked points (C/N0 is 

below the threshold). Missed predicted-outage, on the other hand, is defined as the 

percentage of points that are measured clear (C/N0 is greater than the threshold) out of 

the predicted blocked points. Therefore, if both percentages are 0%, then the blockage 

performance is perfect. In addition, to provide a statistical basis for these percentages, the 

number of points that are measured blocked and predicted blocked are shown in Table 

5.1. As a result, Table 5.1 reveals that the blockage model performance is good with 

respect to satellite-30 (PRN30). In the case of PRN22, the number of comparison points 

is very low, so statistically there is little that can be inferred about the blockage model. In 

addition, Figure 5.7 shows that the mismatch cases for PRN22 happen when the relative 

position error standard deviation is poor. In the other case, PRN18 is a low elevation 
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Similar analyses were conducted on two other sets of flight test data recorded on 

2004/09/21 from 14:04:08 to 14:14:48 and 2004/09/22 from 12:46:28 to 12:51:28. The 

quantitative results for these two days are shown in Table 5.2 and Table 5.3 respectively. 

As was the case with the earlier data set, the results reveal that the blockage model 

performance is good with respect to high elevation satellites (PRN25 in Table 5.2 and 

PRN9 in Table 5.3). However, as discussed earlier, lower elevation angles do not exhibit 

the same performance because the C/N0 metric used to define “signal blockage” is also 

sensitive to the weaker antenna gain at low elevations. The only additional exception is 

PRN18 in Table 5.3. Although PRN18 is a high elevation satellite, the missed measured-

outage percentage is high. However, after further inspection, it was found that PRN18 

was totally blocked (no signal could be tracked at the GPS receiver) for 50 seconds. 

Later, when PRN18 came into the clear sky, the GPS receiver needed time to reacquire it. 

As a result, the data shows PRN18 as “measured blocked” while the blockage model 

predicted the satellite to be in clear sky. 

The measured C/N0 and phase lock loss usually concur with the blockage model 

prediction. This correspondence provides strong evidence toward the validation of the 

dynamic blockage model. Remaining occurrences of data-model discrepancy do exist for 

some satellites. Two probable interpretations have been suggested for these occurrences: 

one is that the signal gets weaker when penetrating the tanker body but stays strong 

enough to maintain signal lock and remain above the defined threshold (predicted 

blocked and measured clear). The other is that the signal gets diffracted by the edges of 

the wings and stabilizers, or reflected (multipath), and the value of C/N0 falls below the 
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Table 5.2 Quantitative Results Showing the Blockage Model Performance for 2004/09/21 
14:21-14:29 Data 

PRN el 
(deg.) 

Measured 
Blocked 
(points) 

Missed 
measured-outage 

% 
 

Predicted 
blocked 
(points) 

Missed 
predicted-outage 

% 
 

6 21 190 13.5 243 32.5 
25 56 297 5.1 282 0.0 
      

 
Table 5.3 Quantitative Results Showing the Blockage Model Performance for 2004/09/22 

08:58-09:08 Data 

PRN el 
(deg.) 

Measured 
blocked 
(points) 

Missed 
measured-outage 

% 
 

Predicted 
blocked 
(points) 

Missed 
predicted-outage 

% 
 

5 16 45 53.3 27 22.2 
9 52 28 10.7 25 4.0 
18 67 59 54.2 30 10.0 
21 25 51 58.8 27 22.2 
      

 
threshold (predicted clear and measured blocked). The blockage model developed in this 

work is conservative because it assumes that any signal that penetrates the tanker body is 

blocked.   This assumption is necessary due to lack of knowledge of the noise signal 

characteristics after penetrating different parts of the tanker. In addition, if the system 

availability is demonstrated to be acceptable using the conservative assumption, any 

further model that takes the signal power and noise and the receiver acquisition delay into 

account will only serve to improve the performance of the navigation system. In future 

work, a static KC-135 ground test is recommended to assess the magnitude of the 

assumed signal penetration, multipath degradation and noise characteristics of the 

penetrative signals. 
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5.3 2006 and 2007 Flight Tests 

The main goal of the 2006 and 2007 flight tests was to validate the navigation 

algorithm. This is performed in three stages:  

1. Validating the predicted performance simulation: in contrast to the 2004 flight 

test, planning the 2006 and 2007 flight tests aimed for predicting the flight 

direction and time of day to achieve the best performance.  

2. Post processing flight test data using the proposed algorithm and comparing the 

results to independently-generated truth trajectories (2006 flight test). 

3. Real time flight testing using the AAR navigation algorithms developed in 

Chapter 2 (2007 flight test).  

In both 2006 and 2007 flight tests, the same Lear jet that was used in the 2004 

flight test is again used as a surrogate for the UAV. In the September 2006 flight test, the 

Lear jet pilot was controlling the aircraft in a contact position at different refueling 

headings, times during the day during which GPS and INS data was collected. This data 

was processed offline and protection levels calculated from the data were compared to 

the requirements and to independently generated truth trajectories and the flight test 

predictions.  

In order to process the data offline, I was responsible for converting the 

algorithms developed in Section 2.5 to over 15,000 lines of real time C code. This C 

code, which we refer to as Illinois Institute of Technology - Kinematic Carrier Phase 

Tracking (IIT-KCPT) code, was developed to support both offline post processing and 

real time navigation. IIT did not have access to the 2006 flight test data. However, 

Dynamic Analytical Solutions, which had access to the flight test data, used the IIT-
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KCPT code to verify the navigation algorithms. It also showed that the IIT-KCPT relative 

position solution provided protection levels that matched the simulations and the AAR 

requirements.  

Since IIT-KCPT was successfully verified by post processing the 2006 flight test 

data, real time flight test was planned in August 2007. Similar flight test planning was 

conducted for the month of August at the times and headings when the race track 

refueling pattern was available. In these flight tests, IIT-KCPT C-code was implemented 

and integrated with an INS code (developed by SySence, Inc.) to provide a higher update 

rate for the autopilot refueling control code (developed by Boeing). During these tests, 

IIT-KCPT demonstrated the ability to provide a high accuracy navigation solution that 

allowed the Lear jet to autonomously execute aerial refueling maneuvers in proximity to 

a tanker and to practice breakaways. The data from the 2007 flight test was not provided 

to IIT. However the following summary of the flight test was published in the Boeing 

Phantom Works news release on Dec. 4, 2007: 

 
The AAR system autonomously guided the Learjet “UAV” up to a Boeing KC-
135R tanker and successfully maneuvered it among seven air refueling positions 
behind the tanker -- contact, pre-contact, left and right inboard observation, left 
and right outboard observation, and break away. The system controlled the 
Learjet for more than 1 hour and 40 minutes and held the aircraft in the critical 
contact position for 20 minutes. While a pilot flies the Learjet to and from the 
vicinity of the tanker and stands by to take over if necessary, he does not 
otherwise control the aircraft during the refueling maneuvering portion of the 
experiment…L3 Communications, SySense and the Illinois Institute of 
Technology, which work with NAVAIR to develop the precision global 
positioning system-based relative navigation system.[4] 
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CHAPTER 6 

MEASUREMENT REDUNDANCY 

This chapter describes new methods for using measurement redundancy in 

navigation applications. The availability results in Chapter 4 showed that availability is 

highly affected by the tanker blockage for a UAV with a single antenna. However, if the 

UAV is equipped with multiple antennas or GPS is augmented with an additional sensor, 

the performance is expected to improve considerably. Two primary sources of 

redundancy are considered:  multiple antenna/receiver configurations and an additional 

time transfer measurement. These redundant measurements can be utilized differently to 

enhance navigation accuracy, integrity and continuity. In this Chapter, we analyze the 

tradeoffs for several unique approaches in the implementation of these redundant 

measurements.  

6.1 Antenna Redundancy 

Different methods for using redundant measurements from multiple antennas can 

be designed to enhance the navigation performance. Using antenna redundancy has been 

used to detect failures, to improve attitude determination and to provide continuity. 

However, combining measurements from multiple antennas to enhance ambiguity 

resolution and enhance satellite coverage in bad visibility environments (such as AAR) 

has not been studied before. 

A potential benefit of using redundant antennas is the reduction of the highly 

stringent performance requirements for individual receivers while maintaining the high 

overall integrity requirement. In previous work [16], we showed that the use of multiple 

antennas may allow relaxation of the PIF for individual reference-user receiver pairs if an 
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all-fixed-ambiguities solution is required. The ability to increase the minimum required 

PIF increases tolerance of higher raw measurement variances. An additional advantage is 

a decrease in the required time of measurement filtering prior to cycle resolution. 

However, such use of measurements from redundant antennas only allows processing 

those measurements from common satellites that are visible by both user antennas. This 

in turn, might not be the optimal solution for AAR because of the sky blockage that is 

introduced by the tanker. In particular, the number of common visible satellites will 

generally be lower than the number of satellites visible by each individual user antenna, 

which in turn degrades the availability. 

 
6.1.1  Multi Antenna Coupled Estimation Algorithm. One of the benefits of having 

multiple antennas is the access to more measurements. In particular, when the UAV is at 

the refueling contact position, different antennas on the UAV may have access to 

different sets of satellites. In extreme cases, each set might not individually have enough 

satellites for a position estimate. However, using the attitude information provided by the 

inertial systems onboard both aircraft, both sets of measurements can be blended together 

in one set that has enough information to estimate an accurate position. Therefore, 

satellites from different antennas can be combined and used to enhance the continuity, 

accuracy, and availability of the system. 

Using multiple antennas, multiple pairs of double difference carrier observables 

can be formed. In what we refer to as the ‘coupled estimation’ method, these observables 

are fused in the range domain at the geometric redundancy step to extract the maximum 

performance and improve cycle ambiguity resolution. Initially, we will limit ourselves to 

two antennas on the aircraft (marked as 1 and 2) and two antennas on the tanker (marked 
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as 3 and 4) as shown in Figure 6.1. For simplicity, only L1 measurements will be used in 

the derivation of the coupled estimation algorithm which will then be generalized to the 

dual frequency system. Also, in this derivation, the following assumptions are made:  

1. No survey error for the baseline of the antenna pairs on the UAV or the 

tanker. It is assumed that an optical survey is used to estimate these body 

frame baselines, which provides millimeter level accuracy.  

2. No spatial correlation is present between the measurements from the antenna 

pairs on the UAV or the tanker. The effect of measurement correlation is 

addressed in Section 6.1.3. 

3. No attitude measurement errors. The effect of attitude errors will be discussed 

later in Section 6.1.4. 

 

Figure 6.1. Dual String Antenna Configuration 

Similar to Equation 2.36, the carrier phase observable for the two processing 

strings (string 1-3 and string 2-4) can be written as 

  Δ , Δ , · Δ , ,   (6.1)
 

  Δ , Δ , · Δ , ,   (6.2)
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In order to benefit from the increased number of measurements we have to 

establish a common reference point for both the UAV and the tanker.  As illustrated in 

Figure 6.1, the relation between the two strings relative vectors can be expressed in terms 

of the baseline vectors of the antennas on the UAV (xU) and tanker (xT) as 

    (6.3)
 

where 

: the relative vector between receivers 1 and 2 on the UAV expressed in the 

navigation frame 

: the relative vector between receivers 3 and 4 on the tanker expressed in the 

navigation frame 

The two vectors (xU and xT) are known from the pre-surveyed body frame vectors 

and the attitude information provided by the inertial systems. Therefore, we can rewrite 

Equation 6.2 as 

  Δ , Δ , · Δ , ,   (6.4)
 

As a result, the measurements from both strings are coupled through the relative 

position vector x13.  In addition, we have successfully increased the number of 

measurements that allows us to estimate the relative vector between the UAV and tanker 

and cycle ambiguities with a greater precision. The final equation can be expressed in a 

matrix form as 

 
Δ ,

Δ , Δ ,
Δ ,

Δ ,
Δ ,

Δ ,

,

,   (6.5)
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Using a similar approach for L2 carrier measurements, adding the filtered 

geometry free observables from both strings and the multipath states, Equation 2.47 and 

2.48 can be replaced by Equations 6.6 and 6.7 respectively for the coupled estimation. 
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In matrix notation, 
 

   

(6.6)
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In matrix notation, 
 

   

(6.7)

 
Equation 6.6 is used at the geometric redundancy step to estimate the cycle 

ambiguities using a Kalman filter as in Equations 2.49 to 2.53. Cycle ambiguities are then 

fixed using the LAMBDA bootstrap method as discussed in Section 2.4.2. As in the case 

of the single string implementation, we set the probability of incorrect fix to be 10-8.  This 

allows us to maintain the integrity requirement associated with the ambiguity resolution. 

Equation 6.6 illustrates the expected benefit of the multi antennas using coupled 

estimation. The greater the increase in the number of measurements relative to the 
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number of position-and-integer states provides greater state observability and improves 

the estimation accuracy, which in turn enables more ambiguities to be fixed. In AAR, 

blending the measurements together as illustrated in Equation 6.6 becomes necessary. 

Although each antenna might not have enough measurements to obtain a navigation 

solution or the required accuracy, blending the measurements from both antennas using 

the coupled estimation method is expected to enhance the accuracy of the navigation 

solution. In the following sections, availability analysis is conducted to quantify the 

performance of the multi antenna coupled estimation method in AAR for different 

antenna configurations and different assumptions.  

 
6.1.2  Straight Refueling Pattern Availability Using Dual String Coupled 

Estimation. In order to quantify the availability enhancement using the coupled 

estimation method, an availability analysis, similar to the one conducted in Chapter 4, is 

performed. Although it has been shown in Chapter 4 that the straight refueling pattern 

meets the AAR availability requirements for certain parameters (see Section 4.1.2), and 

therefore the coupled estimation method is not necessary, it is used here to demonstrate 

the robustness of the coupled estimation algorithm to various code noise (σΔPR) values. In 

addition, because of the computation burden of the race track simulations, in the next 

sections, the sensitivity to antenna measurement correlation and INS errors on the 

availability is studied using straight refueling only.  

For the straight refueling pattern, the simulation parameters detailed in Table 4.1 

and Table 4.3 (case A2+B+C2) are used. In the coupled estimation simulation (where two 

antennas are fixed on the UAV), the second antenna is fixed just behind the refueling 

port. In addition, a σΔφ of 1.0 cm is assumed.  Availability is quantified with respect to 
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σΔPR, which is varied from 20 cm to 70 cm in 5 cm increments. The availability results 

for the coupled estimation method are compared to the single antenna (single string) in 

Figure 6.2. The availability improvement using the dual antennas with coupled estimation 

method is clearly demonstrated. A gain of more than 30% is achieved at  of 70cm. 

Therefore, the system could achieve high availability even when the code measurement 

noise significantly increased. Since the tanker blockage is what is limiting the AAR 

performance, having more measurements (seeing different satellite sets) will naturally 

improve the availability considerably.  

 

Figure 6.2 Availability Results for AAR 

 
6.1.3  Antenna Measurement Correlation. The availability results shown in Figure 6.2 

for the coupled estimation case assume no correlation between antennas onboard the 

same vehicle. By correlation we refer to the spatial correlation of the measurement noise 

which will be mainly caused by multipath. Therefore, if multipath correlation exists, 
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measurements from the correlated antennas cannot be treated as independent and this 

correlation must be included in the measurement noise model. The covariance of the 

geometry free observable measurement error ( ) and the process noise matrix for 

the correlated multipath states are derived in Appendix D and are used. In that derivation, 

measurement errors from different satellites are considered independent. However, 

correlation between measurement errors for the same satellites between the two antennas 

onboard the same vehicle exists. This correlation is assumed to be the same for all 

satellites with a correlation coefficient factor (c). 

 

Figure 6.3. Availability of the Dual Antennas Coupled Estimation for Different Values of 
Correlation Coefficient (c) 

 
Using the same parameters described in Section 6.1.2, availability is calculated 

for correlated measurements with different correlation coefficients (c). Figure 6.3 shows 

the effect of correlation on availability, where the coupled estimation curve in Figure 6.2 
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matches the case of correlation coefficient (c = 0) and the single antenna matches the case 

of perfectly correlated antennas (c = 1).  

Although Figure 6.3 shows the results of a parametric study of availability for 

different correlation factors, estimating a correlation factor is quite difficult. In AAR, 

both aircraft are highly dynamic, which directly affects the multipath error signal 

structure. Therefore, extensive flight test data under different conditions is required to 

calculate and validate an upper bound correlation coefficient. However, measurement 

error correlation is mainly due to multipath and it will decrease as the antenna spacing is 

increased or if both antennas are placed in different multipath environments.  

 
6.1.4  INS Errors. The attitude of each aircraft is used to convert the baseline vector 

between antennas onboard the same airplane from the body frame to the navigation frame 

(in which x13 is expressed). However, inertial sensor measurements are used to estimate 

the attitude information within certain accuracy bounds (referred to as attitude error). 

Therefore, the error in the attitude should also be taken into account in Equation 6.5 and 

6.6. The attitude error is propagated through the vector between the antennas onboard 

each aircraft which, as a result, acts as additional noise that is added to the measurement 

noise.  

To be consistent with Equation 6.3 xU and xT can be expressed in the navigation 

frame using the body frame rotation matrix (R) and the body frame baseline vectors for 

the UAV and tanker (bU and bT respectively), 

      (6.8)
 

      (6.9)
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Assuming the body frame baseline vectors are free of errors, the error in 

Equations 6.8 and 6.9 caused by attitude uncertainty can be expressed as [7], 

      (6.10)
 

      (6.11)
 

where 
0

0
0

 and ,  and   are the yaw, pitch and roll error 

standard deviations respectively. 

In this analysis we assumed that the baseline vector on both aircraft equals to 

98.0 0.0 0.0  inches. Therefore, the variance of the error caused by the 

attitude on the carrier phase measurement ,  through the term (xU+xT) in 

Equation 6.5 is, 

  , Δ , ·   (6.12)
 

Finally, the term ,  is added to the ith diagonal term of the measurement 

noise matrix corresponding to string 2-4. 

Assuming an attitude error standard deviation of 0.1o ( 0.1 ) in yaw and 

0.05o in roll and pitch angles ( 0.05 ), the computed availability of the dual 

string coupled estimation with INS error is nearly identical to the results without the INS 

error in Figure 6.3. This can be explained by the short baseline distance (98.0”) assumed 

here. With the attitude errors assumed and 98” baseline, a maximum error of 5 mm is 

added to the carrier phase measurements for string 2-4. The error term corresponding to 

attitude error is proportional to this distance. Therefore, attitude error will not be pursued 

any further because it has a negligible impact on AAR availability.  
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6.1.5  Racetrack Refueling Availability Using Coupled Estimation. Coupled 

estimation is expected to be crucially beneficial for race track refueling missions. To 

quantify race track mission availability, simulations similar to the one explained in 

section 4.2, are conducted. Figure 6.4 shows the great improvement that the dual string 

coupled estimation provides relative to the single string processing. It is also clear that, as 

in the single string case, availability is still very sensitive to the coasting time. In fact, 

availability is improved using double strings and reached 99.24% at 60 seconds coasting 

time. However, remember that in 60 seconds GPS-aided INS coasting induces vertical 

position errors of approximately 16 cm [7], which is close to the AAR accuracy 

requirement (5.7 σv < 1.1). Therefore, if coasting time relaxation is necessary to reduce 

the INS coasting errors, a three antenna configuration can be used.  

 

Figure 6.4. Race Track Availability Results 
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Placement of the three antennas on 

the UAV must be optimized to reduce the 

tanker blockage effect.  For example, 

from a blockage point of view, aligning 

the three antennas on the UAV body axis 

will not be significantly different than two 

antennas at the extreme points of the 

UAV. However, if two of the antennas are 

placed on the wings a sufficient distance 

apart, the blockage contribution due to the 

tanker fuselage can be eliminated (Figure 

6.5). Eliminating the fuselage blockage 

will improve race track availability by reducing the number of blocked satellites during 

the turns. However, the antennas must be placed on a rigid area on the wings to avoid 

flexure (which can cause unmodeled ranging errors). In this work, the Boeing X-45C is 

used as a basis for determining the antenna locations. The blockage pattern shown in 

Figure 6.5 is created by fixing the front antenna at the refueling port and placing the back 

antennas 98 inches aft of the front one and 200 inches apart. The race track availability 

analysis is then performed on the three antenna case. Figure 6.6 shows the improvement 

in availability gained by using three antennas. In fact, using three antennas, the 

requirement on coasting time can be relaxed from 60 to 40 seconds while maintaining 

availability higher than 99%. Forty seconds of coasting time induces INS errors of 10 cm, 

which is approximately half the required accuracy for AAR.  

Figure 6.5. Three Antenna Configuration 
and the Corresponding Blockage 
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Figure 6.6. Availability Results for Single String, Dual String and Triple String 

 
6.1.6  Continuity Requirement Considerations. The concept of sensor redundancy is 

broadly used in aviation for safety and continuity reasons. In this context, if one antenna 

or receiver fails, the second acts as a backup. However, in this chapter, multi antennas are 

used simultaneously for fault-free navigation. For example, in the case of the dual 

antenna coupled estimation method, two operational antennas are always required to meet 

the availability. If one of the two antennas fails, coupled estimation cannot be performed 

and availability will be jeopardized. In this section, we start with a continuity requirement 

and study the tradeoff in using multiple antennas for navigation performance 

enhancement rather than continuity. 

To quantify the tradeoff, we start with few assumptions about the continuity 

requirement, and receiver and antenna failure rates. In this work, equipment failure 

continuity is based on the UCAS requirement, which is 9.8×10-7 in any 15 seconds. A 
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Mean Time Between Failures MTBF of 6500 hours is assumed for the receivers. MTBFs 

for antennas and other equipment is usually two orders of magnitude greater than the 

receiver’s and therefore are neglected in this study. The MTBF can be used to calculate 

the probability of a receiver failing (PFrcv) within any 15 seconds as shown in Equation 

6.13. 

 
1

6500  3600
15 6.41 10   (6.13)

 
Therefore, the probability of one receiver failing within 15 seconds is less than the 

continuity requirement. As a result, one receiver is enough to meet the continuity 

requirement. However, if two receivers are used for navigation, as proposed in this 

chapter, both receivers must be operational. The probability of one or both receivers 

failing in 15 seconds, which would cause continuity violation, is: 

  1 1.28 10 (6.14)
 

This probability is greater than the continuity budget of 9.8×10-7. Therefore, 

although using two receivers for navigation meets the availability requirement, it violates 

continuity. In order to meet continuity, an additional antenna and receiver must be added 

to the architecture as a backup. The probability of two or more out of the three receivers 

failing within 15 seconds is 

  1 1.23 10   (6.15)
 

Since this probability is less than the continuity requirement, using three antenna-

receiver pairs with two pairs operational for navigation and one as a backup provides the 

good availability performance of the dual string implementation while simultaneously 

meeting the navigation continuity requirements. Alternatively, two antennas with two 

receivers per antenna can also be used. In this configuration, since the antenna’s MTBF is 
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negligible compared to the receiver’s MTBF, one back up receiver is assigned per 

antenna. 

6.2 Redundancy Using TTNT 

Augmenting GPS with an additional sensor provides another source of 

measurement redundancy for AAR. Specifically, the AAR system will use Tactical 

Targeting Network Technology (TTNT) as a data link medium that transmits the tanker 

measurements to the UAV. In addition to its use as a data link medium, Hwang, et al.  

[15] showed that TTNT can be used to provide a “Time Transfer measurement”. The 

Time Transfer measurement (zTT) is achieved by accurate two-way roundtrip time 

synchronization with the communication link between both user and reference receivers. 

They also showed that the time transfer measurement can be used to estimate the relative 

GPS-receiver clock bias between the user and reference station ( ). Recall that without 

TTNT, the relative clock bias is eliminated by the double difference step, which reduces 

the measurements by one. By augmenting the GPS measurements with the additional 

TTNT measurement of , the double difference step reduces the unknowns by one 

(clock bias) while preserving the original number of measurements (as we will show 

shortly). Since AAR navigation performance is greatly affected by the number of visible 

satellites, TTNT measurements are expected to improve the availability and continuity of 

precision navigation without the need of installing additional equipment.   

Although TTNT can also be used directly as a ranging source sensor, Hwang, et 

al. [15] argued that there are actually two basic reasons for using TTNT to provide timing 

measurements instead. The first is the dependency on the relative geometry (line-of-sight 

vector) between the transceivers on both aircraft in the case of ranging TTNT. This 
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ranging geometry may, in many occasions, provide no benefit for the navigation 

performance. The other reason is that errors (such as transmitter and receiver delays and 

propagation errors such as tropospheric delays associated with extracting ranging 

information from TTNT) are considerably reduced or even eliminated with the time 

transfer approach [15]. Therefore, in this section, only TTNT time transfer approach is 

considered. 

The impact of TTNT on AAR is quantified by conducting the race track 

availability analysis for the coupled estimation case mentioned earlier in 6.5.1. The time 

transfer measurement provides measurement of the relative clock bias with an associated 

error  as shown in Equation 6.16. 

    (6.16)
 

However, when the double difference step is performed for the measurements of 

string 1-3 and the time transfer measurement (zTT), the master satellite carrier phase 

measurement Δ , its corresponding measurement noise , and the master 

satellite line of sight vector , appear in the zTT measurement. Therefore, TTNT time 

transfer measurement augmentation with the GPS navigation system presented in 

Equation 6.5 can be represented as follows: 

 

Δ ,

Δ , Δ ,

Δ

Δ ,

Δ ,

e
Δ ,

Δ ,

,

,   (6.17)

 
where the measurement noise covariance matrix (Vφ) for Equation 6.16 can be written as  
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2
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13
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2 2

  



 111

1:  an n-1×1 vector of ones 

: time transfer measurement error standard deviation in units of length 

 
Using TTNT, the navigation architecture will be able to estimate the relative 

position vector with three satellites at least instead of four. Although the time transfer 

measurement error standard deviation ( ) is large in comparison to the carrier phase 

measurement (in this analysis  is assumed to be 30 cm), availability for both single 

string and dual string coupled estimation is improved as seen in Figure 6.7. For a race 

track refueling pattern, a single string with TTNT measurement falls short by 0.5% for 

meeting the 99% availability requirement even if an additional ranging measurement 

(TTNT) is used. On the other hand, if dual string coupled estimation with TTNT is used, 

the coasting time requirement can be relaxed to 30 seconds, which corresponds to INS 

coasting errors of only 7.5 cm, to provide availability that exceeds 99% compared to 60 

seconds without TTNT.  

 

Figure 6.7. Availability Results for Single and Double Strings with and without TTNT 
Time Measurement 
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CHAPTER 7 

POSITION DOMAIN INTEGRITY RISK OF AMBIGUITY FIX 

The availability of any carrier phase navigation algorithm in general can be 

greatly enhanced by increasing the probability of incorrect fix threshold. However, this 

probability is usually bounded to the integrity risk requirement. In this chapter, we start 

by presenting the previous conservative method for deriving PIF from the integrity risk. 

Then, we develop an innovative, less conservative approach to calculate the integrity risk 

by evaluating the impact of the incorrect integer candidates, weighted by their probability 

of occurrence, in the position domain.  

7.1 The Conventional Method for Deriving PIF from the Integrity Risk 
Requirement 

 
High integrity and accuracy navigation applications require the use of carrier 

phase measurements. In Chapter 2, we showed that in order to obtain centimeter level 

accuracy, cycle ambiguities must be resolved. The probability of resolving and fixing 

these ambiguities correctly must comply with the navigation integrity risk requirement. 

Fault free integrity risk is typically defined as the probability that the position error, 

under fault free conditions, exceeds the predefined alert limits.  

This section presents the conventional method that has been derived in [30] which 

provides a formula for the relation between PIF and the required fault free integrity 

(   ). To derive such a formula, it is easiest to start with the concept of the fault free 

Vertical Protection Level (VPLH0). VPLH0 is defined as a statistical overbound where the 

probability of the vertical position estimate error (| |) exceeding VPLH0 equals 

IH0req (Equation 7.1).  
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  | | (7.1)
 
where, 

 P{■}: the probability of event ‘■’ 

After fixing the ambiguities, two mutually exclusive and exhaustive events can be 

defined in relation to Equation 7.1: a correct fix (CF) and an incorrect fix (IF) event. An 

IF includes all events where some or all ambiguities have been fixed incorrectly. A CF, 

on the other hand, includes only those events where no ambiguities are fixed incorrectly. 

Note that by the definition of a correct fix, if we choose not to fix any ambiguity, thereby 

leaving the cycle ambiguities floating, then the Probability of Correct Fix (PCF) is equal 

to 1. At the same time, if we choose to fix some or all ambiguities, we expect the PCF to 

be less than 1. Using the law of total probability, Equation 7.1 can be expanded to, 

 
| | | | |   

                                     | | |  
(7.2)

 
Given that the cycle ambiguities are fixed incorrectly, the probability that the 

vertical error exceeds VPLH0 (i.e., | |  |  ) can conservatively be 

assumed to be equal to 1. This assumption is considered conservative because in reality 

there might be incorrect fix events which result in a small vertical error such that 

| |  |   is less than 1.  

Since both the correct fix and incorrect fix events are mutually exclusive and 

exhaustive as defined earlier, 1 . Using the conservative assumption 

| |  |  1 in Equation 7.2 and substituting the result in 7.1, 

 

  | | |  
 

| | |
1  

(7.3)

 



114 

Under the assumption that the GPS measurement noise is zero-mean Gaussian, 

the vertical position error, after fixing the cycle ambiguities correctly, can be assumed to 

be a random variable with a Gaussian distribution of zero mean and standard deviation 

σv|CF. Therefore, a probability multiplier (KVPL|CF) is calculated using the inverse of the 

cumulative normal distribution function of | |  |  . For example, for 

IH0 req = 10-7, in [30] a reasonable threshold for PIF was found to be 10-8, which results in 

KVPL|CF = 5.35. In this case, VPLH0 is calculated by multiplying σv|CF by 5.35. This VPLH0 

must comply with the VAL. Comparing VPLH0 with VAL for AAR produced the results 

presented so far in this thesis.  

In high blockage environments such as in AAR or if a tighter accuracy 

requirement exists, as when landing UCAV onboard ship carrier, this method is not 

sufficient to meet typical navigation availability requirements. One venue to improve the 

VPLH0 calculation is the conservative assumption, made after Equation 7.2, that all 

incorrect integer candidates will cause the position errors to exceed the alert limits. In 

response, in the following section we introduce an innovative approach to calculate the 

integrity risk by evaluating the impact of the incorrect integer candidates, weighted by 

their probability of occurrence, in the position domain. 

7.2 Position Domain Integrity Risk of Ambiguity Fix 
 

Instead of using the conservative assumption that the vertical error exceeds VPLH0 

if ambiguities are fixed incorrectly, we consider an integer space that includes all 

candidate sets of cycle ambiguities that cause the position error to fall inside the alert 

limit boundaries. This includes all sets, correct or incorrect fixes, as long as they cause 

the vertical error to be bounded by the alert limits with the allowable level of integrity 



115 

risk. In other words, if a candidate set is incorrect but satisfies the position domain alert 

limit constraints, we recognize that it does not violate integrity.  

 
7.2.1  Mathematical Derivation. In this new method, instead of starting from the 

definition of VPLH0 that meets the integrity requirements, we directly calculate the 

integrity risk (IH0) caused by the cycle ambiguity candidates and compare it to the 

required fault free integrity risk (IH0req). If the calculated integrity risk (IH0) is less than 

the required integrity risk then the navigation system is considered available under fault 

free conditions. Fault free integrity risk is defined as the probability that the vertical error 

exceeds the Vertical Alert Limit (VAL) as shown in Equation 7.4. 

  | | (7.4)
 

Considering the two mutually exclusive and exhaustive events CF and IF and 

using the law of total probability as shown in Equation 7.2, Equation 7.4 can be rewritten 

as, 

  | | | | |  |      (7.5)
 

The second term in the right hand side of Equation 7.5 can be expanded to include 

all possible events that correspond to incorrectly fixed cycle ambiguity vector candidates 

(Equation 7.6).  

  | | | | | |      (7.6)

 
where, 

IFn: event corresponding to the nth incorrectly fixed cycle ambiguity vector  

PIFn: probability of occurrence of the nth incorrect fix  
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Since it is impractical to calculate the series with an infinite number of incorrect 

cycle ambiguity vector candidates, the series is broken in to two subseries: one represents 

what will later be the candidates of interest (n = 1  k) and another which includes all 

remaining candidates (n = k + 1  ∞) as shown in Equation 7.7. 

 

| | |

| |  |   

| | |  

(7.7)

 
In order to avoid computing the second term in Equation (7.7), the conservative 

assumption | |  |  1.0 for n = k + 1  ∞ is used. In addition, since 

the correct fix event and all incorrect fix events (including the tested candidates) are 

mutually exclusive and exhaustive, the second term in Equation 7.7 can be written as 

  1   (7.8)

 
Substituting Equation 7.8 into Equation 7.7 and using the result in Equation 7.5 

yields 

 

| | |

| |  |    1

 

(7.9)

 
Rearranging Equation 7.9, we obtain 

 

1 1 | | |

1 | | |  
(7.10)
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 Equation 7.10 is a closed-form expression in which the effect of a set of 

ambiguity candidates on the position domain integrity risk is explicitly defined. It is 

noteworthy that if the series term in Equation 7.10 (which represents the incorrect fix 

candidates to be tested) is neglected, the remaining expression yields  

  1 1 | | |
| | | (7.11)

 
which is equivalent to Equation 7.3 with VAL and IH0 replacing VPLH0 and IH0req, 

respectively. Therefore, as long as the sum of the series in Equation 7.10 is greater than 

zero (always true), the integrity risk computed using Equation 7.10 will be lower than 

that given by Equation 7.11. Therefore, Equation 7.10 provides a tighter bound on 

integrity risk than the conventional method expressed in 7.11. This in turn, will result in 

improved navigation availability as we will see later in Section 7.2.5 and 7.3. 

In order to compute the integrity risk using Equation 7.10, the terms PCF,  PIFn, 

| |  |  , and | |  |   must be evaluated. For 

compactness of notation, the latter two terms will be referred to as referred to as PVALCF 

and PVALIF, respectively. In the following sections, the procedure to compute PCF, PIF, 

PVALCF and PVALIF these quantities is described. In addition, an efficient method to 

construct cycle ambiguity candidates is developed. 

 
7.2.2  Evaluating PCF and PIF. Calculating the probability that a certain set of 

ambiguities is the correct one depends on the fixing method utilized. In this work, the 

bootstrap method [38] is used for cycle resolution because it provides a closed form a 

priori probability mass function on integer estimation error. For a bootstrap estimator 

with a conditional variance of σ2
i/I (see Section 2.4.2), the probability that the 
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bootstrapped integer estimate ( ) (which is an m×1 vector) being any arbitrary integer 

candidate (z) given that the correct fixed ambiguity is (a) is given by [38] as, 

 

 

                 Φ
1 2

2 /
Φ

1 2
2 /

1   (7.12)

 
where, 

li: the ith column vector of the unit lower triangular matrix (L-T) resulting from LDLT 

decomposition of the ambiguity covariance matrix N  (resulting from Equation 

2.53) 

m: the number of cycle ambiguities fixed   

Therefore, if we set z equal to a (the correct cycle ambiguity vector), Equation 

7.12 produces Equation 2.29, which was used earlier to calculate the probability of a 

correct fix (PCF). For PIF, the value of (a - z) can be computed for the incorrect fix 

candidate of interest. For example, if a one cycle error on the first ambiguity is to be used 

as the first incorrect fix event (IF1), then the vector [1 0…0]T is used for (a - z).  

 
7.2.3  Evaluating PVALCF and PVALIF. Before estimating the probability of the vertical 

error exceeding VAL, for simplification purposes and without the loss of generality, the 

conditional events CF and IFn are replaced by a general event B. Later on, when we 

derive a methodology for estimating this probability, we will tackle the difference 

between the CF and IF events and discuss the specific approach for each one.  

By expanding the absolute value inside the conditional probability term of 

Equation 7.10, the probability of the vertical error exceeding VAL given that event B took 

place can be written as: 
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| |  | 

|  |   
(7.13)

 
The relative position vector x is linearly estimated using the GPS measurements 

which are assumed to have Gaussian error distributions with zero mean. Therefore, the 

distribution of the vertical position estimate error  would also be Gaussian with 

a standard deviation defined as σv|B. The mean of this distribution will depend on the 

event B and hence is referred to as μB. Knowing the mean (μB) and the standard deviation 

(σv|B), the probability of the first and second terms of Equation 7.13 can be calculated 

using the normal cumulative distribution function at the limits -VAL and VAL, 

respectively.  

Returning to the CF and IFn events, the standard deviation of the vertical position 

error is not affected by an incorrect fix. Therefore, σv|B = σv|CF for both the CF and IFn 

events. The only difference between these events is the mean of the Gaussian 

distribution. Since the position vector x is estimated using unbiased estimators (usually 

least squares or Kalman filter estimation is used), the mean is zero for the CF event (μCF 

= 0). In the case of IFn events, the incorrect integer candidate will induce a bias in the 

position vector estimate. After the ambiguities are fixed, subsequent positioning is 

performed using least squares estimation. Therefore, knowing the satellite geometry 

matrix (G) and the covariance of the conditionally post-fixed cycle ambiguities estimates 

(PN), the bias induced in the relative position vector (bn) caused by the nth (a - z) incorrect 

candidate can be computed as,  

  N N   (7.14)
 

where, λ is the carrier wavelength and R is the measurement noise covariance matrix. 
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PVALIF can be then calculated using a normal cumulative distribution function with 

standard deviation σ = σv|CF and a mean (μIFn = bn) where bn is calculated using 

Equation 7.14. 

If requirements other than VAL, such as LAL, vertical accuracy (Accv) or lateral 

accuracy (AccL) exist, Equation 7.10 can be altered accordingly. Equations 7.15, 7.16 and 

7.17 show the corresponding form of Equation 7.10 for LAL, vertical and lateral accuracy 

requirements, respectively. 

 

1 1 | | |

1 | | |  
(7.15)

 

 

1 1 | | |

1 | | |  
(7.16)

 

 

1 1 | | |

1 | | |  
(7.17)

 
where, 

IH0LAL: lateral fault free integrity risk 

Accv: vertical accuracy requirement 

PaccV: probability that the vertical position error exceeds Accv 

AccL: lateral accuracy requirement 

PaccL: probability that the lateral position error exceeds AccL 

Furthermore, Equation 7.10 can also be used to provide a tight overbound for VPLH0 if 

required by replacing IH0 and VAL with IH0 req and VPLH0 respectively as shown in 

Equation 7.18:  
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  1 1 | | |

1 | | | , 
(7.18)

 
where VPLH0 can be computed iteratively, using a Newton-Raphson method for 

example. 

Special care should be taken if any lateral requirements exist. In nominal GPS 

applications the vertical accuracy is usually worse than the lateral accuracy because of 

the geometry of the satellites (satellites are visible above the horizon only). However in 

the case of incorrect fixing, position biases might exist at different magnitudes and in 

different directions. Under incorrect fix conditions, it is quite possible to find a few cases 

under which the vertical requirements are met while the lateral ones are not.  

In most navigation applications, the lateral requirements are defined perpendicular 

to the flight path. Since the geometry of the satellites generally produces different errors 

in the North and East directions, lateral position error depends on the flight path azimuth. 

To be conservative in calculating availability, the azimuth that produces the worst 

accuracy shall be used. In the correct fix (CF) case, the worst case lateral error variance is 

simply the maximum eigenvalue of the (2×2) horizontal position error covariance matrix 

(Px). However, when biases of different magnitudes and directions are introduced to the 

North and East directions (as in the case of incorrect fix), this is not necessarily the case. 

An alternative method that shows how to find the worst heading for lateral requirements 

and how to calculate the associated mean (μIF) and standard deviation (σL|CF) is detailed 

in Appendix E. 
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7.2.4 Generating Cycle Ambiguity Candidates. In principle, cycle ambiguity 

candidates can be constructed by directly considering all possible combinations of cycle 

errors for all ambiguities. As discussed in Section 7.2.1, theoretically, if the series term 

∑ 1 | |  |      in Equation 7.10 is negligibly small, we 

expect no reduction in the computed integrity risk using the new method compared to the 

conservative one in Equation 7.3. The terms in this series will be close to zero under two 

scenarios: performance improvement. This series will be close to zero under two 

scenarios: if PVALIF is large (close to 1), or if PIF is small (close to zero). PVALIF will be 

large if the incorrect fix ambiguity candidates introduce large biases (μIF) in the position 

domain. On the other hand, from Equation 7.12, it can be observed that the larger (a – z) 

is, which is the case when the incorrectly fixed ambiguity z is farther from the correct one 

a (the one with the maximum PCF), the smaller PIF becomes. Therefore, adding more 

candidates with larger (a – z) will not change the series outcome significantly. Therefore, 

it is not necessary to search the whole integer space (k  ∞) for incorrect fix candidates. 

It is adequate to use only the ones surrounding the correct fix (a) that lead to near 

convergence of the series in Equation 7.10. Since the fixing process is performed 

sequentially, the number of incorrect fix candidates is expected to grow as the number of 

fixed ambiguities increases. For example, if incorrect fixes of up to 5 cycles in magnitude 

different from the correct one are to be considered, the number of ambiguity candidates 

of interest starts from 111 – 1 = 10 (-5 to 5 skipping 0 which represents the correct fix) 

when fixing the first ambiguity. In a double difference dual frequency application with 

eight visible satellites for example, the number of ambiguities to be fixed is 14 and the 

number of ambiguity candidates grows up to (1114 – 1 ≈ 3.8×1014). In order to reduce the 
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computation burden of building the incorrect fix ambiguity candidates, the following 

procedure is developed to construct cycle ambiguity candidates more efficiently: 

1. Define a candidate matrix (C) as the matrix whose columns represent all the 

vectors (a – z) for all incorrectly fixed ambiguity candidates. Since one 

integer is fixed first, C is initialized with a row vector of integer numbers 

representing (a – z) candidates for the first ambiguity. Therefore, if d is used 

as an arbitrary integer bound on (a – z), then C1 = [–d, –d + 1, … , -1, 1, … , d 

– 1,  d]. This corresponds to the first step in the bootstrap sequential fixing 

(fixing one ambiguity only). 

2. For each step in the sequential fixing, other than the initial one, update Ci to 

include all new combinations for the newly fixed ambiguity. This can be 

accomplished, for 2 ≤ i ≤ n, by 

  
 
where d is a row vector with all of its elements equal to d and 1 is a row 

vector with all of its elements equal to 1. 

3. Calculate PIF for each (a - z) candidate (each column of the Ci matrix). 

4. Only the relevant candidates that are significant in the calculation of the series 

in (10) are kept in C. Therefore, if PIF for the kth candidate (kth column of Ci) 

is less than a threshold (for example 0.01×IH0 req), then the kth column in Ci is 

eliminated.  

5. The resultant C is the matrix that includes all ambiguity candidates that are 

relevant in (10) and will be used in the calculation of IH0. 
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6. Steps 2 – 5 are repeated for all ambiguities (i < n) necessary to be fixed to 

meet the requirements. 

Although this sequential elimination procedure is general and more efficient than 

considering all combinations, it still requires a significant amount of memory. However, 

its efficiency can be greatly enhanced and its computation time can be considerably 

reduced if the ambiguities to be fixed are decorrelated, for example, using the LAMBDA 

method (see Section 2.4.2). With prior decorrelation of ambiguities (using LAMBDA in 

this work) only combinations with d = 1 need to be considered (as we will see shortly). 

However, remember that when using LAMBDA the (a – z) candidates are in the Z-

decorrelated space with Z being the integer transformation matrix that maps the cycle 

ambiguity covariance to the decorrelated space (Equation 2.27). Therefore, when 

estimating the bias (bn), Equation 7.14 must be replaced by  

  N N (7.19)
 
In addition, the LDLT decomposition must be performed on the decorrelated 

ambiguity matrix.  

 
7.2.5  Performance Enhancement Using the Position Domain Integrity Risk 

Method. In order to demonstrate the gain using the position domain integrity risk method  

(which we refer to as the ‘new method’ for short) over the conventional method explained 

in Section 7.1, a simple example for a single measurement epoch is used. In this example, 

the AAR algorithm (explained in Section 2.5) is used with a single satellite geometry, 

consisting of 8 satellites. First we will illustrate the performance of the conventional 

method for this geometry. In this simulation, the parameters detailed in Table 4.1 and 

Table 4.3 (case A2+B+C2) are used with σΔPR = 50 cm. After estimating the float 
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ambiguities, the bootstrap method is used to sequentially fix the 14 ambiguities one at a 

time (7 ambiguities for L1 and 7 for L2). At each step in this sequential fixing process, 

PCF using Equation 7.12 and the resultant vertical position accuracy (σv) are recorded. In 

Figure 7.1, the vertical accuracy and PIF (where PIF = 1 – PCF) are illustrated versus the 

number of fixed ambiguities during the sequential fixing. In each of these plots the 

corresponding thresholds which are derived from the requirements are also shown as 

dashed lines. For example, in the σv plot, the dashed line represents the VAL requirement 

which is calculated by dividing the VAL = 1.1 m by KVPL|CF = 5.35 as shown in Section 

7.1. For the PIF plot, the dashed line corresponds to the 10-8 PIF threshold that is derived 

from the integrity requirement as explained in Section 7.1. From Figure 7.1, it is obvious 

that although at least four cycle ambiguities must be fixed to meet the integrity 

requirements fixing even the first cycle ambiguity violates integrity (shown in the PIF 

plot). Since both the accuracy and integrity requirements cannot be met simultaneously, 

this geometry is considered unavailable using the conventional method of Section 7.1 is 

used. 

The results shown in Figure 7.1 can be combined in one plot (solid curve in 

Figure 7.2) that shows integrity IH0 calculated using Equation 7.11 (without the series 

term) versus the number of fixed ambiguities. If IH0 exceeds the integrity risk requirement 

(in, AAR IH0req = 10-7), the satellite geometry is considered unavailable. Therefore, the 

solid curve in Figure 7.2 confirms that IH0, using the conventional method (Equation 

7.11), does not meet the integrity risk requirement for this geometry for any number of 

fixed ambiguities. However, using the new method in Equation 7.10, the integrity risk 

requirement is met if more than four ambiguities are fixed. The only exception is fixing  
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all cycle ambiguities because at that point, IH0 without the series term in Equation 7.10 

reached a limit where it could not be reduced enough to meet the 10-7 requirement 

including the series. In Figure 7.2, using LAMBDA, 108 combinations of one-cycle-off 

candidates were adequate to generate the results shown. On the other hand, if LAMBDA 

is not used, incorrect fixes of up to four cycles are necessary, resulting in 1792 

candidates. Comparing these numbers to 3.8×1014 candidates corresponding to all 

combinations of five cycles off illustrates the efficiency of the candidate generation 

procedure described Section 7.2.4.   

 

Figure 7.1. Vertical Accuracy and PIF Versus the Number of Fixed Ambiguities Using 
the Conventional Method 

 
Figure 7.2 shows that if an all-fixed solution is implemented, the geometry will be 

considered unavailable if a lower integrity risk requirement is used (6×10-8 for example) 

because IH0 will exceed the fault free integrity risk requirement in that case. However, 
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this geometry can be considered available if we fix fewer cycle ambiguities (ten for 

example). Therefore, a partial-fix implementation is needed. A practical method to 

choose the number of fixed ambiguities that meets the integrity requirement will be 

discussed in the next section. 

 
Figure 7.2. Integrity as a Function of the Number of Fixed Ambiguities for both the 

Conventional Method and the New Method. 

 

7.3 Partial Fixing Using Position Domain Integrity Risk Method 
 

In this section, a procedure to determine the navigation system availability using 

the position domain integrity risk method with partial fixing is described. In the previous 

section, it was concluded that a partially fixed solution is necessary to improve the 

availability using the proposed algorithm.   
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Figure 7.3 shows a flow chart that describes the final partial fixing algorithm 

using a hybrid of the conventional and the new method implementation in the AAR 

navigation architecture. After estimating the float ambiguities using the geometric 

redundancy step (Equations 2.47 – 2.53), the float estimates Δ  (  is used in Figure 7.3 

for simplicity) are input to the LAMBDA bootstrap fixing algorithm. These ambiguities 

are fixed sequentially until the PIF exceeds the threshold (1×10-8). The remaining linear 

combinations are left floating. If VPLH0 is less than VAL then this geometry is available 

and therefore it is unnecessary to go to the second loop, which contains the position 

domain integrity calculation. Although this step might seem unnecessary using the 

proposed new method of calculating integrity, it helps reduce the computation time 

because choosing the incorrect fix candidates is relatively slow and can be avoided for 

the available cases using the conventional method. If VPLH0 is greater than VAL, the 

incorrect fix candidates are then constructed for the set of fixed ambiguities up to this 

point. Using these candidates, IH0 using Equation 7.10 is calculated and compared to the 

integrity risk requirement IH0req (1×10-7 for AAR). If IH0 is less than IH0req, the geometry is 

considered available. Otherwise, the next ambiguity is fixed. This process is repeated 

until an available solution is found or all ambiguities are fixed and IH0 is still larger than 

IH0eq. At this point, the geometry is said to be unavailable.   

So far, the performance enhancement using the new method has been 

demonstrated based on a single geometry only. In order to investigate the potential for 

performance benefit more thoroughly, an availability analysis for AAR is conducted 

using both the conventional and new methods. 
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Figure 7.3. Schematic Diagram Showing the Structure of the Partial Fixing Algorithm 
Using the Position Domain Integrity of Ambiguity Fix Method 

 

7.4 Availability Results 
 

In this section, the performance of the position domain integrity risk method with 

partial fixing (Figure 7.3) is used and compared to the conventional method (Section 7.1). 

Straight refueling pattern availability simulations using the parameters detailed in Table 

4.1 and Table 4.3 (Case A2+B+C2) are performed. Figure 7.4 shows the availability 

results for both methods using different σΔPR values ranging from 20 cm to 70 cm. In this 

availability, lateral requirements that are similar to the vertical ones are assumed (IH0LAL = 

10-7 and LAL = 1.1 m in Equation 7.16). Accuracy requirements (Equations 7.17 and 

7.18) are not used. It can be noticed that the larger σΔPR, the more gain the new method 
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provides compared to the conventional method. For example, at σΔPR = 70cm, a 7.0% 

gain in availability is achieved using the new method.  

 
Figure 7.4. AAR Availability Using the Conventional and New Methods for Different 

Values of Code Noise. 

 

Figure 7.5. AAR Race Track Refueling Pattern Availability with Dual String 
Implementation Using the Conventional and the Methods  
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In addition to the straight refueling simulation, dual string race track refueling 

pattern availability simulations (similar to the ones detailed in Section 6.1.5) are 

conducted using both the conventional and the new methods. As Figure 7.5 shows, 

availability is enhanced by a maximum of 7.0%.  

 

Figure 7.6. Clear Sky Availability Using Conventional and New Methods 

 
Although the gain using the new method might not seem significant, this 

observation applies for AAR availability results only. As mentioned earlier, satellite 

blockage is what mainly drives availability in AAR. Therefore, increasing the number of 

fixed ambiguities using the new method will not usually be able to make a bad satellite 

geometry that was considered unavailable become available. However the benefit of the 

new method becomes obvious in clear sky scenarios such as shipboard landing. With the 

same simulation and parameters used to generate Figure 7.4, an availability analysis is 

conducted using both the conventional and new methods for the clear sky case (Figure 



132 

7.6). It can be seen that availability of 100% is achievable for σΔPR of up to 60 cm using 

the new method compared to only 50 cm using the conventional method. In addition, an 

availability gain of 26% has been achieved using the new method for a σΔPR = 70 cm.  

In summary, although the position domain integrity risk method has a small 

impact on the AAR navigation algorithm performance, it can be greatly beneficial in 

clear-sky navigation applications with high accuracy, stringent integrity and tight 

availability requirements. Recall that the numerical calculations in this work have been 

implemented using the bootstrap method. LAMBDA was only used to decorrelate the 

estimated ambiguity covariance, which increases the computational efficiency but is 

otherwise unnecessary. However, the integrity risk formulas derived here are equally 

applicable to other cycle resolution algorithms as long as they are capable of quantifying 

the probability of fixing on any given integer candidate set.  
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CHAPTER 8 

CONCLUSIONS 

Autonomous Airborne Refueling (AAR) is a research program which aims to 

refuel the Unmanned Air Vehicles (UAV) midair from tankers autonomously. Due to the 

proximity and dynamic mobility of both aircraft, high performance is required from the 

navigation architecture. Furthermore, because the tanker introduces severe blockage to 

the GPS satellite signal, AAR navigation using GPS is a significant technical challenge.  

8.1  AAR Navigation Algorithm 

In this work, GPS-based navigation algorithms for AAR are designed, 

implemented and validated. In order to evaluate the navigation performance, world-wide 

global availability and sensitivity analyses were conducted. The availability results are 

promising and the navigation architecture requirements have been met for the cases 

examined. Furthermore, I was responsible for implementation of the AAR navigation 

algorithms developed in this thesis to real-time navigation flight software that will be 

implemented onboard the UAV in the future. This flight software has been validated 

offline using flight test data collected in 2006 and was then implemented and successfully 

used to demonstrate several real-time autonomous refueling missions in 2007 flight tests.  

8.2 Dynamic Blockage Model 

A high-fidelity, dynamic sky blockage model was developed, implemented and 

experimentally validated. This blockage model was used in availability analysis and in 

planning flight tests during the years 2004, 2006 and 2007. The blockage model was 
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evaluated using benchmark tests and by a flight test in 2004. The 2004 flight test data 

was post-processed and validated the blockage model.  

8.3 Measurement Redundancy 

New methods to improve the navigation performance using redundant 

measurements were developed. The main methods explored are blending measurements 

from different antennas and using TTNT data-link extracted time difference 

measurements as an additional sensor to enhance accuracy, integrity, and continuity. The 

effect of the measurement spatial correlation between antennas and the tradeoff using 

redundant antennas for navigation performance enhancement rather than continuity was 

also addressed. The impact of the redundant measurements on navigation availability, 

especially in race track refueling missions, was established. Furthermore, it was shown 

that the AAR requirements in a race track refueling pattern could be met under the 

following conditions:  

a. Using a dual string (two antennas per vehicle) configuration with an inertial 

coasting time of 60 seconds. 

b. Using triple string configuration with coasting time of 40 seconds. 

c. Using a dual string configuration with TTNT measurements and a coasting 

time of 30 seconds.  

8.4 Position Domain Integrity Risk of Ambiguity Fix 

An innovative method was developed to calculate the fault free integrity risk for 

cycle resolution in carrier phase navigation algorithms by evaluating the impact of 

incorrect fixes in the position domain. In addition, a mechanism to implement this 

method with a partially fixed solution in a navigation system was described. The 
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improvement in navigation performance using this partial fixing method was quantified. 

Although the improvement in availability was not significant for AAR, which is most 

strongly influenced by satellite blockage, the method provides considerable availability 

enhancement for clear sky applications.   

8.5 Recommendations and Future Work 

8.5.1  AAR Algorithm. In the AAR architecture, the carrier phase geometric 

redundancy step is performed as a single snapshot to maintain the architecture robustness 

and integrity. However, if ionospheric and tropospheric errors are carefully modeled the 

use of multiple measurements might be feasible. This may lead to further improvement in 

performance. In addition, in order to make the race track refueling availability results 

independent on the coasting time parameter and simultaneously be able to provide the 

flight controller with high rate navigation information, an Inertial Navigation System 

(INS) is necessary. However, INS suffers from biases and drifts that require GPS 

calibration. Therefore, an integrated INS-GPS architecture that meets the AAR stringent 

integrity and accuracy requirements must be considered in the future. 

 
8.5.2  Blockage Model. In the blockage model flight test validation, a few mismatches 

between the blockage model predictions and the experimental data were observed. These 

discrepancies were attributed to signal penetration, diffraction, refraction, and multipath 

degradation from the tanker body and wingtips. Therefore, a static KC-135 ground test is 

recommended to quantify the magnitude of the signal penetration and multipath 

degradation. 
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8.5.3  Measurement Redundancy. In this work, multi-antenna redundancy 

demonstrated great enhancement in availability. However, it was also shown that the 

benefit of fusing measurements from antennas onboard the same vehicle is very sensitive 

to spatial correlation between these antennas. Therefore, ray tracing multipath 

simulations and experimental data from both the tanker and UAV with multiple antennas 

in different configurations are recommended to evaluate the correlation coefficient 

between antennas.  

 
8.5.4  Position Domain Integrity Risk of Ambiguity Fix. Although this method 

improves accuracy and availability, searching for incorrect-fix candidates can be 

computationally inefficient for large search spaces. Therefore, a smart searching 

algorithm that is optimized based on the integrity formula is recommended.  

 
8.5.5  Measurement Time Constant Validation. Currently a first order Markov model 

with a fixed time constant, which was treated as a parameter in this work, is assumed for 

all ranging measurements. However, a methodology to ensure that the generated 

protection levels bound positioning error in the presence of ranging measurements with 

variable time correlation (i.e. nonstationary error process) must be addressed.  
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APPENDIX A 

LEAST SQUARES POSITION ESTIMATION  

USING PARTIAL FIXED AMBIGUITIES  

 

  



137 

 

In this appendix we prove analytically that using a partially fixed ambiguity 

solution to form the pseudo-carrier measurements for least squares positioning is 

equivalent to performing a Kalman filter measurement update. This proof is expressed in 

a covariance form. The cycle ambiguity estimation step (or the geometric redundancy 

step) provides cycle ambiguity estimate (   ) with a covariance PN. The pseudo-carrier 

measurements can be formed as 

      (A.1)
 

If all ambiguities are fixed correctly (   ), then  would be zero and 

Equation A.1 reduces to:  

         (A.2)
 

The position vector x in Equation A.2 can be safely estimated using a least 

squares method. However, if a partial fix solution is used, the pseudo-carrier error 

covariance (V) would be the sum of the carrier phase measurement noise covariance ( ) 

and the covariance of the integer ambiguity estimate from the previous epoch (PN). 

    (A.3)
 

Next at epoch (k), if the position estimation for Equation A.1 is performed using a 

least square method, the resultant covariance (Px) would be, 

      (A.4)
 

In order to represent Px in Equation A.3 in terms of  and PN, we need to 

evaluate the term V-1 first. Using the binomial inverse theorem (also referred to as the 

matrix inversion lemma) V-1 can be written as, 

    (A.5)
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Substituting A.5 in A.4, Px becomes, 

  1 1 1 1 1 1   (A.6)

 
Equation A.6 represents the position estimate covariance using a least square 

method with the pseudo-carrier measurements obtained from the estimated ambiguities at 

the previous epoch. In order to prove that it is equivalent to another measurement update 

using a Kalman filter, we calculate the position estimate covariance using a Kalman filter 

update and then compare the result to Equation A.6. Since all states (position and 

ambiguity states) are being processed in a Kalman filter, we write the covariance of the 

previous update (k - 1) in block form as, 

    (A.7)

 
The Kalman filter implementation is carried out using the dynamic equation 

    (A.8)
 

where  and the covariance matrix corresponding to the process noise vector 

 is written in a block form as, 

    (A.9)

 
where Qx is infinitely large to represent the lack of knowledge about the position change 

between epochs k - 1 and k.  

Therefore, the a priori covariance  at epoch k is calculated using a Kalman 

time update as shown in A.10. 
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        (A.10)

 
where ∞. The measurement update, which is based on Equation A.11, provides a 

covariance for the estimated position and ambiguity states (Pk) given by Equation A.12. 

    (A.11)
 

 
1
  (A.12)

 
where . Using Equation A.10 and the block inversion theorem, the term 

 in Equation A.12 becomes 

    1   (A.13)

 
Writing H in terms of Hx and evaluating the second term in Equation A.12, 

 
1 1

1 1   (A.14)

 
Substituting A.13 and A.14 back into A.12,  

 
1

  (A.15

 
Using the block inversion theorem again and extracting the block representing Px: 

 

1
 

1
 

(A.16)

 
which is identical to A.6. This means that using a least square estimate at epoch k based 

on ambiguities estimated at epoch k-1, is equivalent to performing a Kalman filter update 

between epochs k - 1 and k. Therefore, if epochs k and k - 1 are uncorrelated (the 
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measurement is white) then the Kalman update and the least square estimation using 

pseudo-carrier measurements are equivalent. However, if the measurements between 

epochs k and k-1 are correlated (as in the case of colored measurement noise due to 

multipath), then the Kalman filter cannot be used (unless additional effort is put into 

modeling the correlation). Since Equations A.4 indicate that least square estimation in 

that case is the same as a Kalman update, least square estimation cannot be used either. 

As described in Chapter 2, the correct way to produce position estimates with partial 

fixed ambiguities is to use a Kalman Filter augmented with additional states to model the 

time correlation of the measurement errors. 
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APPENDIX B 

EXPERIMENTAL VALIDATION OF GEOMETRY FREE  

MEASUREMENT TIME CONSTANT  
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In this appendix, experimental data is used to estimate the geometry free 

measurement time constant. Flight test data for JPALS collected in 2001 for landing of an 

F-18 airplane onboard the USS Roosevelt aircraft carrier is used. The geometry free 

measurement (ZGF) is calculated using Equation 2.38, and the mean is removed. Then, 

the sample autocorrelation functions of ZGF for different satellites (PRN 2, 4, 7 27 and 

31) are plotted in Figures B.1-B.5 after normalizing by the sample variance. The time 

constant is then estimated as the point where the autocorrelation curve crosses the e-1 line 

(shown as a vertical line in the figures). This data analysis and the plots shown in this 

appendix are provided courtesy of Bartosz Kempny from IIT. It can be seen that the time 

constants observed are in the range of 2 seconds to 4 seconds. However, since the 

sampled set of satellite geometries is not exhaustive and to be conservative a value of at 

least 20 seconds is used as a time constant in AAR simulations through this thesis. 

 

Figure B.1. Autocorrelation time constant of ZGF for PRN 2 
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Figure B.2. Autocorrelation time constant of ZGF for PRN 4 

 

 

Figure B.3. Autocorrelation time constant of ZGF for PRN 7 
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Figure B.4. Autocorrelation time constant of ZGF for PRN 27 

 

 

Figure B.5. Autocorrelation time constant of ZGF for PRN 31 
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APPENDIX C 

FLIGHT TEST TRUTH VECTOR ESTIMATION  
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The truth trajectory vector is generated using relative navigation algorithms 

developed at the Illinois Institute of Technology. During the 2004 flight test, it was found 

that the Lear was performing very sharp turns and, while located below KC-135, it was 

tightly following the tanker as discussed in Chapter 5. Therefore, many satellite outages 

and phase lock losses were observed in the collected data. This in turn prevented us from 

using the prescribed prefiltering algorithms described in Chapter 2 because the phase lock 

losses will reset the filter frequently and, as a result, degrade the algorithm efficiency. 

Alternatively, carrier phase DGPS algorithm similar to the one described in Section 4.2 is 

used to estimate the cycle ambiguities and to generate the post processed truth trajectory.  

In order to provide the best accuracy, the same measurements are used to estimate 

the cycle ambiguities by going through the data backwards. Although backward 

estimation is not possible for real time algorithms, it can be used for post processing 

collected data. Furthermore, a forward-backward smoothing technique is used to optimize 

the accuracy of the cycle ambiguity estimates. In the forward-backward smoothing, the 

forward solution at epoch k and the backward solution at epoch k+1 are combined to 

produce the optimal estimate of the floating cycle ambiguities as shown in Equation C.1 

[29],   

 
 

 
     

(C.1)

  
: covariance matrix of the smoothed integers at the kth epoch 

: covariance matrix of the forward solution at the kth epoch 

: covariance matrix of the backward solution at the (k+1)th epoch 

: smoothed cycle ambiguity estimate at the kth epoch 
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: forward cycle ambiguity estimate at the kth epoch 

: backward cycle ambiguity estimate at the (k+1)th epoch 

If possible, the smoothed integers are rounded using the LAMBDA bootstrap 

decorrelation method with 0.99 PIF threshold. The threshold was relaxed to 0.99 in data 

post-processing because of the frequent lock losses experienced in the data and to be sure 

to fix all ambiguities. Finally, kinematic carrier phase positioning using (2.28) is 

implemented to estimate the truth vector, 

Preliminary results showed large differential receiver clock error (Δ ) between 

the OEM4 Lear and the tanker data (Figure C.1). Such clock errors will have a great 

effect on position estimation because it indicates a time misalignment on the order of 

milliseconds between the tanker and the Lear measurements. Therefore, a time alignment 

procedure was needed before estimating the position or the integer ambiguities. Instead 

of the two-step process of estimating the clock bias then adding the alignment correction 

to the measurements, an implicit time alignment strategy is followed [29]. With this 

method, the time alignment is implemented directly during the ambiguity and position 

estimation. The differential clock bias in the single difference measurement model 

(Equation 2.24) is corrected by the Doppler of each satellite as follows, 

  e · x 1   (C.2)

 
where, 

: Doppler of the ith satellite for the reference receiver 
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Figure C.1. Estimated Differential Clock Bias Versus Time 

 
As mentioned earlier, because the Lear was performing sharp turns and closely 

following the tanker, higher multipath errors are expected and many satellite outages are 

observed.  These factors impact both the floating cycle ambiguity estimation accuracy 

and the integer fixing capability. Figure C.2 shows the vertical component of the 

computed tanker-Lear relative position vector time history. The predicted estimate error 

standard deviation of the relative position vector (σv) is also shown. It is observed, from 

the sudden change in σv values, that due to the frequent blockages at the Lear, the carrier 

phase integers could not always be fixed, even if the probability of correct fix was 

relaxed to 0.99.  This can be explained by the many outages occurring within the three-

minute measurement update. However, using an update period lower than three minutes 

is not recommended because the receivers' code measurements were smoothed with a 100 

second time constant, which in turn causes significant correlation between measurements.   
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APPENDIX D 

CORRELATION COVARIANCE DERIVATION  
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Starting with the two string coupled estimation in Chapter 6, we showed in 

Equation 6.5 that the measurement model can be expressed as, 

 

Δ ,

Δ , Δ ,

Δ ,

Δ ,
Δ ,

Δ ,

,

,  

(D.1)

 
If the noise levels are assumed to be equal for different receivers and satellites and 

if the two strings are totally uncorrelated, the carrier phase measurement noise covariance 

matrix (Vφ) can be written as, 

 

2 1

1 2

0 0

0 0
0 0

0 0

2 1

1 2

  (D.2)

 
However, if antennas 1 and 2 or 3 and 4 are correlated, the matrix Vφ must be 

rederived again.  

The double difference carrier phase measurement noise from different satellites (i) 

and (k), from two different platforms: user (u) and reference (r) and two different 

antennas on each platform ,  can be expanded as, 

  ,   (D.3)
 

with (k) being the master satellite, which is assumed to be the same for both strings. 

However, before starting the derivation, we will state few statistical properties and 

assumptions. 

Properties: 
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1. The covariance of a random signal (X) with itself results in the variance of X 

(E   ).  

2. The covariance of a random signal (X) with a correlated signal (Y) is 

E    where cXY is the correlation factor. 

Assumptions: 

1. Measurements from different satellites are uncorrelated. Therefore, 

E 0 

2. Measurements from different platforms are uncorrelated. Therefore, 

E 0 

The derivation of the covariance matrix will be divided into four cases according 

to the measurements used: 

1. Covariance of the measurements from the same string (string (1-3) for 

example), which can be further divided into, 

a. Covariance of measurements from the same satellite (i): this represents 

the diagonal terms of the matrix blocks corresponding to the same 

strings. Starting with the definition of the covariance, 

  , ,   (D.4)
 
Expanding the double difference terms using Equation D.3, Equation 

D.4 becomes 

 
 

(D.5)
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After expansion and using the assumptions 1 and 2 mentioned above, 

this leads to 

 
 

(D.6)

 
Using the covariance properties: 

  , , , ,   (D.7)
 
Assuming that all satellites have the same noise levels, the single 

difference carrier phase variance is . Equation D.7 

translates, in terms of the single difference carrier phase variance, to 

  2   (D.8)
 

b. Covariance of measurements from different satellites (i) and (j). This 

represents the off-diagonal terms of the matrix blocks corresponding to 

the same strings. The covariance in this case is written as, 

 

, ,  

        

 

(D.9)

 
After expansion and using the assumptions mentioned above, this 

leads to: 

    (D.10)
 
Using the covariance properties, Equation D.10 can be simplified as 

  , ,   (D.11)
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Assuming that all satellites have the same error variance, Equation 

D.11 translates, in terms of single difference carrier phase variance, to 

    (D.12)
 

2. The covariance of the measurement between two different strings (1-3) and 

(2-4), which can be divided into: 

a. The covariance of measurements from the same satellite (i), which 

constitute the diagonal terms of the matrix blocks corresponding to 

different strings 1-3 and 2-4. Starting from the definition of the 

covariance,  

  , ,   (D.13)

 
Using a similar approach as in the previous cases, Equation D.13 can 

be simplified to, 

 
 

(D.14)

 
Using the covariance properties, Equation D.14 can be written in terms 

of the component standard deviations as shown in Equation D.15. 

  , , , ,

, , , ,  
(D.15)

 
Following the same assumption as for the previous cases (all satellites, 

user and reference have the same error variance), Equation D.15 

becomes 

  2 2   (D.16)
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b. The covariance of measurements from different satellites (i) and (j), 

which constitute the off diagonal terms of the matrix blocks 

corresponding to different strings 1-3 and 2-4. Following the same 

procedure as before and applying the same assumptions, the 

covariance in this case is written as 

 
2   (D.17)

 
Now that the correlation effect on covariance is defined through Equations D.16 

and D.17, the measurement noise covariance (Vφ) of a measurement model expressed in 

Equation D.1. For the purpose of this analysis, it is assumed the correlation of carrier 

phase measurement errors between antennas 1 and 2 on one aircraft is the same as that 

between 3 and 4 on the other (correlation coefficient factor (c)) can be written as: 

 

2 1

1 2

2 1

1 2

 
2 1

1 2

2 1

1 2

  Δ
2   (D.18)

 
Using the same principles, the covariance of the geometry free observable error 

( ) covariance can be calculated. If V is the covariance matrix of the double 

difference geometry free observables error, then the corresponding covariance with 

correlated measurements VGF can be written as  

   
    (D.19)

 
When state augmentation is used to model multipath, the remaining measurement 

noise consists of thermal and receiver related noises, which are white. Since different 

receivers are used for different antennas, no correlation is expected between 
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measurements from antennas along the same string. However, the effect of multipath 

correlation is transferred to the multipath model. Therefore, the process noise matrix in 

Equation 2.48 will have a similar structure as D.19. For example, for a model including 

the states Δ Δ  with a process noise of WM, the corresponding process noise 

matrix (W) will be, 

  M   M
  M M

  (D.20)
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APPENDIX E 

WORST LAL IN THE PRESENCE OF BIASES  
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In calculating integrity and availability, worst case scenarios are usually pursued. 

Using the vertical error component σv of the estimated position vector, PVAL can be 

directly calculated. In contrast, the lateral direction for the LAL is defined as the direction 

perpendicular to the direction of motion of the vehicle (the UAV in the case of AAR). 

The UAV-tanker relative position vector estimation provides a covariance matrix for the 

north and east directions, which can be represented as a covariance ellipse. If this 

covariance ellipse is centered at the origin (zero mean error), the direction of the major 

axis of this ellipse represents the direction (heading) corresponding to the maximum 

sigma lateral (σL). Therefore, in the case of a correct fix, the worst PLALCF is based on σL 

which is the square root of the maximum eigenvalue of the 2×2 covariance matrix of the 

position vector estimate error. However, in the incorrect fix case, biases in the north and 

east directions (μn and μe) are introduced. Therefore, the covariance ellipse is centered at 

(μe,μn) instead of the origin (Figure E.1). As a result, the direction of the major axis will 

not necessarily correspond to the worst PLALIF. In this work, all heading angles (θ) from 1 

to 360 degrees (in one degree increments) are tested and PLAL are considered and 

PLAL(q) is computed for all q. The maximum value of PLAL(θ) is chosen as PLALIF.  

In order to calculate the mean (μ) and standard deviation (σL) that are used in 

calculating PLALIF, a coordinate rotation by angle θ is performed on the covariance ellipse. 

This can be accomplished by first calculating the position mean magnitude (μp) and the 

direction of the mean (α) as follows: 
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Figure E.1. Calculating the Mean and Standard Deviation of the Projection of the 
Covariance Ellipse for Heading Angle θ 

 

 

2 2 

 

tan  

(E.1)

 
Therefore, the projection of the mean on the new direction, which is the mean that 

is used in calculating LAL, is: 

  cos   (E.2)
 

If P is the 2×2 covariance of the estimated position corresponding to the north and 

east directions, the projection of the covariance to calculate sigma (σL) can be calculated 

using: 

  2 sup
θ

cos sin cos
sin   (E.3)

 

α
θ

μe

μn
μp

σ

μ

E

N



 161

Finally, PLALIF which is defined in Chapter 7 as | |  |   is 

calculated using the normal cumulative distribution function with a mean μ and standard 

deviation σL at x = LAL. 
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