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ABSTRACT

Future multi-constellation GNSS open the possibility to
fulfill stringent navigation integrity requirements
specified in safety-critical applications using receiver
autonomous integrity monitoring (RAIM). In this paper,
both the RAIM detector and its estimator are analyzed to
develop a new algorithm. In the first part of this paper,
the detector is selected by rigorously comparing two of
the most widely implemented methods. In particular, the
paper reveals fundamental differences between solution
separation (SS) and residual-based (RB) RAIM. SS
provides higher fault-detection performance than RB
RAIM because the SS test statistic is tailored to the fault
hypothesis, and to the state of interest. To prove these
results in presence of multi-measurement faults, which
occur in multi-constellation GNSS, analytical expressions
of the worst-case fault direction are derived for both SS
and RB RAIM. In the second part of the paper, a non-
least-squares estimator is designed to reduce the integrity
risk at the cost of lower accuracy performance for
applications where integrity requirements are more
demanding than accuracy requirements. The new
estimator is numerically determined by solving an
integrity risk minimization problem that includes multiple
simultaneous fault hypotheses. Performance analyses
show a substantial drop in integrity risk using the new



RAIM algorithm as compared to a SS method that uses a
least-squares estimator. In parallel, the decrease in
accuracy performance is quantified. Combined
availability of accuracy and integrity is evaluated at an
example location for a GPS/Galileo navigation system.

I. INTRODUCTION

This paper describes the design, analysis and evaluation
of a new method of receiver autonomous integrity
monitoring (RAIM). Both the detector and the estimator
used in RAIM are investigated in order to minimize the
integrity risk in the presence of multiple simultaneous
measurement faults.

Global navigation satellite system (GNSS) measurements
are vulnerable to rare-event faults such as satellite
failures. In safety-critical applications, these faults can
represent major threats to the navigation system’s
integrity. In response, fault-detection algorithms such as
RAIM can be implemented. RAIM achieves self-
contained fault detection at the user receiver by verifying
the consistency of the over-determined positioning
solution using redundant ranging measurements.

The full deployment of GLONASS and the emergence of
Galileo will provide an increased number of redundant
ranging signals, which has recently motivated a renewed
interest in RAIM. In particular, RAIM can help alleviate
requirements on ground monitors used in safety critical
applications. For example, researchers in the European
Union and in the United States are investigating
Advanced RAIM (ARAIM) for worldwide vertical
guidance of aircraft [1]. Challenges arise when using
multi-constellation GNSS because of the substantial
increase in the probability of multiple simultaneous faults,
which must hence be detected.

In addition, RAIM not only aims at detecting faults but
also at evaluating the integrity risk, or alternatively, a
protection level, which is an integrity-bound on the
position estimate error. In practice, integrity risk
evaluation is needed when designing navigation systems
to meet required levels of integrity, and it is needed
operationally to predict if a mission can be safely
initiated. Integrity risk evaluation includes both assessing
the fault detection capability and quantifying the impact
of undetected faults on state estimate errors. Hence, both
the detector and the estimator can influence RAIM
performance.

One more point worth noticing is that integrity risk
evaluation is based upon a model of the measurements.
In contrast with nominal measurement errors, whose
distributions can be reliably modeled using large amounts
of experimental data, measurement faults are difficult to
observe because of their low probability of occurrence. In

order to avoid making assumptions on unknown fault
distributions, a bound on the integrity risk corresponding
to the worst-case fault can be evaluated. This bound is
then compared to a specified integrity risk requirement to
assess availability, which is defined as the fraction of time
where outputs of the estimator can safely be used [2, 3]. It
is of primary importance for system availability to derive
a tight bound on the integrity risk.

Therefore, in this research, the objective of the new
RAIM method is to reduce the actual integrity risk in the
presence of multiple simultaneous faults while providing
a tight bound on the integrity risk. To achieve this goal,
both the detector and the estimator design are
investigated.

In the first part of this paper, the RAIM detector is
selected by analyzing RAIM algorithms that have been
developed over the past 25 years [4, 5, 6]. Whereas
equivalence between parity-based and residual based
(RB) methods has been proven [7], most other approaches
have only been roughly compared. In this work, two of
the most widely implemented RAIM algorithms, RB
RAIM and solution separation (SS), are rigorously
compared to select the method that minimizes the
integrity risk in the presence of single satellite faults and
of multiple simultaneous faults.

Two major issues must be addressed when comparing the
two RAIM methods. First, practical implementations of
RB and SS RAIM differ significantly: in RB RAIM, the
integrity risk can directly be evaluated using a single
detection test statistic [6], whereas in SS RAIM,
protection levels are derived using as many test statistics
as fault hypotheses [8, 9]. In order to establish fair
grounds for comparison, in this work, the integrity risk
contributions using RB and SS RAIM are directly
evaluated under each fault hypothesis. Direct integrity
risk evaluation also provides tighter integrity risk bounds
because the conservative assumptions needed for
protection level derivation are avoided. Second,
comparisons in the presence of multiple simultaneous
faults require that the worst-case fault vector, which
maximizes the integrity risk bound, be determined. In
this paper, analytical expressions of the worst-case fault
vector are derived both for RB and for SS RAIM.

The second part of this research focuses on the estimator
design. Over the past decade, researchers have explored
the potential of using non-least-squares estimators to
reduce the integrity risk at the cost of lower accuracy
performance [10, 11, 12]. This concept aims at improving
the combined availability of accuracy and integrity, and is
motivated by the fact that integrity requirements are often
more demanding than accuracy requirements. In this
work, the new non-least-squares estimator is numerically
determined by solving an integrity risk minimization



problem assuming the presence of multiple simultaneous
faults.

Section II of this paper outlines a procedure to handle
multiple fault hypotheses for integrity risk evaluation
using multi-constellation GNSS. Section III describes the
measurement equation, the least-squares estimator and the
RB and SS test statistics. A third intermediary algorithm,
named full-state solution separation (FS), is developed to
facilitate comparisons between RAIM methods. In
Section IV, analytical expressions of the worst-case fault
vector are derived for RB, FS and SS RAIM. All three
RAIM methods are then compared in Section V, which
enables the selection of a detector. Section VI presents a
numerical method to determine a non-least squares
estimator that minimizes the integrity risk. The resulting
RAIM algorithm performance is analyzed and evaluated
in Section VII in comparison with a SS RAIM method
that uses a least-squares estimator.

II. INTEGRITY RISK EVALUATION FOR MULTI-
CONSTELLATION GNSS

The integrity risk or probability of hazardous misleading
information (HMI) can be expressed considering a set of
complementary, mutually exclusive hypotheses. Let n
be the number of space vehicles (SV) in view. Each
satellite’s ranging signal can either be fault-free or in a
faulted state. Let i be the index corresponding to fault
hypotheses. ~ The total number of hypotheses H,,
including all combinations of fault-free measurements and
of multiple simultaneous satellite faults, is 2". Using the

law of total probabilities, the criterion for availability of
integrity can be expressed as:

2"-1

lann)= 3 Pl 1, W )< 1y (1)

i=0

where is I, the integrity risk requirement.

Fortunately, only few of the 2" terms in equation 1 have
a substantial impact on P(HMI). To illustrate this

statement, the hypotheses H, can be grouped considering

fault-free conditions, single-SV faults, two simultaneous
SV faults, and three or more simultaneous faults. The
probability of HMI can then be rewritten as:

P(HMI)= P(HMI |OF )B,,. + P(HMI | 1F )P,

@
+ P(HMI | 2F)P,,, + P(HMI | > 3F)P>3F @

of dual SV

faults P,, and of three or more simultaneous faults P,

The prior probabilities of single SV fault P,

1F >

follow a binomial probability distribution. Indeed, for
P, the event of single satellite faults regroups n fault

hypotheses: fault on the first satellite (named SV1), fault
on the second satellite (SV2), ... , fault on the n ™ satellite
(SVn). It can be expressed as:

R.=cp,(i-P, )" 3)

where C|' is the binomial coefficient, and P, is the prior

probability of individual satellite fault, which is assumed
independent from one SV to another. In a similar manner,

the probabilities P,, and P

47 are given by:

P, =CiPL(i-p, )" )
Py =P -P, )" 5)
k=3

In this work, an example value for P, of 10 is assumed.

It is derived from a satellite failure rate of 10*/hour
specified in [13] and from a time to alert by the GPS
Operational Control Segment (OCS) of one hour (the
OCS time to alert is guaranteed to be lower than six hours
[14], but it is usually much lower; one hour is assumed to
be a reasonable value).

The probabilities B, P,.,and P

23F

are plotted in Fig. 1

versus increasing values of the number of visible
satellites. When the number of visible satellites is larger

than 6, the prior probabilities A, and P,, are both above
the example integrity risk requirement /.., of 107

This example illustrates that, for multi-constellation
GNSS, it is crucial to detect cases of single SV faults as
well as cases of two simultaneous faults.

In contrast, P, remains orders of magnitude below the
requirement.  Therefore a bounding assumption on
P(HMI| 23F) in equation 2 can be made. The

probability P(HMI | >3F) is lower than or equal to 1, so

it can be bounded by 1. Finally, the availability criterion
in equation 1 can be rewritten, by keeping on the left hand
side the probabilities of HMI given fault free conditions
and given cases of single and dual SV faults, as:

n+Cj

yMWHM )< Lo =P ©)
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Fig. 1 Prior Probability of Simultaneous Satellite
Faults (Assuming P, =107")

Finally, individual terms of the sum in equation 6 can be
defined. Let ¢ be the estimate error for a state of interest
(e.g., in aircraft precision approach applications, the
vertical position coordinate is of primary concern). Also,
let ¢ be the detection test statistic. Given a hypothesis

H, , the probability of HMI is the joint probability of &
being larger than a specified alert limit ¢ while ¢

remains lower than a detection threshold 7', which is set
to limit the probability of false alarms:

Plavr |1, )=Plep1, 1q<T]| 1) (7)

The estimate error ¢ and the test statistic ¢ are derived
in Section IIL

III. RAIM USING THE LEAST-SQUARES
ESTIMATOR

This section introduces notations describing the least-
squares (LS) estimator and RAIM detector, which are
used to evaluate the integrity risk defined in equation 7.
For comparisons in Section V, three different detection
test statistics are investigated: the residual-based (RB)
test statistic, the full-state solution-separation (FS) and the
single-state solution separation (SS).

A. Measurement Equation

The estimate error £ and test statistic ¢ in equation 7 are

evaluated using a measurement model. Let » and m
respectively be the numbers of measurements and of
states. The nx1 measurement vector z is modeled as:

z=Hx+v+f (®)

where
H isthe nxm observation matrix,
x isthe mx1 state vector,
v isthe nx1 measurement noise vector, and
f isthe nx1 fault vector.

Vector v is assumed normally distributed, with zero-
mean and covariance matrix V . The following notation
is used:

v~N(o, V). )

where 0 is a matrix of zeros of appropriate dimension (it
is an nx1 vector in this case). Matrix V is assumed to
be diagonal in the proofs of Sections IV and V.

The probability distribution of nominal measurement
errors v can be reliably modeled using large amounts of
experimental data. More precisely, this work assumes
that the folded cumulative distribution functions of
nominal measurement errors are bounded by the Gaussian
functions described in equation 9 [15]. In contrast, rare-
event sensor faults are difficult to observe because of their
low probability of occurrence. In order to avoid making
assumptions on unknown fault distributions, a bound on
the integrity risk corresponding to the worst case fault
vector f can be evaluated. Thus, the fault vector f can
be interpreted as a deterministic measurement bias. And,
although the actual fault is unknown, the worst case fault
vector f, which maximizes the integrity risk bound, is
analytically derived in Section IV.

B. Partitioning the Measurement Equation

The assumed number of faulty measurements n, satisfies
the following equation:

O<n,<n-m (10)

Equation 10 exposes a fundamental limitation of RAIM,
which is only effective when the number of redundant
measurements (n—m) is larger than n,. Using ranging
signals from multi-constellation GNSS such as
GPS/GLONASS or GPS/Galileo ensures that equation 10
is satisfied. First, according to the discussion in Section
II, n, can take values of 1 or 2. Second, the number of
redundant measurements (n—m) is larger than 2: the
number of states m includes three position coordinates
and two constellation-dependent receiver clock offsets,
while the number of measurements n exceeds eight (four
or more per constellation).

The RB, FS, and SS test statistics are derived below for
an example hypothesis A ,. Without loss of generality, it



is assumed that faults are simultaneously affecting the
first n, measurements of the measurement vector z. In

anticipation of the solution-separation description, the
measurement equation 8 can be partitioned to distinguish
the subset of faulty measurements (identified by subscript
A ) from the fault-free measurements (subscript B ):

z H A f
=] T x| ] (11)
z, H, A\ 0
As mentioned above, the covariance matrix V is
assumed diagonal, and can be written as:

V—VA 0 12
“lo v, (12)

C. Least-Squares Estimation

The weighted least squares state estimate vector X and its
covariance matrix P (assuming that n > m ) are given by:

%=Sz and P=(H'V'H)' (13)

where S=PH'V"' (14)
The state estimate error vector is defined as:
g=%-x=S(v+f) and £~N(Sf, P)  (I5)

In parallel, for solution separation, the fault-free subset
solution X, and its covariance matrix P, (assuming that

n—n, 2m) are given by:
%,=S,z, . P,=(HIV,'H,)’ (16)
where S,=P,H,V,' (17)
The fault-free estimate error vector is defined as:
£,=%,-x=S,v, and £,~N(0, P,) (18)

Finally, if the focus of the integrity analysis is on a single
state of interest (e.g., on the vertical position coordinate
for aircraft precision approach navigation), then a single
row of the least-squares estimation matrix S is needed,
and is noted:

s" =a’S where o’ =[0 1 0] (19)

The following notations will be used:

c’=a'Pa and o, =0"P,a

The scalar estimate error ¢ that appears in the integrity
risk equation 7 under hypothesis H , can be expressed as:

e=0"g=s"(v+f) (20)
D. Residual-Based RAIM
The residual vector is defined as:
r=(I-HS)z=I-HS)(v+f) (21

where I is the identity matrix of appropriate dimensions.
The residual-based test statistic g,, is the norm of r

weighted by V™'
Gws =Y 'V'r (22)

The scalar random variable ¢,, follows a non-central
chi-square distribution with (n—m) degrees of freedom

: 2
and non-centrality parameter A, .

The following
notation is used:

Qs ~ 2" (0=m, 73,) (23)
with Ay =f'V I (I-HS)f (24)
E. Full-State Solution Separation
The full-state solution separation vector is defined as:
A=X—-X, (25)

A=g-g,=S,z and A NN(SAf, PA) (26)
Where SA = S_ [O[nzxn,] SB] (27)

The matrix 0 . is a mxn, matrix of zeros. In

nyl
Appendix I, it is shown that:

P, =P,—P (28)

The full-state solution separation exploits the entire vector
A instead of a single state.  Single-state solution
separation is described in Section III-F. In order to obtain
a scalar FS test statistic that can be evaluated and

compared with ¢, , a weighted norm of A is derived.



The weighting matrix for the norm of A is defined as the
Moore-Penrose pseudo-inverse P, of the real, symmetric,

rank-deficient matrix P, (of rank n,). It is uniquely
defined by the following four conditions [16]:
PPP, =P, , P/PP =P, (29)
(PAPX)T =P,P; and (P; A)T =P,P,

P, can be derived numerically using a singular value

decomposition of P, :
P, =U,AU, (30)

Matrix A is a diagonal matrix, with diagonal elements
the singular values of P,. Let A" be a diagonal matrix,
whose diagonal elements are the inverse of the non-zero
diagonal elements of A, and are zeros otherwise. P,
can be computed as [17]:

P, =U,A'U, 31)

Finally, the FS test statistic is defined as:

Ars = ATPXA (32)
9rs ~ ZZ (”A: j*ZFS) (33)
where A =t'SIP;S, f (34)

F. Single-State Solution Separation

The single-state solution separation extracts a single state
out of the solution separation vector:

Ag=a'A (35)
Ag=slz and Ay ~N[sIf, o) (36)
where s.=a'S, and o, =0'Pa=0c,-c° (37)

Conventional SS algorithms directly compare Ag to a

detection threshold. Instead, in Sections IV and V, an
equivalent test statistic is employed, which yields the
exact same performance in terms of integrity risk, but

which also enables comparisons with g,, and g,,. Itis
defined as:

qss = N5 /o2 (38)

qss ~ ZZ (1: jfvs) (39
where Ay =17s sif / oL (40)

G. Summary for the Description of the Least-Squares
Estimator and Detectors

Under the multi-measurement fault hypothesis H

expressed in equation 11, all the elements of the integrity
risk equation 7 have been defined. The estimate error &

is given in equation 20 and the three test statistics ¢,

qrs and g4 are all expressed as non-centrally chi-square

distributed random variables in equations 23, 33 and 39,
respectively.

IV. RAIM AGAINST MULTIPLE MEASUREMENT
FAULTS

In order to compare RB RAIM with FS and SS in the
presence of multiple simultaneous faults, the worst-case
fault vector f must be determined for each of the three
methods. The term ‘worst-case’ indicates that the fault
vector f that maximizes the integrity risk bound.

In general, a fault vector f can be characterized by:

e the fault hypothesis or fault mode, which
identifies the subset of satellites affected by the
fault,

e the fault magnitude, which is the Euclidean norm
of the fault vector,

e and the fault direction, which is determined by
the relative values of the fault vector’s elements.

Fig. 2 presents example fault vectors. The first group of
vectors are single-SV fault vectors, modeling fault modes
on the first, second and n™ satellites (SV1, SV2 and SVn).
For single SV faults, it can be noted that the fault
direction is fully defined by the fault mode and fault
magnitude. This is not the case for multiple simultaneous
satellite faults. For example, the last two example vectors
are both dual-SV faults simultaneously affecting SV1 and
SV2. Their modes and magnitudes are the same, but their
direction is different.

Therefore, in the presence of multiple simultaneous faults
which are likely to occur in multi-constellation GNSS, it
is not only crucial to determine the worst case fault
magnitude (as for single SV faults), but also the worst-
case direction, which maximizes the integrity risk.
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Fig. 2 Example Fault Vectors

As expressed in equations 15, 24, 34 and 40, the fault
vector f impacts the mean of & and the non-centrality

parameters of q,,, g, and g . It has been shown in
[18, 19] that the worst case fault vector f maximizes the
square of the failure mode slope g;, which is

independent of the fault magnitude, and is defined as the
ratio of the squared mean of the estimate error over the
non-centrality parameter of the test statistic:

gl = f'ss’f m
T M 0f
where
M oo =V (I-HS) for RB RAIM
M ovou =S4P,S, for FS
M pevon = SASZ/Gz for SS

The following notation is used to express the non-zero
elements of fault vector f under hypothesis H, (H, is
described in equation 11):

f=Af, with A= hﬂ } (42)

where I is a n,xn, identity matrix. It is worth

noticing for upcoming derivations, that
S,A=SA (43)

which is obvious from the definitions of S, and A in
equations 27 and 42, respectively.

Equation 41 can be rewritten using the definition of A
and using a change of variables [18, 19]:

f,= MAf:l (44)

2 _ fZ*MZMi’MXMAfA*

- 45
gF f/]l"*fA* ( )
where
M, =s"A
M, =(A"V'(I-HS)A)"* for RB RAIM
M, =(A"s"P;sA) " for FS
T 1/2
M, = (A ss A/O'A ) for SS

It follows that the worst-case fault vector f can be
expressed as [18, 19]:

f=AM v, (46)

where v, is the eigenvector corresponding to the
maximum eigenvalue of:

MMM, M, (47)

For comparisons between the three RAIM methods in
Section V, the expression of f in terms of v,,,, , which is
numerically determined, is insufficient. In response, an
analytical expression of v, is derived. Let matrix M
be defined as:

M:MiMi'(MXMAMZMi)ilMXMA (48)

Matrix M is the expression of equation 47 multiplied by
the ‘normalizing factor’ (M, M ,M’ M’ )™". It can easily
be shown that M is symmetric and idempotent:

M=M’" and M=MM (49)

Matrix M is called an orthogonal projector and is
derived from an inner product (M’ M, in equation 48 is

a n,x1 vector). Therefore, M has a single non-zero

eigenvalue, of value 1. It follows that the matrix in
equation 47 has a single non-zero eigenvalue, of value the
inverse of the normalizing factor used in equation 48.
This provides an expression of the worst-case failure

mode slope g; :
g; =MXMAM§M7); (50)
In addition, the worst-case fault vector direction coincides

with the direction of the line that M is projecting onto.
This direction is given by M’ M’ . The conclusion of



this section is that the worst-case fault direction f under a
multi-measurement fault hypothesis H , is given by:

f=AM M’'M/| (51

Section V will further show that the worst-case failure
mode slope g, is the same for SS, FS and RB RAIM,
and that its value is the variance of the solution separation
o.. Equations 50 and 51 are essential not only for the

comparison in Section V, but also for direct integrity risk
evaluation in the presence of multiple simultaneous faults
in Section VI.

V. SOLUTION SEPARATION VERSUS
RESIDUAL-BASDED RAIM USING THE LEAST-
SQUARES ESTIMATOR

The comparison between RB, FS, and SS RAIM is
performed in two steps. In Section V-A, the integrity risk
is evaluated for a theoretical case assuming that there is
only one fault hypothesis, i.e., a single term in the sum in
equation 6. For notation purposes and without loss of
generality, the single hypothesis is the multi-measurement

fault hypothesis H , defined in equation 11. The analysis

is then extended to include all fault hypotheses in Section
V-B.

A. Single Hypothesis Assumption

Under hypothesis H ,, direct analytical comparisons of

qrs > 9rs and g show, in Appendices II and III, that the
three methods are equivalent if and only if:

n,=n—-m=1 (52)

Establishing these results requires that an identity be
derived for the pseudo-inversion of a rank-deficient
matrix (proof in Appendix IV):

H PP;PH’, =H P(-P"'—P'(P,'=P)" P JPH’,

Therefore, in general, RB, FS, and SS RAIM are not
equivalent. The remainder of this section aims at
selecting the test statistic that generates the smallest
integrity risk.

In this perspective, Appendix V shows that the least-
squares (LS) estimate error ¢ is independent from the test
statistic g for all three methods, so that the joint
probability in equation 7 can be written as a product of
probabilities:

Plavr|i,)=pPle) >4 1, )Plg<TIH,) (53)

where ¢ is a placeholder for either ¢g,,, g5 or g . The

Appendix V-C shows that, for LS estimators, the proof of
independence with ¢ can be extended to any test statistic
g that maps measurements into the null space of the

observation matrix transposed H' (also called parity

space).

The probability of no detection P(¢ <T|H ) in equation

53 is evaluated considering the test statistics’ distributions
in equations 23, 33 and 39:

LIRBNZZ(”_’": j3&3)
qFSNZZ(nAJ j*ZFS)
qss NZZ(L jés)

Appendix VI-A shows that the bounds on the non-

centrality parameters corresponding to f (derived in
Section IV) are equivalent for RB and FS:

7‘133 = j_';s (54)

Appendix VI-B also proves that the worst-case fault slope
g 1s the same for all three RAIM methods, and that:

gr =0, (55)

A generalization is performed in Appendix VI-C to find
the test statistic (mapping measurements in the parity

space) that minimizes the worst-case slope g,. It is
proved for single-SV faults, that RB, FS and SS all
minimize the worst-case fault slope o, and that their test

statistics are derived from vectors aligned with the
‘characteristic fault mode lines’ in the parity space [20,
21].

Equation 55 states that the relative impact on ¢ and g of

the worst-case fault vector f is the same for all three
methods. Thus, since the same estimator is implemented
in all three RAIM methods, the probability of hazardous

information P(|¢| >!i| H,) in equation 53 does not

influence the comparison. The analysis hence narrows
down to evaluating P(q<T|H,) for the three test
statistics.

It follows from equations 23, 33, 39, and 55 that q,;, ¢

and g4 all follow non-central chi-square distributions,



with the same non-centrality parameter bound 2%, but

with different numbers of degrees of freedom: n—m, n,
and 1, respectively.

This difference has an impact on the spread of the
distribution, which is addressed below in Section V-B.
But, the most decisive impact is on the detection
thresholds (7 in equation 53), which vary greatly from

one method to the other. Detection thresholds Ty, , Ty,
and Ty, are set in compliance with a continuity risk
requirement P, to limit the probability of alarms under
fault-free conditions (i.e., when A? =0), and are

respectively defined for RB, FS and SS as:

TZ; (n —m, O)dq = Peonr (56)
TRB

TZ; (nA > O)dq = Peonr (57)
Trs

TZ; (1: O)dq = Peonr (58)

Tss
Because, in general, the following inequalities are true:
n-mzn, 21 (59)
then, the following inequalities are also satisfied:
Ty 2Toy 2Ty (60)

The results obtained in this section are summarized and
represented in Fig. 3. Fig. 3 is a ‘failure mode plot’,
which represents the estimate error ¢ versus the square

root of the test statistic ¢ (that stands for q,,, ¢, or
qs )- As the fault magnitude varies, the mean of & and
the non-centrality parameter A of ¢"? describe a line
passing through the origin, with slope g, (which is
identical for RB, FS and SS, and is equal to o,). The

alert limit ¢ and detection thresholds 7 define the
boundaries of the HMI area in the upper left-hand
quadrant (shadowed). In this case, the larger the HMI
area is, the higher the integrity risk becomes. Therefore,

the best of the three test statistics is gy whose threshold

T, is the smallest as expressed in equation 60.
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Fig. 3 Failure Mode Plot Summarizing the Findings of
the Comparison of RB, FS and SS RAIM
(Assuming a Single Hypothesis)

The difference in the numbers of degrees of freedom of
qrz» 95 and gy can be interpreted as follows:
e  FS performs better than RB RAIM because FS is
tailored to hypothesis H
e SS performs better than FB and RB RAIM
because SS is not only tailored to hypothesis
H ,, but also to the state of interest

All three methods are identically impacted by the worst-
case fault vector f, but SS exploits knowledge of H,

and of the state of interest to reduce the impact of nominal
noise (which is accounted for in the detection thresholds).
In addition, considering the results of Appendix VI-C

(showing, for single-SV faults, that SS minimizes g, ), it

is concluded that, under H ,, SS minimizes the integrity
risk when a LS estimator is implemented.

However, until this point, only one hypothesis was
considered. The full integrity risk equation expressed in
equation 6 is a sum of terms corresponding to multiple
hypotheses.  Also, the difference in the numbers of
degrees of freedom also impacts the spread of the
distribution (not represented in Fig. 3). These two
additional elements are addressed in Section V-B.

B. Considering All Fault Hypotheses

The fact that the integrity risk must be evaluated over
multiple hypotheses is expressed in equation 6, which is
repeated here:

n+Cj

ZP(HMHH[ )P(Hz )<[REQ_P23F
i=0

In this section, the comparison focuses on RB versus SS
RAIM (the ‘intermediary’ FS method is no longer

needed). Let H, in equation 6 be the fault-free



hypothesis, and let n,=n+C, be the number of fault

hypotheses. The definition of the RB detection threshold
given in equation 56 can be rewritten as:

P(qRBZTRB|HO)=PCONT (61)

In contrast with RB RAIM where a single test statistic is
computed for all fault hypotheses H, (i=1, 2,..., n;),

SS requires that a test statistic g, be computed for each
hypothesis H, . The threshold definition must take into
all possible combinations of ¢, being greater or lower
than the detection threshold 7, .

Therefore, using the law of total probability, the detection
thresholds in SS are defined as:

P(IFA| H,) )+ PRFA| H, )+ ...+ Pln, FA| H, )= Py, (62)

where
e 1FA regroups the events of a single false alarm
e 2FA designates hypotheses of two simultaneous
false alarms

e n,FA occurs when all thresholds are
simultaneously exceeded

The expressions of the left-hand-side terms in equation 62
are derived in Appendix VII. For example, the simplest
expression is that of the last term:

Plo, FA|H,)=Plg, 2T, .q, 2T, ..q, 2T, |H,)

iy

Evaluating equation 62 exactly as a sum of joint
probabilities requires that the correlation between test

statistics g, be determined. Instead, for comparison with
RB RAIM, two extreme cases are considered:
e fully-correlated g, : this is the most favorable
case for SS when comparing RB versus SS.
e fully-uncorrelated ¢, : this is the most

unfavorable case for SS versus RB, and the most
conservative case for SS.

In the theoretical case of fully-correlated g, , all test

statistics are equivalent, and it is sufficient to consider a
single hypothesis. The conclusion under this assumption
is the same as in Section V-A: with regard to integrity
risk, SS performs better than RB RAIM.

In the conservative case of fully-uncorrelated ¢, , the
continuity risk requirement P, is allocated amongst

the n, test statistics. This allocation must take into

account all the events described in equation 62 (i.e., all
combinations of g, greater or lower than 7, ). Appendix

VII shows that, assuming equal allocation P, and

neglecting the second to n,, ™ terms in equation 62, the
overall allocation can simply be selected as:

Peons = Feonr 'y (63)

Under these assumptions, the detection thresholds 7, are
all equal for i=1, 2,..., n,, and are noted T,,. The
threshold T, is defined as:

P(‘][ 2TSS|HO)=PCONT[ (64)

Values of T are plotted in Fig. 4 (thick solid line) as a
function of the number of satellites » (along the x-axis),
which determines the number of fault hypotheses n,,.

The RB threshold T, is represented for comparison (thin
dashed line). It quickly becomes much larger than the
T, (assuggested in Fig. 3 in Section V-A).

The y-axis in Fig. 4 is also used to represent varying
values of the non-centrality parameter. This enables to
represent the probability of no detection in the presence of

faults, i.e., P(g<T|H,). The shadowed area represents

the area where SS performs better than RB RAIM in the
sense that:

Pqps <Tos | H;)>Plg; <Ts5 | H,) (65)
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Fig. 4 Comparison of RB with SS RAIM Considering
Multiple Fault Hypotheses



Given a hypothesis H, , the probability of HMI increases
as the non-centrality parameter value approaches the
threshold value. Fig. 4 shows that, for non-centrality
parameter values near the thresholds 7,, and T, the
probability of no detection is higher using RB RAIM than
using SS RAIM when the number of visible satellites
exceeds nine or ten, which will most often be the case in
multi-constellation GNSS.

Therefore, the same conclusion can be drawn, whether the
SS test statistics g, are assumed fully correlated or fully

uncorrelated, and this despite conservative assumptions:
SS provides better detection capability than RB RAIM.

From a practical point of view, it is worth noticing that
RB RAIM may be better adapted under limited
computational resources (it is especially the case using
sequential RAIM implementations [19]).

C. Intermediary Conclusion: Choice of a Detector

This work aims at deriving an algorithm that minimizes
the integrity risk. In this regard, sections V-A and V-B
have shown that, when processing measurements from
multiple GNSS constellations using a LS estimator, SS
performs better than RB RAIM. In addition, the least-
squares (LS) SS test statistic can be expressed as a
normally distributed random variable, with unit variance:

s =A/o, (66)

The fact that g follows a normal distribution will be

exploited in Section VI-A. Equation 66 defines the LS SS
test statistic used in the remainder of this paper.

VI. NON-LEAST-SQUARES ESTIMATOR DESIGN
TO MINIMIZE THE INTEGRITY RISK

In the first part of this paper, a detector was selected. The
second part of this work aims at deriving a modified
estimator that minimizes the integrity risk.

A. Non-Least-Squares Estimator Design

As mentioned in Section I, multiple researchers have
recently investigated the possibility of using non-LS
estimators in RAIM [10, 11, 12]. The objective of these
methods is to reduce the integrity risk at the cost of lower
accuracy performance in applications where integrity
requirements are more stringent than accuracy
requirements.

In particular, the non-least squares (NLS) state estimate
for the state of interest is expressed in [12] as:

Xys =82+ Qz (67)

where
s’z is the LS estimate for the state of interest
Q isthe (n—m)xn parity matrix
B is the (n—m)x1 parameter vector that needs to be
determined

The state estimate x,,; is a sum of two terms. The first

term is simply the LS state estimate, i.e., a component of
the measurement vector z laying in the range space of
the observation matrix H. The second term is a
component of z taken in the parity space, and expressed
using the parity matrix Q (e.g., defined in [7]) pre-

multiplied by a design parameter vector B’, which is

determined below to minimize the integrity risk. By
definition, Q satisfies the following equations:

QH=0 and QQ' =I (68)
The state estimate error is defined as:
Enis = )ACNLS —-X (69)

Substituting the measurement equation 8 into 69 and
substituting equation 68 into the resulting expression

shows that the estimator in equation 67 is unbiased: &,

is not a function of x, which is highly desirable for
navigation application. = The estimate error can be
expressed as:

Erus =(s7 +BTQ)v +1) (70)

This paper builds upon the work by Blanch in [12].
However, Section VI-B directly uses the integrity risk
bound instead of protection levels used in [12]. The SS
protection level derivation carried out in Appendix VIII
singles out the conservative assumption, which is avoided
Section VI-B. Therefore, a tighter bound on the integrity
risk as compared to [12] is provided below. But, this
comes at the expense of a heavier computational load. In
addition, graphical representations of the algorithm are
introduced, which may be exploited in future work.

The estimator described in equation 67 is not a least
squares estimator. Therefore, the new estimate error &,

and test statistic g, are no longer independent (as

indicated in Appendix V-C). It follows that the integrity
risk can no longer be evaluated as a product of
probabilities, and must be treated as a joint probability as
expressed in equation 7. Fortunately, numerical methods
are now available to compute joint probabilities for



bivariate normally distributed random vectors [22]. This
is in part the reason why the test statistic g; had to be

expressed as a normally distributed random variable in
equation 66.

The estimate error &,,, and test statistic g, can be

arranged in a bivariate normally distributed random
vector defined as:

nE[gNLS qSS]T (71)
n~N,@,. P,) (72)
where

n, {ST }f+{ﬁ Q}f (73)

S\ 0
P {az ()}{BTQVQT B B QVsA,} 4

' 0 1 s.VQ'B 0
with S =5,/0,

The mean p, and covariance P, of m were written as

sums in order to isolate terms that are a function of the
design parameter vector P .

The impact of P is further analyzed using a failure mode

plot in Fig.5. A single hypothesis is considered to start
the explanation. The HMI area, failure mode line and

failure mode slope g, have been defined in Fig.3. The
influence of P is explained by comparing the new

algorithm to SS RAIM using the LS estimator (i.e., using
Pp=0). The new method is represented in red, whereas

the black color is used for LS estimator-based RAIM. In
both cases, lines of constant joint probability density are

ellipses because the estimate errors and g are normally

distributed. The LS estimate error, noted ¢, , and g, are

statistically independent, so that the major axis of the
black ellipse is either horizontal, or vertical.

The new method provides the means to move the red
ellipse away from the HMI area, hence reducing the
integrity risk. The influence of the design parameter
vector B is threefold:

e The fact that B impacts the mean of the estimate
error in equation 73 enables to reduce the failure
mode slope g.., which decreases the integrity
risk.

e Off diagonal components of the covariance
matrix P, are also a function of B, which
enables to modify the red ellipse’s orientation,
and hence again to reduce the integrity risk.

e However, B causes the diagonal element of P,
corresponding to the estimate error to increase,
which means that the red ellipse is inflated along
the minor axis in Fig.5. This negative impact
needs to be dealt with.

In addition, the increase in the variance of ¢,,; shows

that the cost of lowering the integrity risk is a decrease in
accuracy performance.

The explanation in Fig. 5 only accounts for a single
hypothesis. The parameter vector f that minimizes the
integrity risk given a hypothesis could cause extremely
large increases in integrity risk given other hypotheses.
The estimator design parameter vector B must therefore
be derived to reduce the entire integrity risk equation 6,
considering all hypotheses.

Numerical Determination Using a Modified Newton
Method

The objective stated above can be formulated in a single
minimization problem:

n+C;

mﬁinszaxpogmﬂ >0, g, <TS| H,.f, ) P(H[) (75)
i i

The method outlined in this section aims at finding the
vector B that minimizes the integrity risk. In the same
manner as in equation 6, equation 75 expresses the
integrity risk as a sum of joint probability distributions,
which can be evaluated numerically [22].
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Fig. 5 Failure Mode Plot Illustrating the New Method
as Compared to SS RAIM using a LS Estimator



Equation 75 is actually a bound on the integrity risk for
the worst-case fault magnitude f; . The worst case fault

direction is also implicitly considered for multi-SV faults.
In this regard, the analytical derivation of the worst-case
fault direction performed in Section IV becomes
instrumental when trying to solve the problem posed in
equation 75.

In this paper, we make the conjecture that the
minimization problem in equation 75 is convex. This
conjecture was numerically verified. In addition, the
method used in [12] gives strong indications that the
hessian of the objective function in equation 75 can be
expressed analytically, and that it can be shown to be
positive definite.

This minimization problem can be solved numerically
using a modified Newton method [23]. At this stage of
this research, the gradient and hessian of the objective
function in equation 75 were established numerically [23],
which is computationally expensive. But future
implementations will address this issue, for example,
following a procedure similar to that employed in [12]. In
all cases presented in Section VII, convergence of the
modified Newton method was achieved in less than 10
iterations.

VII. PERFORMANCE ANALYSIS

This section aims at quantifying the integrity risk
reduction obtained using the new NLS estimator as
compared to using the LS estimator.

In this preliminary analysis, the two methods are
evaluated assuming uncorrelated ranging measurements
with 1 m standard deviation (V=1). Example
navigation requirements include a 107 integrity risk

requirement /g,,, a 8*10° continuity risk requirement

P.onr» and a 10 m alert limit /. Due to the simple error

modeling assumptions, availability performance results
presented in Section VII-B are not representative of
realistic positioning performance. But Section VII-B
illustrates the improvement achieved using the new
method as compared to using the LS estimator.

A. Performance Analysis for a Single Satellite Geometry

The new algorithm’s underlying mechanisms are first
detailed using an illustrative example satellite geometry
represented in an azimuth-elevation plot of the sky in Fig.
6. In this example, nine satellites are visible. The next
paragraphs focus on two single-satellite fault cases
affecting two low elevation satellites (SV7 and SV9).
Cases of multiple simultaneous faults are later accounted
for in the overall integrity risk evaluation.

Fig. 6 Azimuth-Elevation Plot For An Example
Satellite Geometry

Fig. 7, 8 and 9 present failure mode plots introduced
earlier in Fig. 3 and 5. The same color code as in Fig. 5 is
employed: failure mode lines and ellipses of constant
joint probability density are red for the new method and
black using the LS estimator. Ellipses are labeled in

terms of —10log P(HMI|H,) to distinguish different

levels of probability density. The 10™ joint probability
density level is emphasized for illustration purposes.

Fig. 7 shows joint probability distributions for the
hypothesis of a single-satellite fault on SV7. This is the

fault mode for which the highest fault slope g, was
observed using the LS estimator. Because of this large
fault slope g, , the black ellipse overlaps the HMI area

(for the 10 joint probability density level). In contrast,
using the new method, the red fault mode line has a

gentler slope g,., so that the red ellipse avoids
penetrating the HMI area.
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Fig. 7 Example Failure Mode Plot for the Single-SV
Fault Hypothesis on SV7 (Worst Slope Using LS)



Fig. 8 presents the case of a single-SV fault on SV9, for
which the highest fault slope g,. was observed using the

new method in red. The fault slope g,. is actually higher

than the original slope g, using the LS estimator.

However, the red ellipse’s orientation has been modified
so that it does not extend over the HMI area.

Fig. 7 and 8 show two mechanisms through which the
new algorithm avoids penetrating the HMI area. The new
method reduces the integrity risk in Fig. 7, but it does the
opposite in Fig. 8. This is because the new method aims
at minimizing the integrity risk over all hypotheses. This
concept is represented in Fig. 9, where ellipses for all
single-SV fault modes are represented. Dual-SV fault
modes were included in the computation but not displayed
for clarity of exposition. Fig. 9 shows one black ellipse
(using the LS estimator) overlapping the HMI area,
whereas none of the red ellipses do. This is the ultimate
illustration of the new method’s performance
improvement.

In this example, considering cases of one and two
simultaneous faults (totaling 46 hypotheses), the integrity
risk decreases from 1.5%107 for the LS estimator to
1.2*10"™ using the new method. The price to pay for that
integrity risk reduction is an increase in the estimated
vertical position coordinate standard deviation from
1.23 m using the LS estimator to 1.30 m using the new
method.
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Fig. 8 Failure Mode Plot for the Single-SV Fault
Hypothesis on SV9 (Worst Slope Using NLS)
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Fig. 9 Failure Mode Plot Displaying all Single-SV
Fault Hypotheses

B. Availability Performance Evaluation

In order to illustrate the impact of changes in satellite
geometries, the new RAIM method and the one that uses
the LS estimator are evaluated at the Miami location, at
regular 5 min intervals over a 24 hour period. A nominal
24 GPS satellite constellation and a nominal 27 Galileo
satellite constellation are considered [1].

The integrity risk and vertical positioning standard
deviation using both methods are plotted in Fig 10. For
clarity of exposition, Fig. 10 shows the results at the 17
instances (out of 288 discrete times) where the LS
estimator-based method was not meeting the example 107
integrity risk requirement. In Fig. 10-a, the red curve
representing the new method remains mostly below the
requirement, whereas the back curve does not.

In parallel, Fig 10-b shows that the vertical position
standard deviation is inflated by an average factor of 1.07
using the new method, which may be acceptable in many
high-integrity applications. For example, assuming a 4 m
accuracy limit, the combined availability of integrity and
accuracy (over 24 hrs at Miami) is 99.6% using the new
method versus 94.1% using a LS estimator. Fig. 10
illustrates potential performance improvements that can
be achieved using non-LS estimators in multi-
constellation RAIM (in the presence of multiple
simultaneous faults).
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Fig. 10 Evaluation of (a) the Integrity Risk and (b) the
Vertical Positioning Standard Deviation Using the
New Method (Red) Vs. the LS Estimator (Black)

VIII. CONCLUSION

This paper describes the development of a RAIM method
whose detector and estimator are designed to minimize
the integrity risk for navigation applications based on
future multi-constellation GNSS.

In the first part of this paper, analytical expressions are
derived of the worst-case fault direction, which
maximizes the integrity risk bound in the presence of
multiple simultaneous faults. These analytical results
enable to address two major challenges. First, they
provide the means to rigorously compare solution
separation (SS) and residual-based (RB) RAIM. The
paper shows that unlike for RB RAIM, the SS test statistic
is tailored to the hypothesis and to the state of interest.
Therefore SS reduces the integrity risk as compared to RB
RAIM. In addition, analytical expressions of the worst-
case faults enable to solve the integrity risk minimization
problem, which is formulated in this work to design a new
estimator.

Then, the new RAIM method is devised, using the least-
squares (LS) SS test statistic for the detector, and using a
numerically-determined non-LS estimator that minimizes
the integrity risk. The proposed algorithm is not as
computationally efficient as the method given in [12], but
it generates tighter bounds on integrity risk, and provides
graphical representations that will be exploited in future
work.

Finally, detailed performance analyses are carried out.
When compared to a SS RAIM algorithm that uses a LS
estimator, the new method demonstrates great potential to
reduce the integrity risk while maintaining similar levels
of accuracy.

APPENDIX I: COVARIANCE MATRIX OF THE
SOLUTION SEPARATION VECTOR

This appendix proves that:

Let E{} be the expected-value operator. The solution
separation covariance matrix is defined as:

P, =E{AAT] (A1)

Substituting equation 26 for A into A.1 results in:

P, :E{(a—ag)(a—ag)T} (A.2)

The mean value of € is implicitly removed for the
covariance derivation. Equation A.2 becomes:

P, = E{(Sv ~S,v, sv —stB)T} (A3)
P, =SVS” —SE{w/ 87 -8, E{v,v" 8" +S,V,S] (A4)
where V= E{VVT} and V, = E{VBVlT;}
The first and last terms in equation A.4 can be written as:
SVS’ —PH'V'VV'H P =P (A.5)

similarly, S,V,S, =P, (A.6)

In addition, the following result is derived using the
definitions in equations 11 and 12, and assuming that

E{VAVZ}:O, :

il e] e

Therefore, the second term in equation A.4 can be written
as:

SE{w! 8T = s{ 0 }s;

VB
T -1 T -1 0 T
~[pr%vV;" pHIV, v S5 (A
B

—PHLV,'V,V,'H,P, =P

Similarly, the third term in equation A.4 can be written as:



S,Efv,v' 87 =P (A.9)

Substituting equations A.5, A.6, A.8 and A.9 into A.4
yields:

APPENDIX II: DIRECT COMPARISON OF RB
AND FS RAIM TEST STATISTICS

This appendix shows that ¢,, and ¢., are equivalent if
andonlyif n, =n—-m.

The partition defined in equation 11 is exploited in the
following derivation. The following notations are used:

sz=| %24 || Vat L (A.10)
0z, \'
0
oz =Adz ,+Bdz, with BE|:I } (A.11)

A was defined in equation 42. Substituting these
notations into the residual vector and weighted norm
definitions in equations 21 and 22, the RB test statistic
can be expressed as:

9rp =94+ 2 Qras t49rp (A.12)

where
Gra = 8z A"V'(1-HS)Adz ,

pus =52, ATV ™' (1-HS)Bdz,,
Gps = 525BV(1-HS)Bdz,

It is worth noticing that [24]:
V'(I-HS)=(1-HS)' V'(I-HS)

Similarly, substituting the partitioned measurement error
notations into the definitions of the solution separation
vector and of its weighted norm in equations 26 and 32,
the FS test statistic can be expressed by as:

9rs =454t 2 9s.45 T 955 (A.13)

where,
qs., =02,A"S"P;SASz,,
G545 = 5z A'S"P;S,Bdz,

dsp = 5z.B"S P;S,Bdz,

Equation 43 was used to obtain the above expressions of

qs.4 and qs.4B -

This appendix is organized in three steps that will show
that:

9s.4 =Y9ra> Y4s,up = 49r.an

but, gsp=qrp ifonlyif n,=n-m

A. Step 1: g5, =qp,

First, it is shown that g5 , =g, ,. Using the matrix

pseudo-inversion identity in Appendix IV, ¢z, can be

rewritten as:
g5, =2 A'ST (PR, — Py P —P) S Adz, (A.14)

It can easily be shown by substituting the definitions of
the partitioning of H and V (in equations 11 and 12)
into 13, that:

P'=P,'+ H\V,'H, (A.15)

Using the definition of S in equation 14, equation A.14 is
rewritten as:

G5 = 82" Céz , —82'V,'H ,PH'\V,'5z, (A.16)
where C=V,H,HV,'H,)'H\V/ (A.17)

Pre-multiplying C by H’, and post-multiplying it by H
yields:

H'CH,=H"V,'H,(HV,'H,)'HV,'H, (A.18)

Using the definition of the Moore-Penrose pseudo-inverse
in equation 29, the following result is obtained:

H'CH,=H'V,/H, (A.19)

therefore: c=V, (A.20)
Substituting equation A.20 back into A.16 yields:

g5, =82V, (I-H,PH\V; )5z,  (A21)

Finally, equation A.21 shows that



s = SZZATV’1 (I-HS)Adz, = dr.a

B. Step 2: G 45 =Gras

The proof is similar to that of Step 1. The following
result is used:

S,B=SB-§, (A.22)

which is obvious from the definition of S, and B in
equations 27 and A.l11. Thus, the scalar g, is
expressed as:

Gs 5 =02 ATS'P;(SB-S, Pz,  (A23)

Using again the matrix pseudo-inversion identity,
equation A.23 becomes:

G5 =02 A’S" (P (HLV,'H ) P —P') (SB-S, bz,

The following equations are then substituted into that last
expression:

SA=PH'V,', SB=PH,V,'
which yields:
G55 = 52" Ddz, -5z V,'H ,PH,V,'5z, (A.24)
where
D=V,'H,(H,V,'H,) H,V,'

-V, H,H V,'H))'P"'S,+V,'H S,

Pre-multiplying D by H’ V', post-multiplying it by
H'V,'H,, using equation A.15 and the definition of the

Moore Penrose pseudo-inverse in equation 29, the
following result is obtained:

D=H'V,'H, +
[_ PB - HZV;HA (H,T4V;HA)+ + PB] HZV:HA
Using again equation 29, it is shown that:
D=0 (A.25)

Finally, substituting equation A.25 into A.24 provides the
following result:

A5 = 5z A"V'(1-HS)Bdz, = qraz (A26)
C. Step 3: qgp=qrp ifonlyif n,=n-m

This result is simpler to prove because the following
simplification can the made:

S.B=SB-S,=((P- PB)HLT?V;) = _PAHLT?V;

Substituting this result into the expression of g, in
equation A.13 yields:

qsp = 8z, V,'H ,P.H,V, "5z, (A.27)
Substituting equation 28 into A.27 results in:
dsp = SZZV;HB (Py — P)HZV;SZB

Simplifying this last expression provides the following
equation:

g5 =02,V (HS, —H,PH,V, )3z, (A.28)
Recall that g, , in equation A.12 is expressed as:
drp = SZZV; I- HBPHZV;)SZB

Equation A.28 can only be equivalent to g, if S,,
which is the left pseudo inverse of H, is also the right
pseudo-inverse of H,. Therefore, S, should be the
inverse of the n—n,xm matrix H,, which is only
possible if H, is a square matrix. Hence the condition

for g, 5 and g, 5 to be identical is that:
n—n,=m

which is the same as: n, =n—m

If this condition is fulfilled, then it is true that:
955 =Y9rp

D. Conclusion of the Appendix:

Equality between RB and FS test statistics (q,; = ¢,¢) 1S
proved if and only if:



APPENDIX III: DIRECT COMPARISON OF RB
AND SS RAIM TEST STATISTICS

This appendix shows that
Grs =4ss ifandonlyif n,=n-m=1
Recall equation A.15:
P,'=P'-H,V,/'H,

The variance of the fault-free subset solution can be
expressed as:

c,=0"P,a
—o’(P'-H'V,H, ) a (A.29)
=o' (P -HV,'V,VH, ) e

Using the matrix inversion identity (also known as
Woodbury’s formula), equation A.29 becomes:

ol = aT(P +PHV,(V,' -V, 'H PRV, ) V;HAP)u
—o’ +a"PH’V, (V,' = V,;'H,PH’V, ) 'V,'H Pa

—o”+s"A(ATV(I-HS)A) ' A”s

An expression of the variance of the single-state solution
separation is obtained:

o2=02-c” =s" A(A"V(I-HS)A) ' A”s (A.30)

Pre-multiplying both sides by A’s and post-multiplying
by s"A yields:

o2ATss" A=A"ss" A(A’V(I-HS)A)'A”ss” A

In the case where n, =1, A’ss’ A is a non-zero scalar.

Multiplying both sides of the previous equation by the
inverse squared of this scalar and taking the inverse of the
entire equation gives the following equation:

A'ss"A/ol =A"V(I-HS)A (A.31)

Finally, by definition in equations 24 and 40, the non-
centrality parameters of ¢,, and g, can respectively be
expressed as:

2, =fTATV ' (I-HS)Af, (A.32)

Xis =11 A"ss"Af, [0} (A.33)
Therefore, equation A.31 shows that, if n, =1, then
j'iiB = j'és (A.34)

This result has also been demonstrated (in a slightly
different form, and using different methods) in [9] and

[21]. Interestingly, even though A% is a function of a
and o;, it is actually independent of the state of interest

(since it is equal to 4}, ).

Finally, ¢,, and g, are both equivalent, i.e., non-

centrally chi-square distributed with the same non-
centrality parameter (equation A.34), and with 1 degree of
freedom if and only if n—m =1 (as shown in equations
23 and 39). Therefore, it is true that:

Grs =4ss ifandonlyif n,=n-m=1

APPENDIX IV: PROOF OF A MATRIX
PSEUDOINVERSION IDENTITY

In this appendix, it is shown that:
H PP;PH’, =H P(-P'—P'(P,'=P)" P JPH’,

which, by substituting the expression of P,' =P in
equation A.15, becomes:

H,PP;PH’ =H P(-P"'+P'(HV,'H,) P PH/,

Rewriting and rearranging the previous equation will
show that the identity is true. First, pre-multiplying both

sides of this equation by H’V,' and post-multiplying
them by V,'H, provides the following equation:

P PP;PP’ = P;P(— PP (p;) P )PP; (A.35)
where P,=H"V,'H,

Expanding terms, and using the definition of the Moore
Penrose pseudo-inverse in equation 29, equation A.35
becomes:

P'PP; PP, = —P PP + P’ (A.36)



*

Substituting equation A.15 for all P, -terms (ie.,
P, =P"' -P,'), expanding the resulting expression, and
simplifying yields:

P,P P, + PP;P—PP;P, —P,P;P =—P+P, (A37)

The right hand side turns out to be P, (equation 28 is

P, =P, —P). Using again the definition of the Moore
A B g ag

Penrose pseudo inverse to rewrite the right hand side
term, and arranging terms on the left hand side, equation
A.37 becomes:

(PB _P)PX (PB _P): P,PP,

Finally, using equation 28 again, it becomes obvious that
the matrix pseudo-inversion identity is true.

APPENDIX V: INDEPENDENCE OF RB, FS AND
SS TEST STATISTICS FROM LEAST-SQUARES
ESTIMATE ERRORS

A. Independence of RB Test Statistic and Least-Squares
Estimate Error

It has been shown in [7, 20] that the random parts of the
least-squares (LS) estimate error vector € and of the
residual vector r are derived from orthogonal
components of the measurement noise. € and r are also
jointly normally distributed. Therefore, all elements of r
are linearly independent from any element of €, which

ensures that the weighted norm ¢,, of r is statistically

independent from the estimate error & for the state of
interest.

B. Independence of FS and SS Test Statistics from Least-
Squares Estimate Error

This appendix proves the independence of the LS estimate
error ¢ with the FS and SS test statistics ¢, and ¢ .
The LS estimate error vector € and the fault-free estimate
error vector €, defined in equations 15 and 18 can be
rewritten using the notations of equation A.11 as:

¢=PH'V,'8z,+PH,V, '3z, (A.38)
g, =P,H,V,'dz, (A.39)

Mean errors have no impact on this discussion about
independence, therefore, within this section, it is assumed

that f, =0. The correlation matrix between € and the

full-state solution separation vector A (defined in
equation 26) is given by:

E{e-¢, " |=Elee’ |-Efe,e"}  (A40)

Substituting equations A.38 and A.39 into A.40 and
recalling the following assumptions:

E{VAvg }: 0 and E{VBV;}Z v,
equation A.40 becomes:

E{e—¢, k" |=P—P,HV,'H,P

Finally, using the definition of P, in equation 16, it
becomes evident that:

Efe-e, "} =P-P=0 (A41)

Equation A.41 shows that vectors € and A are
uncorrelated. They are also jointly normally distributed.
Therefore, all elements of A are linearly independent
from any element of €, which ensures that the weighted

norms ¢, and ¢, of A are statistically independent
from the estimate error ¢ for the state of interest.

C. Generalization to Other Test Statistics

It is desirable in navigation applications to use ‘unbiased’
estimators, whose estimate errors are not a function of
state vector x. Let E be a general unbiased estimator
matrix (to be defined). The estimate error can be defined
as:

Sx:i—x:Ez—x:E(v+f)
The ‘unbiased’ constraint can be expressed as:
EH=1 (A.42)

In parallel, let D be a n,x1 detector matrix, which is
voluntarily left undefined. D could be the RB, FS or SS
detector matrix, in which cases n, would be equal to n,

m or 1, respectively. The detector aims at observing the
fault vector, and should not be a function of x. The

n, x1 detector vector q which would serve as basis to
define a test statistic can be expressed as:

q=Dz=D(v+f) (A.43)

Equation A.43 assumes that the following equation is
satisfied:

DH=0 (A.44)



which means that D maps the measurement vector into
the parity space (or null space of H"). The correlation

matrix between dx and q is defined as (the fault vector
f is implicitly removed for this discussion):

Efoxq” |=EVD’
Using a least squares estimator
Efoxq” |= PH'V'VD’
Efoxq” |= PH'D’
Substituting equation A.44 into that last expression yields:
Efoxq” |=0 (A.45)

Equation A.45 shows that any test statistic derived from
vectors laying in the parity space are statistically
independent from the LS estimate error. This will no
longer be the case using non-LS estimators.

It can finally be noticed that the RB, FS, and SS detector
matrices all map the measurements in the parity space,

1e.

(I-HS)H=0, S,H=0, and s, H=0 (A.46)

APPENDIX VI: COMPARISONS OF NON-
CENTRALITY PARAMETERS FOR RB, FS AND SS
TEST STATISTICS

A. Comparison of RB versus FS Test Statistics

Appendix II-A provides a proof of the following equation:
9ra =454

which

remains true for the worst case fault vector f, so that:

and therefore, it also proves that A, =4,

72
j'RB - j'FS

It also means that, since both methods use the same
estimator, f for RB and FS RAIM is identical, and so is
the worst-case slope g, . The worst-case slope squared is
derived in equation 50, and for the RB method is:

g2 =s"AA"V'(I-HS)'AA"s (A.46)

It turns out that the term in the right hand side of equation
A.46 has already appeared in a previous equation A.30. It
implies the following equation:

g2 =s'AA’VI-HS)A)'ATs=02  (A47)

B. Comparison of RB versus SS Test Statistics

The worst-case slope squared is derived in equation 50,
and for SS RAIM, it can be expressed as:

g2 =s"A(A7ss"A/o2) AT (A.48)

Dividing both sides of A.48 by o yields an interesting
result:

gr/o, = sTA(ATssTA)+ATs

g; /o is symmetric (by definition of the Moore Penrose

pseudo-inverse in equation 29), and again using equation
29, it can be seen that it is idempotent. In addition,

g7 /o is a scalar. Therefore, its value must be one. It
follows that:
g, =0, (A.49)

A

Equations A.49 and A.47 prove that the worst case slope
g 1s the same for all three RAIM methods, and that it is

equalto o, .

C. Generalization to Other Test Statistics in the Case of
Single-SV Faults

The first step of this generalization is a change of variable
to normalize the measurement vector z in 8:

z, = H.x + 6z, (A.50)
where:
z,=V "’z (A.51)
H.=V"’H and 6z.=V '8z  (A.52)
The resulting measurement error distribution is given by:
oz. ~N(0 , I),

Consider a detector defined in a similar manner as in
Appendix V-C. The choice is made to design the



detector’s test statistic (square rooted) as a linear
combination of the parity vector:

q"* =u’"Q.z, =u"Q.dz, (A.53)

where Q. isthe (n—m)xn parity matrix (e.g., defined in
[7]), u is a (n—m)x1 unit vector, whose direction must
be determined. By definition, Q. satisfies the following
equations:

Q.H=0 and Q.Q! =1 (A.51)

Vector u is defined as unit-norm to avoid further
normalization step when computing the test statistic ¢ .

The detector matrix u’ Q. satisfies equation A.44. In this

case, the worst-case fault slope can be expressed using
equation 50 as:

22 =s'A(A’Q/uu’Q.A) A’s (A.52)

In the case of single-satellite faults, which have the largest
contribution to the integrity risk because of their higher

probability of occurrence, Q.A is a (n—m)x1 vector.

The best detector is found for the vector u that minimizes
the worst-case fault slope, i.e., that maximizes the matrix:

A"QIuu’"Q.A . Therefore, for single-SV faults, vector

u is selected to be aligned with Q.A, and can be
expressed as:

u=Q.A/(A"QIQ.A)"? (A.53)
Substituting A.53 into A.52 results in:
22 =s"A(ATQIQ.A)"ATs
It can be verified numerically that in this case again:
gr=o,

Therefore, the worst-case fault slope g, of a detector
designed to minimize g, is o,. In other words, it is
proved for single-SV faults, that RB, FS and SS all
minimize the worst-case fault slope o, and that their test

statistics are derived from vectors that are aligned with
the ‘characteristic fault mode line’ in the parity space.

APPENDIX VII: CONTINUITY RISK
ALLOCATION

The detection thresholds for SS are defined in equation 62
as:

P(IFA| H, )+ PQFA| H, )+..+ Pln, FA| H, )= Py,

where
e 1FA regroups the events of a single false alarm

P(Fa|H,)=Plg, >T, ,q, <T, vty <T, |H,)
+P(q1 <T, ,9,27,,.,9, <T |H0)

+P(q1 <T,,9,<T,,..q, 2T |H0)

e 2FA4 designates all hypotheses of two
simultaneous false alarms

PFa|H,)=Plg, 2T, .q,2T, ....q, <T, |H,)
+P(q1 <T ,q9,2T,,q, 2T, e, <Tn,, |H0)

+P(q1 <T ,q,<T, sesd, >T 4, 2T |H0)

= 1

e n,FA occurs when all thresholds are
simultaneously exceeded

Plo, FA|H,)=Plg, T, .q, 2T, ..q, 2T, |H,)

For simplicity, equal allocation P, is assumed

CONTi
between all n,, hypotheses. This is again a conservative

assumption (also, it has been shown that optimal
continuity risk requirement allocation has a small impact
on the overall integrity risk [9]).

Under this additional assumption of uncorrelated g, , the
left-hand-side terms in equation 62 can be expressed, as:

P (1F 4|H, )= Cln” Feovni (1 — Feonn )n” ) (A.54)
P(2FA|H0)= Czr’”PCZ(JNT[ (1_PC()NT[ )"11’2 (A.55)
Pln, F4|H,)=C" P2y, (A.56)

Equations A.54 to A.56 can be approximated because
Py (and hence P, ) is a small number relative to 1



(P.oyy is lower than 107 in aircraft approach

navigation). Substituting these results into equation 62
suggests the following conservative allocation:

Ty

Z Ckn "F L/f()Nﬂ =Pronr (A.57)
k=1

Rather than solving for P, in equation A.57, higher

order terms are often neglected [8, 9], so that the
allocation can be taken as:

Peons = Feonr 'y (A.58)

APPENDIX VIII: PROTECTION LEVEL
DERIVATION FOR SS RAIM

The integrity risk under a hypothesis H, is defined as a
joint probability (as in equation 7):

Hiebt lg 1| 1, (A.59)

As an alternative to evaluating the integrity risk, a
protection level p, can be derived, which is a bound on
the estimate error for an integrity risk requirement
allocation 7,,,, (which can be optimized using the

method given in [9]). The formulation of the p,
equation is similar to that of the integrity risk. The
protection level p, is defined as:

Lo, =A(le1 > puys 1, | <T | 1) (260

Equation (A.60) can be rewritten using conditional
probabilities (without requiring the assumption of

independence between & and g, ) as:

IREQ,[ :P(|8| >pL,[| H[ 5 |C][ | <T[ jP(|q[ | <T[ | H[ j
A conservative assumption is made at this point:

The probability P(| q, | <T, | H, j is smaller than 1, and

hence can be bounded by 1. The p, isredefined as:

[REQ,[ :P(|8| >PL,[| H,, lq,|<T, j (A.61)

Without loss of generality and for notation purposes, it is
assumed that hypothesis H, is H , described in equation

11. Assuming H, =H,, equation A.61 becomes:
IREQ,A :P(|83 +8—83|>pL,A| H,, gl <TSSJ(A'62)

Because ¢-¢,=q40,, p,, can be redefined again
considering the worst case fault direction:

IREQ,A = P(| Egl+1qe50, 1> PL,A| H,, lqsl < TSSJ(A'63)

Finally, a simple expression of p, is obtained for the
worst case fault magnitude:

pL,A = Q71 {IREQ,A /2} GB + Q71 {PC()NT[ /2} GA (A64)

where O7'{} is the inverse tail probability distribution of

the two-tailed standard normal distribution
(O{} =1-D{}, where @{} is the standard normal

cumulative distribution function).
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