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ABSTRACT  
 
Future multi-constellation GNSS open the possibility to 
fulfill stringent navigation integrity requirements 
specified in safety-critical applications using receiver 
autonomous integrity monitoring (RAIM).  In this paper, 
both the RAIM detector and its estimator are analyzed to 
develop a new algorithm.  In the first part of this paper, 
the detector is selected by rigorously comparing two of 
the most widely implemented methods.  In particular, the 
paper reveals fundamental differences between solution 
separation (SS) and residual-based (RB) RAIM.  SS 
provides higher fault-detection performance than RB 
RAIM because the SS test statistic is tailored to the fault 
hypothesis, and to the state of interest.  To prove these 
results in presence of multi-measurement faults, which 
occur in multi-constellation GNSS, analytical expressions 
of the worst-case fault direction are derived for both SS 
and RB RAIM.  In the second part of the paper, a non-
least-squares estimator is designed to reduce the integrity 
risk at the cost of lower accuracy performance for 
applications where integrity requirements are more 
demanding than accuracy requirements.  The new 
estimator is numerically determined by solving an 
integrity risk minimization problem that includes multiple 
simultaneous fault hypotheses.  Performance analyses 
show a substantial drop in integrity risk using the new 



RAIM algorithm as compared to a SS method that uses a 
least-squares estimator.  In parallel, the decrease in 
accuracy performance is quantified.  Combined 
availability of accuracy and integrity is evaluated at an 
example location for a GPS/Galileo navigation system. 
 

I.  INTRODUCTION  
 
This paper describes the design, analysis and evaluation 
of a new method of receiver autonomous integrity 
monitoring (RAIM).  Both the detector and the estimator 
used in RAIM are investigated in order to minimize the 
integrity risk in the presence of multiple simultaneous 
measurement faults.   
 
Global navigation satellite system (GNSS) measurements 
are vulnerable to rare-event faults such as satellite 
failures.  In safety-critical applications, these faults can 
represent major threats to the navigation system’s 
integrity.  In response, fault-detection algorithms such as 
RAIM can be implemented.  RAIM achieves self-
contained fault detection at the user receiver by verifying 
the consistency of the over-determined positioning 
solution using redundant ranging measurements.   
 
The full deployment of GLONASS and the emergence of 
Galileo will provide an increased number of redundant 
ranging signals, which has recently motivated a renewed 
interest in RAIM.  In particular, RAIM can help alleviate 
requirements on ground monitors used in safety critical 
applications.  For example, researchers in the European 
Union and in the United States are investigating 
Advanced RAIM (ARAIM) for worldwide vertical 
guidance of aircraft [1].  Challenges arise when using 
multi-constellation GNSS because of the substantial 
increase in the probability of multiple simultaneous faults, 
which must hence be detected.   
 
In addition, RAIM not only aims at detecting faults but 
also at evaluating the integrity risk, or alternatively, a 
protection level, which is an integrity-bound on the 
position estimate error.  In practice, integrity risk 
evaluation is needed when designing navigation systems 
to meet required levels of integrity, and it is needed 
operationally to predict if a mission can be safely 
initiated.  Integrity risk evaluation includes both assessing 
the fault detection capability and quantifying the impact 
of undetected faults on state estimate errors.  Hence, both 
the detector and the estimator can influence RAIM 
performance. 
 
One more point worth noticing is that integrity risk 
evaluation is based upon a model of the measurements.  
In contrast with nominal measurement errors, whose 
distributions can be reliably modeled using large amounts 
of experimental data, measurement faults are difficult to 
observe because of their low probability of occurrence. In 

order to avoid making assumptions on unknown fault 
distributions, a bound on the integrity risk corresponding 
to the worst-case fault can be evaluated. This bound is 
then compared to a specified integrity risk requirement to 
assess availability, which is defined as the fraction of time 
where outputs of the estimator can safely be used [2, 3]. It 
is of primary importance for system availability to derive 
a tight bound on the integrity risk. 
 
Therefore, in this research, the objective of the new 
RAIM method is to reduce the actual integrity risk in the 
presence of multiple simultaneous faults while providing 
a tight bound on the integrity risk.  To achieve this goal, 
both the detector and the estimator design are 
investigated. 
 
In the first part of this paper, the RAIM detector is 
selected by analyzing RAIM algorithms that have been 
developed over the past 25 years [4, 5, 6].  Whereas 
equivalence between parity-based and residual based 
(RB) methods has been proven [7], most other approaches 
have only been roughly compared.  In this work, two of 
the most widely implemented RAIM algorithms, RB 
RAIM and solution separation (SS), are rigorously 
compared to select the method that minimizes the 
integrity risk in the presence of single satellite faults and 
of multiple simultaneous faults.   
 
Two major issues must be addressed when comparing the 
two RAIM methods.  First, practical implementations of 
RB and SS RAIM differ significantly:  in RB RAIM, the 
integrity risk can directly be evaluated using a single 
detection test statistic [6], whereas in SS RAIM, 
protection levels are derived using as many test statistics 
as fault hypotheses [8, 9].  In order to establish fair 
grounds for comparison, in this work, the integrity risk 
contributions using RB and SS RAIM are directly 
evaluated under each fault hypothesis.  Direct integrity 
risk evaluation also provides tighter integrity risk bounds 
because the conservative assumptions needed for 
protection level derivation are avoided.  Second, 
comparisons in the presence of multiple simultaneous 
faults require that the worst-case fault vector, which 
maximizes the integrity risk bound, be determined.  In 
this paper, analytical expressions of the worst-case fault 
vector are derived both for RB and for SS RAIM. 
 
The second part of this research focuses on the estimator 
design.  Over the past decade, researchers have explored 
the potential of using non-least-squares estimators to 
reduce the integrity risk at the cost of lower accuracy 
performance [10, 11, 12].  This concept aims at improving 
the combined availability of accuracy and integrity, and is 
motivated by the fact that integrity requirements are often 
more demanding than accuracy requirements.  In this 
work, the new non-least-squares estimator is numerically 
determined by solving an integrity risk minimization 



problem assuming the presence of multiple simultaneous 
faults.   
 
Section II of this paper outlines a procedure to handle 
multiple fault hypotheses for integrity risk evaluation 
using multi-constellation GNSS.  Section III describes the 
measurement equation, the least-squares estimator and the 
RB and SS test statistics.  A third intermediary algorithm, 
named full-state solution separation (FS), is developed to 
facilitate comparisons between RAIM methods.  In 
Section IV, analytical expressions of the worst-case fault 
vector are derived for RB, FS and SS RAIM.  All three 
RAIM methods are then compared in Section V, which 
enables the selection of a detector.  Section VI presents a 
numerical method to determine a non-least squares 
estimator that minimizes the integrity risk.  The resulting 
RAIM algorithm performance is analyzed and evaluated 
in Section VII in comparison with a SS RAIM method 
that uses a least-squares estimator. 
 

II.  INTEGRITY RISK EVALUATION FOR MULTI-
CONSTELLATION GNSS 
 
The integrity risk or probability of hazardous misleading 
information (HMI) can be expressed considering a set of 
complementary, mutually exclusive hypotheses.  Let n  
be the number of space vehicles (SV) in view.  Each 
satellite’s ranging signal can either be fault-free or in a 
faulted state.  Let i  be the index corresponding to fault 
hypotheses.  The total number of hypotheses iH , 
including all combinations of fault-free measurements and 
of multiple simultaneous satellite faults, is n2 .  Using the 
law of total probabilities, the criterion for availability of 
integrity can be expressed as: 
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where is REQI  the integrity risk requirement. 
 
Fortunately, only few of the n2  terms in equation 1 have 
a substantial impact on )(HMIP .  To illustrate this 
statement, the hypotheses iH  can be grouped considering 
fault-free conditions, single-SV faults, two simultaneous 
SV faults, and three or more simultaneous faults.  The 
probability of HMI can then be rewritten as: 
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The prior probabilities of single SV fault FP1 , of dual SV 
faults FP2  and of three or more simultaneous faults FP 3  

follow a binomial probability distribution.  Indeed, for 
FP1 , the event of single satellite faults regroups n  fault 

hypotheses: fault on the first satellite (named SV1), fault 
on the second satellite (SV2), … , fault on the n th satellite 
(SV n ).  It can be expressed as:   
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where nC1  is the binomial coefficient, and satP  is the prior 
probability of individual satellite fault, which is assumed 
independent from one SV to another.  In a similar manner, 
the probabilities FP2  and FP 3  are given by: 
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In this work, an example value for satP  of 10-4 is assumed.  
It is derived from a satellite failure rate of 10-4/hour 
specified in [13] and from a time to alert by the GPS 
Operational Control Segment (OCS) of one hour (the 
OCS time to alert is guaranteed to be lower than six hours 
[14], but it is usually much lower; one hour is assumed to 
be a reasonable value).   
 
The probabilities FP1 , FP2 , and FP 3  are plotted in Fig. 1 
versus increasing values of the number of visible 
satellites.  When the number of visible satellites is larger 
than 6, the prior probabilities FP1  and FP2  are both above 
the example integrity risk requirement REQI  of 710 .  
This example illustrates that, for multi-constellation 
GNSS, it is crucial to detect cases of single SV faults as 
well as cases of two simultaneous faults.   
 
In contrast, FP 3  remains orders of magnitude below the 
requirement.  Therefore a bounding assumption on 

)3|( FHMIP   in equation 2 can be made.  The 

probability )3|( FHMIP   is lower than or equal to 1, so 
it can be bounded by 1.  Finally, the availability criterion 
in equation 1 can be rewritten, by keeping on the left hand 
side the probabilities of HMI given fault free conditions 
and given cases of single and dual SV faults, as: 
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Fig. 1  Prior Probability of Simultaneous Satellite 

Faults (Assuming 410satP ) 
 
 
Finally, individual terms of the sum in equation 6 can be 
defined.  Let   be the estimate error for a state of interest 
(e.g., in aircraft precision approach applications, the 
vertical position coordinate is of primary concern).  Also, 
let q  be the detection test statistic.  Given a hypothesis 

iH , the probability of HMI is the joint probability of   
being larger than a specified alert limit   while q  
remains lower than a detection threshold T , which is set 
to limit the probability of false alarms:   
 
     ii HTq,PHHMIP  |||||   (7) 

 
The estimate error   and the test statistic q  are derived 
in Section III. 
 

III.  RAIM USING THE LEAST-SQUARES 
ESTIMATOR 
 
This section introduces notations describing the least-
squares (LS) estimator and RAIM detector, which are 
used to evaluate the integrity risk defined in equation 7.  
For comparisons in Section V, three different detection 
test statistics are investigated:  the residual-based (RB) 
test statistic, the full-state solution-separation (FS) and the 
single-state solution separation (SS). 
 
A. Measurement Equation 
 
The estimate error   and test statistic q  in equation 7 are 
evaluated using a measurement model.  Let n  and m  
respectively be the numbers of measurements and of 
states.  The 1n  measurement vector z  is modeled as: 
 
  fvHxz   (8) 

where  
  H   is the mn  observation matrix,  
 x   is the 1m  state vector, 
 v  is the 1n  measurement noise vector, and 
 f   is the 1n  fault vector. 
 
Vector v  is assumed normally distributed, with zero-
mean and covariance matrix V .  The following notation 
is used: 
 
   V0v ,~  . (9) 
 
where 0  is a matrix of zeros of appropriate dimension (it 
is an 1n  vector in this case).  Matrix V  is assumed to 
be diagonal in the proofs of Sections IV and V. 
 
The probability distribution of nominal measurement 
errors v  can be reliably modeled using large amounts of 
experimental data.  More precisely, this work assumes 
that the folded cumulative distribution functions of 
nominal measurement errors are bounded by the Gaussian 
functions described in equation 9 [15].  In contrast, rare-
event sensor faults are difficult to observe because of their 
low probability of occurrence. In order to avoid making 
assumptions on unknown fault distributions, a bound on 
the integrity risk corresponding to the worst case fault 
vector f  can be evaluated.  Thus, the fault vector f  can 
be interpreted as a deterministic measurement bias.  And, 
although the actual fault is unknown, the worst case fault 
vector f , which maximizes the integrity risk bound, is 
analytically derived in Section IV.  
 
B. Partitioning the Measurement Equation  
 
The assumed number of faulty measurements An  satisfies 
the following equation: 
 
  mnnA 0  (10) 
 
Equation 10 exposes a fundamental limitation of RAIM, 
which is only effective when the number of redundant 
measurements ( mn  ) is larger than An .  Using ranging 
signals from multi-constellation GNSS such as 
GPS/GLONASS or GPS/Galileo ensures that equation 10 
is satisfied.  First, according to the discussion in Section 
II, An  can take values of 1 or 2.  Second, the number of 
redundant measurements ( mn  ) is larger than 2:  the 
number of states m  includes three position coordinates 
and two constellation-dependent receiver clock offsets, 
while the number of measurements n  exceeds eight (four 
or more per constellation). 
 
The RB, FS, and SS test statistics are derived below for 
an example hypothesis AH .  Without loss of generality, it 



is assumed that faults are simultaneously affecting the 
first An  measurements of the measurement vector z .  In 
anticipation of the solution-separation description, the 
measurement equation 8 can be partitioned to distinguish 
the subset of faulty measurements (identified by subscript 
A ) from the fault-free measurements (subscript B ): 

 

  


































0
f

v
v

x
H
H

z
z A

B

A

B

A

B

A  (11) 

 
As mentioned above, the covariance matrix V  is 
assumed diagonal, and can be written as: 
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C. Least-Squares Estimation 
 
The weighted least squares state estimate vector x̂  and its 
covariance matrix P  (assuming that mn  ) are given by: 
 
 Szx ˆ    and     11  HVHP T  (13) 

 
where  1 VPHS T  (14) 
 
The state estimate error vector is defined as: 
 
  fvSxxε  ˆ    and    PSfε ,~   (15) 
 
In parallel, for solution separation, the fault-free subset 
solution Bx̂  and its covariance matrix BP  (assuming that 

mnn A  ) are given by: 
 

  BBB zSx ˆ    ,    -11
BB

T
BB HVHP      (16) 

 
where   1 B

T
BBB VHPS  (17) 

 
The fault-free estimate error vector is defined as: 
 
 BBBB vSxxε  ˆ    and    BB P0ε ,~    (18) 
 
Finally, if the focus of the integrity analysis is on a single 
state of interest (e.g., on the vertical position coordinate 
for aircraft precision approach navigation), then a single 
row of the least-squares estimation matrix S  is needed, 
and is noted: 
 
 Sαs TT     where    00α 1T  (19) 
 
The following notations will be used: 

 
  PααT2    and   αPα B

T
B 
2   

 
The scalar estimate error   that appears in the integrity 
risk equation 7 under hypothesis AH  can be expressed as: 
 
   fvsεα  TT  (20) 
 
D. Residual-Based RAIM 
 
The residual vector is defined as: 
 
  ))(()( fvHSIzHSIr   (21) 
 
where I  is the identity matrix of appropriate dimensions.  
The residual-based test statistic RBq  is the norm of r  
weighted by 1V : 
 
 rVr 1 T

RBq  (22) 
 
The scalar random variable RBq  follows a non-central 
chi-square distribution with ( mn  ) degrees of freedom 
and non-centrality parameter 2

RB .  The following 
notation is used: 
 
   22 ,~ RBRB mnq    (23) 
 
with  fHSIVf )(12  T

RB  (24) 
 
E. Full-State Solution Separation 
 
The full-state solution separation vector is defined as: 
 
 BxxΔ ˆˆ      (25) 
 
 zSεεΔ  B    and     PfSΔ ,~  (26) 
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The matrix 

][ Anm
0  is a Anm  matrix of zeros.  In 

Appendix I, it is shown that: 
 
 PPP  B  (28) 
 
The full-state solution separation exploits the entire vector 
Δ  instead of a single state.  Single-state solution 
separation is described in Section III-F.  In order to obtain 
a scalar FS test statistic that can be evaluated and 
compared with RBq , a weighted norm of Δ  is derived.   



The weighting matrix for the norm of Δ  is defined as the 
Moore-Penrose pseudo-inverse 

P  of the real, symmetric, 
rank-deficient matrix P  (of rank An ).  It is uniquely 
defined by the following four conditions [16]: 
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
P  can be derived numerically using a singular value 

decomposition of P :   
 
  RLΛUUP   (30) 
 
Matrix Λ  is a diagonal matrix, with diagonal elements 
the singular values of P .  Let Λ  be a diagonal matrix, 
whose diagonal elements are the inverse of the non-zero 
diagonal elements of Λ , and are zeros otherwise.  

P  
can be computed as [17]: 
 
 RL UΛUP 

   (31) 
 
Finally, the FS test statistic is defined as:  
 
  ΔPΔ 
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F. Single-State Solution Separation 
 
The single-state solution separation extracts a single state 
out of the solution separation vector: 
 
 ΔαT

SS    (35) 
 
 zsT
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SS      (36) 

 
where     Sαs TT    and   222    B

T αPα   (37) 
 
Conventional SS algorithms directly compare SS  to a 
detection threshold.  Instead, in Sections IV and V, an 
equivalent test statistic is employed, which yields the 
exact same performance in terms of integrity risk, but 
which also enables comparisons with RBq  and FSq .  It is 
defined as: 
 
 22

 SSSSq   (38) 
 

  22 ,1~ SSSSq   (39) 
 
where     22
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G. Summary for the Description of the Least-Squares 
Estimator and Detectors 
 
Under the multi-measurement fault hypothesis AH  
expressed in equation 11, all the elements of the integrity 
risk equation 7 have been defined.  The estimate error   
is given in equation 20 and the three test statistics RBq , 

FSq  and SSq  are all expressed as non-centrally chi-square 
distributed random variables in equations 23, 33 and 39, 
respectively. 
 

IV.  RAIM AGAINST MULTIPLE MEASUREMENT 
FAULTS 
 
In order to compare RB RAIM with FS and SS in the 
presence of multiple simultaneous faults, the worst-case 
fault vector f  must be determined for each of the three 
methods.  The term ‘worst-case’ indicates that the fault 
vector f  that maximizes the integrity risk bound. 
 
In general, a fault vector f  can be characterized by:  

 the fault hypothesis or fault mode, which 
identifies the subset of satellites affected by the 
fault, 

 the fault magnitude, which is the Euclidean norm 
of the fault vector, 

 and the fault direction, which is determined by 
the relative values of the fault vector’s elements. 

 
Fig. 2 presents example fault vectors.  The first group of 
vectors are single-SV fault vectors, modeling fault modes 
on the first, second and nth satellites (SV1, SV2 and SVn).  
For single SV faults, it can be noted that the fault 
direction is fully defined by the fault mode and fault 
magnitude.  This is not the case for multiple simultaneous 
satellite faults.  For example, the last two example vectors 
are both dual-SV faults simultaneously affecting SV1 and 
SV2.  Their modes and magnitudes are the same, but their 
direction is different. 
 
Therefore, in the presence of multiple simultaneous faults 
which are likely to occur in multi-constellation GNSS, it 
is not only crucial to determine the worst case fault 
magnitude (as for single SV faults), but also the worst-
case direction, which maximizes the integrity risk.   
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Fig. 2  Example Fault Vectors 
 
 
As expressed in equations 15, 24, 34 and 40, the fault 
vector f  impacts the mean of   and the non-centrality 
parameters of RBq , FSq  and SSq .  It has been shown in 
[18, 19] that the worst case fault vector f  maximizes the 
square of the failure mode slope 2

Fg , which is 
independent of the fault magnitude, and is defined as the 
ratio of the squared mean of the estimate error over the 
non-centrality parameter of the test statistic: 
 

  
fMf

fssf

DENOM
T

TT

Fg 2  (41) 

 
where  
  HSIVM  1

DENOM   for RB RAIM 

 

 SPSM T

DENOM   for FS 
 2

 T
DENOM ssM   for SS 

 
The following notation is used to express the non-zero 
elements of fault vector f  under hypothesis AH  ( AH  is 
described in equation 11): 
 

 AAff     with   









0
I

A An  (42) 

 
where 

An
I  is a AA nn   identity matrix.  It is worth 

noticing for upcoming derivations, that  
 
 SAAS    (43) 
 
which is obvious from the definitions of S  and A  in 
equations 27 and 42, respectively.   
 
Equation 41 can be rewritten using the definition of A  
and using a change of variables [18, 19]: 
 
 *

AAA fMf    (44) 
 

  
**

**2

A
T
A

AAX
T
X

T
A

T
A

Fg
ff

fMMMMf
   (45) 

 
where   
 AsM T

X     

    2/11   AHSIVAM T
A   for RB RAIM 

   2/1
 SAPSAM TT

A    for FS 

    2/1
2/ 

 AssAM TT
A   for SS 

 
It follows that the worst-case fault vector f  can be 
expressed as [18, 19]: 
 
  MAXAvAMf   (46) 
 
where MAXv  is the eigenvector corresponding to the 
maximum eigenvalue of:  
 
 AX

T
X

T
A MMMM  (47) 

 
For comparisons between the three RAIM methods in 
Section V, the expression of f  in terms of MAXv , which is 
numerically determined, is insufficient.  In response, an 
analytical expression of MAXv  is derived.  Let matrix M  
be defined as: 
 
    AX

T
X

T
AAX

T
X

T
A MMMMMMMMM 1

  (48) 
 
Matrix M  is the expression of equation 47 multiplied by 
the ‘normalizing factor’ 1)( T

X
T
AAX MMMM .  It can easily 

be shown that M  is symmetric and idempotent: 
 
  TMM     and   MMM   (49) 
 
Matrix M  is called an orthogonal projector and is 
derived from an inner product ( T

X
T
AMM  in equation 48 is 

a 1An  vector).  Therefore, M  has a single non-zero 
eigenvalue, of value 1.  It follows that the matrix in 
equation 47 has a single non-zero eigenvalue, of value the 
inverse of the normalizing factor used in equation 48.  
This provides an expression of the worst-case failure 
mode slope 2

Fg : 
 
  T

X
T
AAXFg MMMM2   (50) 

 
In addition, the worst-case fault vector direction coincides 
with the direction of the line that M  is projecting onto.  
This direction is given by T

X
T
AMM .  The conclusion of 



this section is that the worst-case fault direction f  under a 
multi-measurement fault hypothesis AH  is given by: 
 
  T

X
T
AA MMAMf   (51) 

 
Section V will further show that the worst-case failure 
mode slope 2

Fg  is the same for SS, FS and RB RAIM, 
and that its value is the variance of the solution separation 

2
 .  Equations 50 and 51 are essential not only for the 

comparison in Section V, but also for direct integrity risk 
evaluation in the presence of multiple simultaneous faults 
in Section VI.   
 

V.  SOLUTION SEPARATION VERSUS 
RESIDUAL-BASDED RAIM USING THE LEAST-
SQUARES ESTIMATOR 
 
The comparison between RB, FS, and SS RAIM is 
performed in two steps.  In Section V-A, the integrity risk 
is evaluated for a theoretical case assuming that there is 
only one fault hypothesis, i.e., a single term in the sum in 
equation 6.  For notation purposes and without loss of 
generality, the single hypothesis is the multi-measurement 
fault hypothesis AH  defined in equation 11.  The analysis 
is then extended to include all fault hypotheses in Section 
V-B. 
 
A. Single Hypothesis Assumption 
 
Under hypothesis AH , direct analytical comparisons of 

RBq , FSq  and SSq  show, in Appendices II and III, that the 
three methods are equivalent if and only if: 
 
  1 mnnA   (52)  
 
Establishing these results requires that an identity be 
derived for the pseudo-inversion of a rank-deficient 
matrix (proof in Appendix IV):  
 
   T

ABA
T
AA PHPPPPPPHPHPPH 11111 )( 

     
 
Therefore, in general, RB, FS, and SS RAIM are not 
equivalent.  The remainder of this section aims at 
selecting the test statistic that generates the smallest 
integrity risk. 
 
In this perspective, Appendix V shows that the least-
squares (LS) estimate error   is independent from the test 
statistic q  for all three methods, so that the joint 
probability in equation 7 can be written as a product of 
probabilities: 
 

      AAA HTqPHPHHMIP ||||     (53) 

 
where q  is a placeholder for either RBq , FSq  or SSq .  The 
Appendix V-C shows that, for LS estimators, the proof of 
independence with   can be extended to any test statistic 
q  that maps measurements into the null space of the 
observation matrix transposed TH  (also called parity 
space).   
 
The probability of no detection )|( AHTqP   in equation 
53 is evaluated considering the test statistics’ distributions 
in equations 23, 33 and 39: 
 
   22 ,~ RBRB mnq    

   22 ,~ FSAFS nq    

   22 ,1~ SSSSq   
 
Appendix VI-A shows that the bounds on the non-
centrality parameters corresponding to f  (derived in 
Section IV) are equivalent for RB and FS: 
 
  22

FSRB     (54) 
 
Appendix VI-B also proves that the worst-case fault slope 

Fg  is the same for all three RAIM methods, and that: 
 
  22

Fg  (55) 
 
A generalization is performed in Appendix VI-C to find 
the test statistic (mapping measurements in the parity 
space) that minimizes the worst-case slope Fg .  It is 
proved for single-SV faults, that RB, FS and SS all 
minimize the worst-case fault slope 2

 , and that their test 
statistics are derived from vectors aligned with the 
‘characteristic fault mode lines’ in the parity space [20, 
21].   
 
Equation 55 states that the relative impact on   and q  of 

the worst-case fault vector f  is the same for all three 
methods.  Thus, since the same estimator is implemented 
in all three RAIM methods, the probability of hazardous 
information )|(| AHP   in equation 53 does not 

influence the comparison.  The analysis hence narrows 
down to evaluating )|( AHTqP   for the three test 
statistics. 
 
It follows from equations 23, 33, 39, and 55 that RBq , FSq  
and SSq  all follow non-central chi-square distributions, 



with the same non-centrality parameter bound 2 , but 

with different numbers of degrees of freedom: mn  , An , 
and 1, respectively.   
 
This difference has an impact on the spread of the 
distribution, which is addressed below in Section V-B.  
But, the most decisive impact is on the detection 
thresholds (T  in equation 53), which vary greatly from 
one method to the other.  Detection thresholds RBT , FST , 
and SST  are set in compliance with a continuity risk 
requirement CONTP  to limit the probability of alarms under 

fault-free conditions (i.e., when 2 =0), and are 
respectively defined for RB, FS and SS as: 
 

    CONT
T

q Pdqmn
RB




0,2   (56) 

 

   CONT
T

Aq Pdqn
FS




0,2   (57) 

 

   CONT
T

q Pdq
SS




0,12   (58) 

 
Because, in general, the following inequalities are true:  
 
 1 Anmn  (59) 
 
then, the following inequalities are also satisfied: 
 
  SSFSRB TTT    (60) 
 
The results obtained in this section are summarized and 
represented in Fig. 3.  Fig. 3 is a ‘failure mode plot’, 
which represents the estimate error   versus the square 
root of the test statistic q  (that stands for RBq , FSq  or 

SSq ).  As the fault magnitude varies, the mean of   and 
the non-centrality parameter   of 2/1q  describe a line 

passing through the origin, with slope Fg  (which is 
identical for RB, FS and SS, and is equal to  ).  The 
alert limit   and detection thresholds T  define the 
boundaries of the HMI area in the upper left-hand 
quadrant (shadowed).  In this case, the larger the HMI 
area is, the higher the integrity risk becomes.  Therefore, 
the best of the three test statistics is SSq  whose threshold 

SST  is the smallest as expressed in equation 60.  
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Fig. 3  Failure Mode Plot Summarizing the Findings of 

the Comparison of RB, FS and SS RAIM  
(Assuming a Single Hypothesis) 

 
 
The difference in the numbers of degrees of freedom of 

RBq , FSq  and SSq  can be interpreted as follows: 
 FS performs better than RB RAIM because FS is 

tailored to hypothesis AH  
 SS performs better than FB and RB RAIM 

because SS is not only tailored to hypothesis 
AH , but also to the state of interest  

 
All three methods are identically impacted by the worst-
case fault vector f , but SS exploits knowledge of AH  
and of the state of interest to reduce the impact of nominal 
noise (which is accounted for in the detection thresholds).  
In addition, considering the results of Appendix VI-C 
(showing, for single-SV faults, that SS minimizes Fg ), it 
is concluded that, under AH , SS minimizes the integrity 
risk when a LS estimator is implemented. 
 
However, until this point, only one hypothesis was 
considered.  The full integrity risk equation expressed in 
equation 6 is a sum of terms corresponding to multiple 
hypotheses.  Also, the difference in the numbers of 
degrees of freedom also impacts the spread of the 
distribution (not represented in Fig. 3).  These two 
additional elements are addressed in Section V-B. 
 
B. Considering All Fault Hypotheses  
 
The fact that the integrity risk must be evaluated over 
multiple hypotheses is expressed in equation 6, which is 
repeated here: 
 

      FREQ

Cn

i
ii PIHPHHMIP

n

3
0

2

| 





  

 
In this section, the comparison focuses on RB versus SS 
RAIM (the ‘intermediary’ FS method is no longer 
needed).  Let 0H  in equation 6 be the fault-free 



hypothesis, and let Hn = nCn 2  be the number of fault 
hypotheses.  The definition of the RB detection threshold 
given in equation 56 can be rewritten as: 
 
    CONTRBRB PHTqP  0|   (61) 
 
In contrast with RB RAIM where a single test statistic is 
computed for all fault hypotheses iH  ( Hni ,...,2,1 ), 

SS requires that a test statistic iq  be computed for each 
hypothesis iH .  The threshold definition must take into 
all possible combinations of iq  being greater or lower 
than the detection threshold iT . 
 
Therefore, using the law of total probability, the detection 
thresholds in SS are defined as: 
 
      CONTH PHFAnPHFAPHFAP  000 |...|2|1  (62) 

 
where 

 FA1  regroups the events of a single false alarm 
 FA2  designates hypotheses of two simultaneous 

false alarms 
 FAnH  occurs when all thresholds are 

simultaneously exceeded 
 
The expressions of the left-hand-side terms in equation 62 
are derived in Appendix VII.  For example, the simplest 
expression is that of the last term: 
 
    022110 |,...,,| HTqTqTqPHFAnP

HH nnH   

 
Evaluating equation 62 exactly as a sum of joint 
probabilities requires that the correlation between test 
statistics iq  be determined.  Instead, for comparison with 
RB RAIM, two extreme cases are considered: 

 fully-correlated iq :  this is the most favorable 
case for SS when comparing RB versus SS. 

 fully-uncorrelated iq :  this is the most 
unfavorable case for SS versus RB, and the most 
conservative case for SS. 

 
In the theoretical case of fully-correlated iq , all test 
statistics are equivalent, and it is sufficient to consider a 
single hypothesis. The conclusion under this assumption 
is the same as in Section V-A:  with regard to integrity 
risk, SS performs better than RB RAIM. 
 
In the conservative case of fully-uncorrelated iq , the 
continuity risk requirement CONTP  is allocated amongst 
the Hn  test statistics.  This allocation must take into 

account all the events described in equation 62 (i.e., all 
combinations of iq  greater or lower than iT ).  Appendix 
VII shows that, assuming equal allocation CONTiP  and 
neglecting the second to Hn th terms in equation 62, the 
overall allocation can simply be selected as: 
 
  HCONTCONTi nPP /   (63) 
 
Under these assumptions, the detection thresholds iT  are 
all equal for Hni ,...,2,1 , and are noted SST .  The 

threshold SST  is defined as: 
 
     CONTiSSi PHTqP  0|    (64) 
 
Values of SST  are plotted in Fig. 4 (thick solid line) as a 
function of the number of satellites n  (along the x-axis), 
which determines the number of fault hypotheses Hn .  
The RB threshold RBT  is represented for comparison (thin 
dashed line).  It quickly becomes much larger than the 

SST  (as suggested in Fig. 3 in Section V-A).   
 
The y-axis in Fig. 4 is also used to represent varying 
values of the non-centrality parameter.  This enables to 
represent the probability of no detection in the presence of 
faults, i.e., )|( iHTqP  .  The shadowed area represents 
the area where SS performs better than RB RAIM in the 
sense that: 
 
  )|()|( iSSiiRBRB HTqPHTqP    (65) 
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Fig. 4  Comparison of RB with SS RAIM Considering 

Multiple Fault Hypotheses 
 



Given a hypothesis iH , the probability of HMI increases 
as the non-centrality parameter value approaches the 
threshold value.  Fig. 4 shows that, for non-centrality 
parameter values near the thresholds RBT  and SST , the 
probability of no detection is higher using RB RAIM than 
using SS RAIM when the number of visible satellites 
exceeds nine or ten, which will most often be the case in 
multi-constellation GNSS.   
 
Therefore, the same conclusion can be drawn, whether the 
SS test statistics iq  are assumed fully correlated or fully 
uncorrelated, and this despite conservative assumptions:  
SS provides better detection capability than RB RAIM.   
 
From a practical point of view, it is worth noticing that 
RB RAIM may be better adapted under limited 
computational resources (it is especially the case using 
sequential RAIM implementations [19]). 
 
C. Intermediary Conclusion: Choice of a Detector 
 
This work aims at deriving an algorithm that minimizes 
the integrity risk.  In this regard, sections V-A and V-B 
have shown that, when processing measurements from 
multiple GNSS constellations using a LS estimator, SS 
performs better than RB RAIM.  In addition, the least-
squares (LS) SS test statistic can be expressed as a 
normally distributed random variable, with unit variance:  
 
   Sq  (66) 
 
The fact that Sq  follows a normal distribution will be 
exploited in Section VI-A.  Equation 66 defines the LS SS 
test statistic used in the remainder of this paper.   
 

VI.  NON-LEAST-SQUARES ESTIMATOR DESIGN 
TO MINIMIZE THE INTEGRITY RISK 
 
In the first part of this paper, a detector was selected. The 
second part of this work aims at deriving a modified 
estimator that minimizes the integrity risk.  
 
A. Non-Least-Squares Estimator Design 
 
As mentioned in Section I, multiple researchers have 
recently investigated the possibility of using non-LS 
estimators in RAIM [10, 11, 12].  The objective of these 
methods is to reduce the integrity risk at the cost of lower 
accuracy performance in applications where integrity 
requirements are more stringent than accuracy 
requirements. 
 
In particular, the non-least squares (NLS) state estimate 
for the state of interest is expressed in [12] as: 
 

 Qzβzs TT
NLSx ˆ  (67) 

 
where  
 zsT  is the LS estimate for the state of interest 
 Q  is the nmn  )(  parity matrix 
 β  is the 1)( mn  parameter vector that needs to be  
       determined 
 
The state estimate NLSx̂  is a sum of two terms.  The first 
term is simply the LS state estimate, i.e., a component of 
the measurement vector z  laying in the range space of 
the observation matrix H .  The second term is a 
component of z  taken in the parity space, and expressed 
using the parity matrix Q  (e.g., defined in [7]) pre-
multiplied by a design parameter vector Tβ , which is 
determined below to minimize the integrity risk.  By 
definition, Q  satisfies the following equations: 
 
  0QH     and   IQQ T   (68) 
 
The state estimate error is defined as: 
 
  xxNLSNLS  ˆ   (69) 
 
Substituting the measurement equation 8 into 69 and 
substituting equation 68 into the resulting expression 
shows that the estimator in equation 67 is unbiased:  NLS  
is not a function of x , which is highly desirable for 
navigation application.  The estimate error can be 
expressed as: 
 
    fvQβs  TT

NLS   (70) 
 
This paper builds upon the work by Blanch in [12].  
However, Section VI-B directly uses the integrity risk 
bound instead of protection levels used in [12].  The SS 
protection level derivation carried out in Appendix VIII 
singles out the conservative assumption, which is avoided 
Section VI-B.  Therefore, a tighter bound on the integrity 
risk as compared to [12] is provided below. But, this 
comes at the expense of a heavier computational load.  In 
addition, graphical representations of the algorithm are 
introduced, which may be exploited in future work.  
 
The estimator described in equation 67 is not a least 
squares estimator.  Therefore, the new estimate error NLS  
and test statistic Sq  are no longer independent (as 
indicated in Appendix V-C).  It follows that the integrity 
risk can no longer be evaluated as a product of 
probabilities, and must be treated as a joint probability as 
expressed in equation 7.  Fortunately, numerical methods 
are now available to compute joint probabilities for 



bivariate normally distributed random vectors [22].  This 
is in part the reason why the test statistic Sq  had to be 
expressed as a normally distributed random variable in 
equation 66. 
 
The estimate error NLS  and test statistic Sq  can be 
arranged in a bivariate normally distributed random 
vector defined as: 
 
   TSSNLS qη  (71) 
 
   Pμη η ,~   (72) 
 
where 
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with    /*

TT ss  
 
The mean μ  and covariance P  of η  were written as 
sums in order to isolate terms that are a function of the 
design parameter vector β . 
 
The impact of β  is further analyzed using a failure mode 
plot in Fig.5.  A single hypothesis is considered to start 
the explanation.  The HMI area, failure mode line and 
failure mode slope Fg  have been defined in Fig.3.  The 
influence of β  is explained by comparing the new 
algorithm to SS RAIM using the LS estimator (i.e., using 

0β  ).  The new method is represented in red, whereas 
the black color is used for LS estimator-based RAIM.  In 
both cases, lines of constant joint probability density are 
ellipses because the estimate errors and Sq  are normally 
distributed.  The LS estimate error, noted LS , and Sq  are 
statistically independent, so that the major axis of the 
black ellipse is either horizontal, or vertical. 
 
The new method provides the means to move the red 
ellipse away from the HMI area, hence reducing the 
integrity risk.  The influence of the design parameter 
vector β  is threefold: 

 The fact that β  impacts the mean of the estimate 
error in equation 73 enables to reduce the failure 
mode slope *Fg , which decreases the integrity 
risk.   

 Off diagonal components of the covariance 
matrix P  are also a function of β , which 
enables to modify the red ellipse’s orientation, 
and hence again to reduce the integrity risk. 

 However, β  causes the diagonal element of P  
corresponding to the estimate error to increase, 
which means that the red ellipse is inflated along 
the minor axis in Fig.5.  This negative impact 
needs to be dealt with.  

In addition, the increase in the variance of NLS  shows 
that the cost of lowering the integrity risk is a decrease in 
accuracy performance.  
 
The explanation in Fig. 5 only accounts for a single 
hypothesis.  The parameter vector β  that minimizes the 
integrity risk given a hypothesis could cause extremely 
large increases in integrity risk given other hypotheses.  
The estimator design parameter vector β  must therefore 
be derived to reduce the entire integrity risk equation 6, 
considering all hypotheses. 
 
Numerical Determination Using a Modified Newton 
Method 
 
The objective stated above can be formulated in a single 
minimization problem: 
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The method outlined in this section aims at finding the 
vector β  that minimizes the integrity risk.  In the same 
manner as in equation 6, equation 75 expresses the 
integrity risk as a sum of joint probability distributions, 
which can be evaluated numerically [22].   
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Fig. 5  Failure Mode Plot Illustrating the New Method 

as Compared to SS RAIM using a LS Estimator 
 
 



Equation 75 is actually a bound on the integrity risk for 
the worst-case fault magnitude if .  The worst case fault 
direction is also implicitly considered for multi-SV faults.  
In this regard, the analytical derivation of the worst-case 
fault direction performed in Section IV becomes 
instrumental when trying to solve the problem posed in 
equation 75. 
 
In this paper, we make the conjecture that the 
minimization problem in equation 75 is convex.  This 
conjecture was numerically verified.  In addition, the 
method used in [12] gives strong indications that the 
hessian of the objective function in equation 75 can be 
expressed analytically, and that it can be shown to be 
positive definite.   
 
This minimization problem can be solved numerically 
using a modified Newton method [23].  At this stage of 
this research, the gradient and hessian of the objective 
function in equation 75 were established numerically [23], 
which is computationally expensive.  But future 
implementations will address this issue, for example, 
following a procedure similar to that employed in [12].  In 
all cases presented in Section VII, convergence of the 
modified Newton method was achieved in less than 10 
iterations. 
 

VII.  PERFORMANCE ANALYSIS 
 
This section aims at quantifying the integrity risk 
reduction obtained using the new NLS estimator as 
compared to using the LS estimator.   
 
In this preliminary analysis, the two methods are 
evaluated assuming uncorrelated ranging measurements 
with 1 m standard deviation ( IV  ).  Example 
navigation requirements include a 10-7 integrity risk 
requirement REQI , a 8*10-6 continuity risk requirement 

CONTP , and a 10 m alert limit  .  Due to the simple error 
modeling assumptions, availability performance results 
presented in Section VII-B are not representative of 
realistic positioning performance.  But Section VII-B 
illustrates the improvement achieved using the new 
method as compared to using the LS estimator.   
 
 
A. Performance Analysis for a Single Satellite Geometry 
 
The new algorithm’s underlying mechanisms are first 
detailed using an illustrative example satellite geometry 
represented in an azimuth-elevation plot of the sky in Fig. 
6.  In this example, nine satellites are visible.  The next 
paragraphs focus on two single-satellite fault cases 
affecting two low elevation satellites (SV7 and SV9).  
Cases of multiple simultaneous faults are later accounted 
for in the overall integrity risk evaluation. 
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Fig. 6  Azimuth-Elevation Plot For An Example 

Satellite Geometry 
 
 
Fig. 7, 8 and 9 present failure mode plots introduced 
earlier in Fig. 3 and 5.  The same color code as in Fig. 5 is 
employed:  failure mode lines and ellipses of constant 
joint probability density are red for the new method and 
black using the LS estimator.  Ellipses are labeled in 
terms of )|(log10 iHHMIP  to distinguish different 
levels of probability density.  The 10-4 joint probability 
density level is emphasized for illustration purposes.  
 
Fig. 7 shows joint probability distributions for the 
hypothesis of a single-satellite fault on SV7.  This is the 
fault mode for which the highest fault slope Fg  was 
observed using the LS estimator.  Because of this large 
fault slope Fg , the black ellipse overlaps the HMI area 
(for the 10-4 joint probability density level).  In contrast, 
using the new method, the red fault mode line has a 
gentler slope *Fg , so that the red ellipse avoids 
penetrating the HMI area. 
 
 

Fig. 7  Example Failure Mode Plot for the Single-SV 
Fault Hypothesis on SV7 (Worst Slope Using LS) 

 



Fig. 8 presents the case of a single-SV fault on SV9, for 
which the highest fault slope *Fg  was observed using the 
new method in red.  The fault slope *Fg  is actually higher 
than the original slope Fg  using the LS estimator.  
However, the red ellipse’s orientation has been modified 
so that it does not extend over the HMI area.   
 
Fig. 7 and 8 show two mechanisms through which the 
new algorithm avoids penetrating the HMI area.  The new 
method reduces the integrity risk in Fig. 7, but it does the 
opposite in Fig. 8.  This is because the new method aims 
at minimizing the integrity risk over all hypotheses.  This 
concept is represented in Fig. 9, where ellipses for all 
single-SV fault modes are represented. Dual-SV fault 
modes were included in the computation but not displayed 
for clarity of exposition.  Fig. 9 shows one black ellipse 
(using the LS estimator) overlapping the HMI area, 
whereas none of the red ellipses do.  This is the ultimate 
illustration of the new method’s performance 
improvement. 
 
In this example, considering cases of one and two 
simultaneous faults (totaling 46 hypotheses), the integrity 
risk decreases from 1.5*10-7 for the LS estimator to 
1.2*10-8 using the new method.  The price to pay for that 
integrity risk reduction is an increase in the estimated 
vertical position coordinate standard deviation from    
1.23 m using the LS estimator to 1.30 m using the new 
method. 
 
 

Fig. 8  Failure Mode Plot for the Single-SV Fault 
Hypothesis on SV9 (Worst Slope Using NLS) 

 
 
 

LS est.
New

Fig. 9  Failure Mode Plot Displaying all Single-SV 
Fault Hypotheses  

 
 
B. Availability Performance Evaluation 
 
In order to illustrate the impact of changes in satellite 
geometries, the new RAIM method and the one that uses 
the LS estimator are evaluated at the Miami location, at 
regular 5 min intervals over a 24 hour period.  A nominal 
24 GPS satellite constellation and a nominal 27 Galileo 
satellite constellation are considered [1]. 
 
The integrity risk and vertical positioning standard 
deviation using both methods are plotted in Fig 10.  For 
clarity of exposition, Fig. 10 shows the results at the 17 
instances (out of 288 discrete times) where the LS 
estimator-based method was not meeting the example 10-7  

integrity risk requirement.  In Fig. 10-a, the red curve 
representing the new method remains mostly below the 
requirement, whereas the back curve does not.   
 
In parallel, Fig 10-b shows that the vertical position 
standard deviation is inflated by an average factor of 1.07 
using the new method, which may be acceptable in many 
high-integrity applications.  For example, assuming a 4 m 
accuracy limit, the combined availability of integrity and 
accuracy (over 24 hrs at Miami) is 99.6% using the new 
method versus 94.1% using a LS estimator.  Fig. 10 
illustrates potential performance improvements that can 
be achieved using non-LS estimators in multi-
constellation RAIM (in the presence of multiple 
simultaneous faults). 
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Fig. 10  Evaluation of (a) the Integrity Risk and (b) the 
Vertical Positioning Standard Deviation Using the 
New Method (Red) Vs. the LS Estimator (Black) 

 
 

VIII.  CONCLUSION 
 
This paper describes the development of a RAIM method 
whose detector and estimator are designed to minimize 
the integrity risk for navigation applications based on 
future multi-constellation GNSS. 
 
In the first part of this paper, analytical expressions are 
derived of the worst-case fault direction, which 
maximizes the integrity risk bound in the presence of 
multiple simultaneous faults.  These analytical results 
enable to address two major challenges.  First, they 
provide the means to rigorously compare solution 
separation (SS) and residual-based (RB) RAIM.  The 
paper shows that unlike for RB RAIM, the SS test statistic 
is tailored to the hypothesis and to the state of interest.  
Therefore SS reduces the integrity risk as compared to RB 
RAIM.  In addition, analytical expressions of the worst-
case faults enable to solve the integrity risk minimization 
problem, which is formulated in this work to design a new 
estimator.   
 
Then, the new RAIM method is devised, using the least-
squares (LS) SS test statistic for the detector, and using a 
numerically-determined non-LS estimator that minimizes 
the integrity risk.  The proposed algorithm is not as 
computationally efficient as the method given in [12], but 
it generates tighter bounds on integrity risk, and provides 
graphical representations that will be exploited in future 
work.   
 
Finally, detailed performance analyses are carried out.  
When compared to a SS RAIM algorithm that uses a LS 
estimator, the new method demonstrates great potential to 
reduce the integrity risk while maintaining similar levels 
of accuracy.   

APPENDIX I: COVARIANCE MATRIX OF THE 
SOLUTION SEPARATION VECTOR 
 
This appendix proves that: 
 
  PPP  B  
 
Let {}  be the expected-value operator.  The solution 
separation covariance matrix  is defined as: 
 
  TΔΔP   (A.1) 
 
Substituting equation 26 for Δ  into A.1 results in:  
 
    T

BB εεεεP   (A.2) 
 
The mean value of ε  is implicitly removed for the 
covariance derivation.  Equation A.2 becomes: 
 

    T
BBBB vSSvvSSvP     (A.3) 

 
    T

BBB
TT

BB
T
B

T
B

T SVSSvvSSvvSSVSP   (A.4) 
 
where   TvvV     and    T

BBB vvV   
 
The first and last terms in equation A.4 can be written as: 
 
  PPHVVVPHSVS   11TT   (A.5) 
 
similarly,  B

T
BBB PSVS   (A.6) 

 
In addition, the following result is derived using the 
definitions in equations 11 and 12, and assuming that 
  0vv  T

BA , : 
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Therefore, the second term in equation A.4 can be written 
as: 
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11   (A.8) 

 
Similarly, the third term in equation A.4 can be written as: 



 
    PSvvS  TT

BB   (A.9) 
 
Substituting equations A.5, A.6, A.8 and A.9 into A.4 
yields: 
 
  PPP  B  
 

APPENDIX II: DIRECT COMPARISON OF RB 
AND FS RAIM TEST STATISTICS  
 
This appendix shows that RBq  and FSq  are equivalent if 
and only if mnnA  .   
 
The partition defined in equation 11 is exploited in the 
following derivation.  The following notations are used: 
 

 






 











B

AA

B

A

V
fv

z
z

z
δ
δ

δ   (A.10) 

 

 BA zBzAz δδδ     with   













 AnnI
0

B  (A.11) 

 
A  was defined in equation 42.  Substituting these 
notations into the residual vector and weighted norm 
definitions in equations 21 and 22, the RB test statistic 
can be expressed as: 
 
  BRABRARRB qqqq ,,, 2   (A.12) 
 
where   
 A

TT
AARq zAHSIVAz δ)(δ 1

,      

 B
TT

AABRq zBHSIVAz δ)(δ 1
,    

 B
TT

BBRq zBHSIVBz δ)(δ 1
,    

 
It is worth noticing that [24]: 
 
   )()()( 11 HSIVHSIHSIV   T   
 
Similarly, substituting the partitioned measurement error 
notations into the definitions of the solution separation 
vector and of its weighted norm in equations 26 and 32, 
the FS test statistic can be expressed by as: 
 
 BSABSASFS qqqq ,,, 2   (A.13) 
 
where,   
 A

TTT
AASq zSAPSAz δδ,


    

 B
TTT

AABSq zBSPSAz δδ, 

  

 B
TTT

BBSq zBSPSBz δδ, 

  

 
Equation 43 was used to obtain the above expressions of 

ASq ,  and ABSq , .  
 
This appendix is organized in three steps that will show 
that: 
 
  ARAS qq ,,  ,   ABRABS qq ,,    

but,  BRBS qq ,,     if only if   mnnA    
 
A. Step 1:  ARAS qq ,,   
 
First, it is shown that ARAS qq ,,  .  Using the matrix 

pseudo-inversion identity in Appendix IV, ASq ,  can be 
rewritten as: 
 

  AB
TTT

AASq zASPPPPPSAz δ)(δ 11111
,

   (A.14) 

 
It can easily be shown by substituting the definitions of 
the partitioning of H  and V  (in equations 11 and 12) 
into 13, that: 
 
    11

BPP AA
T
A HVH 1   (A.15) 

 
Using the definition of S  in equation 14, equation A.14 is 
rewritten as: 
 
  AA

T
AAA

T
AA

T
AASq zVPHHVzzCz δδδδ 11

,
   (A.16) 

 
where  111 )(  A

T
AAA

T
AAA VHHVHHVC  (A.17) 

 
Pre-multiplying C  by T

AH  and post-multiplying it by AH  
yields:  
 

AA
T
AAA

T
AAA

T
AA

T
A HVHHVHHVHCHH 111 )(   (A.18) 

 
Using the definition of the Moore-Penrose pseudo-inverse 
in equation 29, the following result is obtained: 
 
 AA

T
AA

T
A HVHCHH 1   (A.19) 

 
therefore:    1 AVC  (A.20) 
 
Substituting equation A.20 back into A.16 yields: 
 
  AA

T
AAA

T
AASq zVPHHIVz δ)(δ 11

,
    (A.21) 

 
Finally, equation A.21 shows that 



 
 ARA

TT
AAS qq ,

1
, δ)(δ   zAHSIVAz  

 
B. Step 2:  ABRABS qq ,,   
 
The proof is similar to that of Step 1.  The following 
result is used: 
 
  BSSBBS    (A.22) 
 
which is obvious from the definition of S  and B  in 
equations 27 and A.11.  Thus, the scalar ABSq ,  is 
expressed as: 
 
    BB

TTT
AABSq zSSBPSAz δδ,  

  (A.23) 
 
Using again the matrix pseudo-inversion identity, 
equation A.23 becomes: 
 

    BBAA
T
A

TTT
AABSq zSSBPPHVHPSAz δ)(δ 1111

,  

 
The following equations are then substituted into that last 
expression: 
 
  1 A

T
AVPHSA ,   1 B

T
BVPHSB  

 
which yields: 
 
  BB

T
BAA

T
AB

T
AABSq zVPHHVzzDz δδδδ 11

,
   (A.24) 

 
where 
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T
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1111
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
   

 
Pre-multiplying D  by 1

A
T
AVH , post-multiplying it by 

AA
T
A HVH 1 , using equation A.15 and the definition of the 

Moore Penrose pseudo-inverse in equation 29, the 
following result is obtained: 
 

   AA
T
ABAA

T
AAA

T
AB

AA
T
A

HVHPHVHHVHP

HVHD
111

1

)( 






  

 
Using again equation 29, it is shown that: 
 
 0D   (A.25) 
 
Finally, substituting equation A.25 into A.24 provides the 
following result: 
 

   ABRB
TT

AABS qq ,
1

, δ)(δ   zBHSIVAz  (A.26) 
 
C. Step 3:  BRBS qq ,,     if only if   mnnA   
 
This result is simpler to prove because the following 
simplification can the made: 
 
  11))(( 




  B
T
BB

T
BBB VHPVHPPSSBBS    

 
Substituting this result into the expression of BSq ,  in 
equation A.13 yields: 
 
  BB

T
BBB

T
BBSq zVHPHVz δδ 11

,



  (A.27) 

 
Substituting equation 28 into A.27 results in: 
 
  BB

T
BBBB

T
BBSq zVHPPHVz δ)(δ 11

,
   

 
Simplifying this last expression provides the following 
equation: 
 
  BB

T
BBBBB

T
BBSq zVPHHSHVz δ)(δ 11

,
    (A.28) 

 
Recall that BRq ,  in equation A.12 is expressed as: 
 
 BB

T
BBB

T
BBRq zVPHHIVz δ)(δ 11

,
     

 
Equation A.28 can only be equivalent to BRq ,  if BS , 

which is the left pseudo inverse of BH  is also the right 
pseudo-inverse of BH .  Therefore, BS  should be the 

inverse of the mnn A   matrix BH , which is only 
possible if BH  is a square matrix.  Hence the condition 
for BRq ,  and BSq , to be identical is that: 
 
  mnn A   
 
which is the same as:   mnnA    
 
If this condition is fulfilled, then it is true that: 
 
   BRBS qq ,,     
 
D. Conclusion of the Appendix:   
 
Equality between RB and FS test statistics ( FSRB qq  ) is 
proved if and only if: 
 
  mnnA   



APPENDIX III: DIRECT COMPARISON OF RB 
AND SS RAIM TEST STATISTICS  
 
This appendix shows that  
 
  SSRB qq     if and only if   1 mnnA  
 
Recall equation A.15: 
 
  AA

T
AB HVHPP 111    

 
The variance of the fault-free subset solution can be 
expressed as: 
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 (A.29) 

 
Using the matrix inversion identity (also known as 
Woodbury’s formula), equation A.29 becomes: 
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An expression of the variance of the single-state solution 
separation is obtained: 
 
     sAAHSIVAAs TTT

B
1222 

    (A.30) 

 
Pre-multiplying both sides by sAT  and post-multiplying 

by AsT  yields: 
 
     AssAAHSIVAAssAAssA TTTTTTT 12 

   

 
In the case where 1An , AssA TT  is a non-zero scalar.  
Multiplying both sides of the previous equation by the 
inverse squared of this scalar and taking the inverse of the 
entire equation gives the following equation: 
 
   AHSIVAAssA  


12/ TTT    (A.31) 

 
Finally, by definition in equations 24 and 40, the non-
centrality parameters of RBq  and SSq  can respectively be 
expressed as: 
 
   A

TT
ARB AfHSIVAf  12  (A.32) 

 
  22

  A
TTT

ASS AfssAf  (A.33) 
 
Therefore, equation A.31 shows that, if 1An , then 
 
  22

SSRB     (A.34) 
 
This result has also been demonstrated (in a slightly 
different form, and using different methods) in [9] and 
[21].  Interestingly, even though 2

SS  is a function of α  
and 2

 , it is actually independent of the state of interest 
(since it is equal to 2

RB ).   
 
Finally, RBq  and SSq  are both equivalent, i.e., non-
centrally chi-square distributed with the same non-
centrality parameter (equation A.34), and with 1 degree of 
freedom if and only if 1mn  (as shown in equations 
23 and 39).  Therefore, it is true that: 
 
 SSRB qq     if and only if   1 mnnA  
 

APPENDIX IV: PROOF OF A MATRIX 
PSEUDOINVERSION IDENTITY 
 
In this appendix, it is shown that: 
 
   T

ABA
T
AA PHPPPPPPHPHPPH 11111 )( 

    
 
which, by substituting the expression of 11  PPB  in 
equation A.15, becomes: 
 
   T

AAA
T
AA

T
AA PHPHVHPPPHPHPPH 1111 )( 

    
 
Rewriting and rearranging the previous equation will 
show that the identity is true.  First, pre-multiplying both 
sides of this equation by 1

A
T
AVH  and post-multiplying 

them by AA HV 1  provides the following equation: 
 
    *1*11***

AAAAA PPPPPPPPPPPPP 
   (A.35) 

 
where  AA

T
AA HVHP 1*   

 
Expanding terms, and using the definition of the Moore 
Penrose pseudo-inverse in equation 29, equation A.35 
becomes: 
 
 *****

AAAAA PPPPPPPPP 
  (A.36) 

 



Substituting equation A.15 for all *
AP -terms (i.e., 

11*   BA PPP ), expanding the resulting expression, and 
simplifying yields: 
 
 BBBBB PPPPPPPPPPPPPP  









 (A.37) 

 
The right hand side turns out to be P  (equation 28 is 

PPP  B ).  Using again the definition of the Moore 
Penrose pseudo inverse to rewrite the right hand side 
term, and arranging terms on the left hand side, equation 
A.37 becomes: 
 
     





  PPPPPPPP BB  

 
Finally, using equation 28 again, it becomes obvious that 
the matrix pseudo-inversion identity is true. 
 

APPENDIX V:  INDEPENDENCE OF RB, FS AND 
SS TEST STATISTICS FROM LEAST-SQUARES 
ESTIMATE ERRORS 
 
A. Independence of RB Test Statistic and Least-Squares 
Estimate Error 
 
It has been shown in [7, 20] that the random parts of the 
least-squares (LS) estimate error vector ε  and of the 
residual vector r  are derived from orthogonal 
components of the measurement noise.  ε  and r  are also 
jointly normally distributed.  Therefore, all elements of r  
are linearly independent from any element of ε , which 
ensures that the weighted norm RBq  of r  is statistically 
independent from the estimate error   for the state of 
interest. 
 
B. Independence of FS and SS Test Statistics from Least-
Squares Estimate Error 
 
This appendix proves the independence of the LS estimate 
error   with the FS and SS test statistics FSq  and SSq .  
The LS estimate error vector ε  and the fault-free estimate 
error vector Bε  defined in equations 15 and 18 can be 
rewritten using the notations of equation A.11 as: 
 
  BB

T
BAA

T
A zVPHzVPHε δδ 11    (A.38) 

 
  BB

T
BBB zVHPε δ1  (A.39) 

 
Mean errors have no impact on this discussion about 
independence, therefore, within this section, it is assumed 
that 0f A .  The correlation matrix between ε  and the 
full-state solution separation vector Δ  (defined in 
equation 26) is given by: 

 
        T

B
TT

B εεεεεεε EEE   (A.40) 
 
Substituting equations A.38 and A.39 into A.40 and 
recalling the following assumptions: 
 
    0vv T

BAE    and     B
T
BB Vvv E  

 
equation A.40 becomes: 
 
    PHVHPPεεε BB

T
BB

T
B

1E   
 
Finally, using the definition of BP  in equation 16, it 
becomes evident that: 
 
    0PPεεε  T

BE  (A.41) 

 
Equation A.41 shows that vectors ε  and Δ  are 
uncorrelated.  They are also jointly normally distributed.  
Therefore, all elements of Δ  are linearly independent 
from any element of ε , which ensures that the weighted 
norms FSq  and SSq  of Δ  are statistically independent 
from the estimate error   for the state of interest. 
 
C. Generalization to Other Test Statistics 
 
It is desirable in navigation applications to use ‘unbiased’ 
estimators, whose estimate errors are not a function of 
state vector x .  Let E  be a general unbiased estimator 
matrix (to be defined).  The estimate error can be defined 
as: 
 
  fvExEzxxx  ˆδ  
 
The ‘unbiased’ constraint can be expressed as: 
 
  IEH    (A.42) 
 
In parallel, let D  be a 1Dn  detector matrix, which is 
voluntarily left undefined.  D  could be the RB, FS or SS 
detector matrix, in which cases Dn  would be equal to n , 
m  or 1, respectively.  The detector aims at observing the 
fault vector, and should not be a function of x .  The 

1Dn  detector vector q  which would serve as basis to 
define a test statistic can be expressed as: 
 
   fvDDzq   (A.43) 
 
Equation A.43 assumes that the following equation is 
satisfied: 
 
  0DH    (A.44) 



which means that D  maps the measurement vector into 
the parity space (or null space of TH ).  The correlation 
matrix between xδ  and q  is defined as (the fault vector 
f  is implicitly removed for this discussion): 
 
    TT EVDxq δE  
 
Using a least squares estimator 
 
   TTT VDVPHxq 1δE   
 
   TTT DPHxq δE  
 
Substituting equation A.44 into that last expression yields: 
 
   0xq TδE  (A.45) 
 
Equation A.45 shows that any test statistic derived from 
vectors laying in the parity space are statistically 
independent from the LS estimate error.  This will no 
longer be the case using non-LS estimators. 
 
It can finally be noticed that the RB, FS, and SS detector 
matrices all map the measurements in the parity space, 
i.e.: 
 
  0HHSI  )( ,   0HS  ,   and   0Hs 

T  (A.46) 
 

APPENDIX VI: COMPARISONS OF NON-
CENTRALITY PARAMETERS FOR RB, FS AND SS 
TEST STATISTICS 
 
A. Comparison of RB versus FS Test Statistics 
 
Appendix II-A provides a proof of the following equation:  
 
  ASAR qq ,,   
 
and therefore, it also proves that   FSRB   ,   which 

remains true for the worst case fault vector f , so that: 
 
  22

FSRB    
 
It also means that, since both methods use the same 
estimator, f  for RB and FS RAIM is identical, and so is 
the worst-case slope Fg .  The worst-case slope squared is 
derived in equation 50, and for the RB method is: 
 
    sAAHSIVAAs TTT

Fg 112     (A.46) 
 

It turns out that the term in the right hand side of equation 
A.46 has already appeared in a previous equation A.30.  It 
implies the following equation: 
 
     212




 sAAHSIVAAs TTT

Fg  (A.47) 

 
B. Comparison of RB versus SS Test Statistics 
 
The worst-case slope squared is derived in equation 50, 
and for SS RAIM, it can be expressed as: 
 
    sAAssAAs TTTT

Fg 

 22 /  (A.48) 
 
Dividing both sides of A.48 by 2

  yields an interesting 
result:  
 
   sAAssAAs TTTT

Fg 

 
22 /    

 
22 / Fg  is symmetric (by definition of the Moore Penrose 

pseudo-inverse in equation 29), and again using equation 
29, it can be seen that it is idempotent.  In addition, 

22 / Fg  is a scalar.  Therefore, its value must be one.  It 
follows that: 
 
 22

Fg   (A.49) 
 
Equations A.49 and A.47 prove that the worst case slope 

Fg  is the same for all three RAIM methods, and that it is 
equal to  .   
 
C. Generalization to Other Test Statistics in the Case of 
Single-SV Faults 
 
The first step of this generalization is a change of variable 
to normalize the measurement vector z  in 8:  
 
 *** δzxHz   (A.50) 
 
where:  
 
 zVz 2/1

*
  (A.51) 

 
 HVH 2/1

*
    and   zVz δδ 2/1

*
  (A.52) 

 
The resulting measurement error distribution is given by:  
 
   I0z ,~δ *  , 
 
Consider a detector defined in a similar manner as in 
Appendix V-C.  The choice is made to design the 



detector’s test statistic (square rooted) as a linear 
combination of the parity vector: 
 
  ****

2/1 δzQuzQu TTq   (A.53) 
 
where *Q  is the nmn  )(  parity matrix (e.g., defined in 
[7]), u  is a 1)( mn  unit vector, whose direction must 
be determined.  By definition, *Q  satisfies the following 
equations: 
 
  0HQ *    and   IQQ T

**   (A.51) 
 
Vector u  is defined as unit-norm to avoid further 
normalization step when computing the test statistic q .  
The detector matrix *QuT  satisfies equation A.44.  In this 
case, the worst-case fault slope can be expressed using 
equation 50 as: 
 
    sAAQuuQAAs TTTTT

Fg 
 **

2   (A.52) 

 
In the case of single-satellite faults, which have the largest 
contribution to the integrity risk because of their higher 
probability of occurrence, AQ*  is a 1)( mn  vector.  
The best detector is found for the vector u  that minimizes 
the worst-case fault slope, i.e., that maximizes the matrix:   

AQuuQA **
TTT .  Therefore, for single-SV faults, vector 

u  is selected to be aligned with AQ* , and can be 
expressed as: 
 
  2/1

*** )/( AQQAAQu TT   (A.53) 
 
Substituting A.53 into A.52 results in: 
 
    sAAQQAAs TTTT

Fg 1
**

2 
  

 
It can be verified numerically that in this case again: 
 
  22

Fg  
 
Therefore, the worst-case fault slope Fg  of a detector 
designed to minimize Fg  is 2

 .  In other words, it is 
proved for single-SV faults, that RB, FS and SS all 
minimize the worst-case fault slope 2

 , and that their test 
statistics are derived from vectors that are aligned with 
the ‘characteristic fault mode line’ in the parity space.   
 

APPENDIX VII:  CONTINUITY RISK 
ALLOCATION 
 
The detection thresholds for SS are defined in equation 62 
as: 
 
        CONTH PHFAnPHFAPHFAP  000 |...|2|1    
 
where 

 FA1  regroups the events of a single false alarm 
 

 

   
 

 02211

02211

022110

|,...,,

|,...,,

|,...,,|1

HTqTqTqP

HTqTqTqP

HTqTqTqPHFAP

HH

HH

HH

nn

nn

nn








 

 
 FA2  designates all hypotheses of two 

simultaneous false alarms 
 
   

 

 0112211

0332211

022110

|,,...,,

|,...,,,

|,...,,|2

HTqTqTqTqP

HTqTqTqTqP

HTqTqTqPHFAP

HHHH

HH

HH

nnnn

nn

nn











 
 FAnH  occurs when all thresholds are 

simultaneously exceeded 
 
     022110 |,...,,| HTqTqTqPHFAnP

HH nnH   

 
For simplicity, equal allocation CONTiP  is assumed 
between all Hn  hypotheses.  This is again a conservative 
assumption (also, it has been shown that optimal 
continuity risk requirement allocation has a small impact 
on the overall integrity risk [9]).   
 
Under this additional assumption of uncorrelated iq , the 
left-hand-side terms in equation 62 can be expressed, as: 
 

     1
10 1|1 

 HH
n

CONTiCONTi
n PPCHFAP  (A.54) 

 

     22
20 1|2 

 HH
n

CONTiCONTi
n PPCHFAP  (A.55) 

 
   HH

H

n
CONTi

n
nH PCHFAnP 0|  (A.56) 

 
Equations A.54 to A.56 can be approximated because 

CONTP  (and hence CONTiP ) is a small number relative to 1 



( CONTP  is lower than 510  in aircraft approach 
navigation).  Substituting these results into equation 62 
suggests the following conservative allocation: 
 

 CONT

n

k

k
CONTi

n
k PPC

H
H




1

 (A.57) 

 
Rather than solving for CONTiP  in equation A.57, higher 
order terms are often neglected [8, 9], so that the 
allocation can be taken as: 
 
  HCONTCONTi nPP /   (A.58) 
 

APPENDIX VIII:  PROTECTION LEVEL 
DERIVATION FOR SS RAIM 
 
The integrity risk under a hypothesis iH  is defined as a 
joint probability (as in equation 7): 
 

 




  iii HTq,P ||||    (A.59) 

 
As an alternative to evaluating the integrity risk, a 
protection level Lp  can be derived, which is a bound on 
the estimate error for an integrity risk requirement 
allocation iREQI ,  (which can be optimized using the 

method given in [9]).  The formulation of the Lp  
equation is similar to that of the integrity risk.  The 
protection level Lp  is defined as: 
 

  




  iiiiLiREQ HTqpPI ||,|| ,,    (A.60) 

 
Equation (A.60) can be rewritten using conditional 
probabilities (without requiring the assumption of 
independence between   and iq ) as: 
 
 
 






 





  iiiiiiiLiREQ HTqPTqHpPI ||||,|| ,, 

 
A conservative assumption is made at this point:   
 

The probability 




  iii HTqP ||  is smaller than 1, and 

hence can be bounded by 1.  The Lp  is redefined as: 
 

  




  iiiiLiREQ TqHpPI ||,|| ,,   (A.61) 

 

Without loss of generality and for notation purposes, it is 
assumed that hypothesis iH  is AH  described in equation 
11.  Assuming   Ai HH  ,   equation A.61 becomes: 
 






  SSSSAALBBAREQ TqHpPI ||,,,  (A.62) 

 
Because   SSB q , ALp ,  can be redefined again 
considering the worst case fault direction: 
 






   SSSSAALSSBAREQ TqHpqPI ||,|||| ,,  (A.63) 

 
Finally, a simple expression of Lp  is obtained for the 
worst case fault magnitude: 
 
      

   2/2/ 1
,

1
, CONTiBAREQAL PQIQp (A.64) 

 
where {}1Q  is the inverse tail probability distribution  of 
the two-tailed standard normal distribution 
( {}1{} Q , where {}  is the standard normal 
cumulative distribution function). 
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