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Abstract—This research aims at developing meth-
ods to meet safety targets for sense and avoid (SAA)
sensors of Unmanned Aircraft Systems (UAS) through
integrity and continuity risk evaluation. The SAA
problem is presented as a three-dimensional, two-body
problem. A Kalman filter approach is introduced to
accommodate arbitrary sensor suites. Aircraft relative
position and velocity estimates, referred to as trajec-
tory state estimates, are transformed into hazard state
estimates, which are used to quantify integrity and
continuity risks. A sensitivity analysis is performed
based on a set of representative, near-worst-case,
three-dimensional intruder trajectories. The resulting
impact on integrity and continuity is quantified for a
composite nominal sensor. The concepts and methods
in this research are intended to be used as a tool for
certification authorities to set potential requirements
for integration into the national airspace system.

INTRODUCTION

The Need for Sense and Avoid

In the last two decades, unmanned aircraft sys-
tems (UAS) operated on a limited basis in the
National Airspace System (NAS) supporting mostly
public functions [1]. However, UAS operations are
rapidly encompassing more civil and commercial
applications [1]. With increased interest, the United
States Congress mandated the Federal Aviation Ad-
ministration (FAA), through the FAA Modernization
and Reform Act of 2012, to develop requirements
necessary for broader UAS access into the NAS [2].
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To meet this mandate, the FAA must ensure an ac-
ceptable level of safety. To do this, a UAS requires a
“sense and avoid” (SAA) capability to provide self-
separation and collision avoidance (CA) protection
between the UAS and other aircraft analogous to the
“see and avoid” responsibility for pilots of manned
aircraft [1].

Depending on the airspace classification, if an
intruder aircraft is cooperative, that is, employing
an operating transponder or Automatic Dependent
Surveillance - Broadcast (ADS-B) [3], air traffic
control (ATC) may provide separation. Alterna-
tively, a manned aircraft pilot could employ a
Traffic Collision Avoidance System (TCAS) as a
situational awareness aid to help the pilot detect the
intruder then initiate an avoidance maneuver. Oth-
erwise, if the intruder aircraft is non-cooperative,
without an operating transponder or ADS-B, the
manned aircraft pilot will not have the help of
ATC or TCAS. In this manned aircraft case, it is
solely the pilot’s responsibility to visually see the
intruder and maneuver to maintain separation. Since
UAS will not have a pilot on board, it will have to
replicate the functionality of pilot vision through
an appropriate sensor. Detection of non-cooperative
aircraft will require, for example, an electro-optical
(EO), infrared (IR) or radar sensor. This sensor must
adequately inform the UAS SAA system whether or
not a separation maneuver is required.

Self-Separation and Collision Avoidance

Although self-separation is a widely recognized
term by the FAA and International Civil Aviation
Organization (ICAO), it has never been fully cod-



ified [4]. “Well clear” is a subjective term in the
right-of-way rules, 14 CFR 91.113 [5], [6]. In 2011,
Weibel, et al., proposed well clear as an objective
separation standard [7]. In 2013, the Second FAA
SAA Workshop concluded that the concept of well
clear is an airborne separation standard [4]. Also in
2013, Lee, et al., demonstrated a capability, using
the NASA Airspace Concept Evaluation System
(ACES) model, to determine the rate of well clear
violations for various well clear definitions [8]. In
August 2014, the RTCA Special Committee-228
(SC-228) Sense and Avoid Science and Research
Panel (SARP) defined well clear as having a hori-
zontal time to closest point of approach (CPA), τ ,
of 35 seconds, a horizontal miss distance of 4000
feet and a vertical miss distance of 700 feet [9].

When an intruder cannot remain well clear, a
CA maneuver is required to avoid a near mid-air
collision (NMAC). NMAC boundaries are typically
500 feet laterally and 100 feet vertically from the
own aircraft [4]. If the intruder aircraft is non-
cooperative, it is up to the UAS SAA system to
provide the appropriate CA maneuver.

Figure 1 depicts the conceptual difference be-
tween the WCT and NMAC distance thresholds (not
to scale and not accounting for τ ). For simplicity,
we will concentrate on self-separation and WCT.
The methodology is the same for CA and NMAC.

Problem Statement and Prior Work

SAA safety targets need to be met. This re-
quires methods to quantify safety performance as
a function of sensor uncertainty. In [10], the au-
thors introduced and provided methods to evaluate
integrity risk and continuity risk as UAS SAA safety
performance metrics. These methods can be used
to establish sensor performance requirements and
can apply to any candidate sensor or sensor suite.
In this paper, we refine that work to accommodate
three dimensional intruder trajectories, which is
challenging because (a) the geometry of an intruder
penetrating the WCT cylinder from any direction
must be properly captured, and (b) the integrity and
continuity risks vary over time as the intruder ap-
proaches and additional sensor data are processed.

There have been several papers that provide

overviews of the SAA problem. In 2000, Kuchar
and Yang outlined an overview of air traffic con-
flict detection and resolution models [11]. In 2004,
Drumm, et al., reviewed the problem in terms of
“remotely piloted vehicles in civil airspace” [12].
In 2008, Dalamagkidis, et al., outlined UAS issues,
challenges and restrictions for NAS integration [13].
In 2012, Prats, et al., looked at requirements, chal-
lenges and issues for UAS SAA [14]. Finally, in
2015, Yu and Zhang presented the current scope of
the entire SAA problem, describing current SAA
sensors, decision algorithms, path planning, and
path following with a journal literature review [15].

Previous work has tended to focus on mirroring
safety studies applicable to the ubiquitous TCAS.
McLaughlin and Zeitlin described a MITRE safety
study that used encounter models to build collision
avoidance risk ratios to determine the safety of
TCAS version 6.4 [16]. Espindle, et al., described
an MIT Lincoln Lab safety study that used en-
counter models to build collision avoidance risk
ratios to determine the safety of TCAS version 7.1
[17]. The Second SAA Workshop determined, using
methodology described in the International Civil
Aviation Organization (ICAO) Doc 9689, that UAS
SAA systems should have two target levels of safety
(TLS) based on catastrophic collision risk ratios:
10−9 midair collisions (MAC) per flight hour (FH)
for cooperative airspace (where transponders are
required) and 10−7 MAC/FH for all other airspace
[4], [18]. Kim, et al., designed a 3D EO system
for small UASs using a Kalman filter, Sequen-
tial Quadratic Programming, and Linear Parameter
Varying approaches for tracking and measurement
error reduction [19]. Kochenderfer, et al., developed
an aircraft encounter model used to evaluate safety
of CA systems using NMAC rate and risk ratio,
which is defined as the NMAC rate with the CA sys-
tem divided by the NMAC rate without the CA sys-
tem [20]. Kochenderfer, Chryssanthacopoulos, and
Billingsley looked at state uncertainty of a collision
avoidance system, quantifying safety as probability
of NMAC accounting for avoidance maneuvers, and
applying Markov decision processes for CA [21],
[22]. Heisley, et al., developed an architecture with
a future intent to test and certify SAA systems
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Fig. 1. Well Clear Threshold and Near Mid-Air Collision Distances (Not to Scale)

[23]. Lee, et al., constructed a distributed traffic
model to enable a probabilistic approach to risk
assessment by computing collision rates based on
Predator training missions in the Grand Forks Air
Force Base area [24]. Owen, et al., demonstrated
and flight tested an approach to developing SAA
radar models for requirements derivations that em-
ployed a phased-array technology [25]. Edwards
and Owen validated a radar-based SAA concept
through modeling and flight test [26].

Our approach is different, focusing directly on
the accepted aviation navigation certification stan-
dards that quantify integrity and continuity as safety
factors [27]. For example, for the Local Area Aug-
mentation System (LAAS), at near-zero visibility,
navigation integrity requirements specify that no
more than one undetected hazardous navigation
system failure is allowed in a billion approaches
[28]. Kelly and Davis broke down their proposed
TLS for required navigation performance (RNP)
into accuracy, integrity, and continuity requirements
[29], which are three of the four parameters that
quantify navigation system performance (the other
being availability) [29], [30]. This research focuses
on integrity and continuity because they are the
most difficult requirements for avionics systems to
achieve.

Contributions of This Work

The SAA system needs to initiate a self-
separation maneuver early enough to ensure the
intruder aircraft remains outside the WCT. The hor-
izontal tau self-separation threshold, τSS , represents

the minimum time required to initiate the self-
separation maneuver to prevent a WCT violation.
Spatially, the intruder trajectory must be within
both the WCT horizontal and vertical miss distances
(MD), rMD and zMD, to be considered a hazard.

The method established in this work provides the
means to set requirements on SAA sensors to ensure
APV safety during three-dimensional encounters
with intruder aircraft. This analysis identifies trade-
offs between sensor characteristics and airspace
capacity while maintaining integrity and continuity
requirements.

Paper Outline

After this introductory section, the second sec-
tion introduces the estimation model. The middle
sections review the prior work methodology imple-
menting SAA integrity and continuity. The section
after that includes a sensitivity analysis depicting
three dimensional intruder trajectories. The final
section provides conclusions.

RELATIVE INTRUDER STATE
ESTIMATION

We present the SAA problem as a three dimen-
sional, two-body problem. The two bodies are the
own aircraft and the intruder aircraft. The coordi-
nate frame will always be an own-aircraft-centered
body frame. Figure 2 is a graphical depiction of
the own aircraft and the intruder aircraft in the
horizontal and vertical planes. In the horizontal
plane, we orient the x and y axes such that the x-
axis is directly out of the nose of the own aircraft.
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Fig. 2. Horizontal and Vertical Position of the Intruder Aircraft

The azimuth, θ, is the angle counterclockwise from
the x-axis to the horizontal range vector (from the
origin to the intruder position on the xy-plane). The
elevation, φ, is the angle from the xy-plane up to the
slant range vector (from the origin to the intruder
position on the xz-plane). A particular sensor may
measure the intruder’s relative position (with error)
in spherical, Cartesian, or cylindrical coordinates.
In this development, we assume measurement vec-
tors and measurement error covariance matrices are
converted to Cartesian coordinates for processing.

Measurement Model

The own aircraft makes a measurement, zn, at
time tn of the intruder position, [ xn yn zn ]T :

zn = Hxn + vn vn ∼ N(0,Vn) (1)

The constant observation matrix H is:

H =
[

I3×3 03×3

]
(2)

The trajectory state vector, xn, is time variant, based
on current intruder position and velocity:

xn =
[
xn yn zn ẋn ẏn żn

]T
(3)

N(a,B) represents a normal distribution with
mean, a, and covariance, B. vn is the tn measure-
ment error, which we assume is over-bounded in the
cumulative distribution function (CDF) sense by a
Gaussian function with covariance matrix Vn [31],
[32]. We also assume that a sample interval, ∆t,
is selected large enough to ensure independence of
sequential sensor measurement errors.

The discrete-time process-noise-free state-
transition equation is:

xn = Φx(n−1) (4)

where Φ represents the constant state-transition
matrix for a constant relative velocity encounter.

Φ =

[
I3×3 ∆tI3×3

03×3 I3×3

]
(5)

Kalman Filter Implementation

This subsection presents a Kalman filter imple-
mentation to get the trajectory state estimate error
covariance matrix. A Kalman filter approach is
more computationally efficient than the batch esti-
mator implemented in prior work [10]. It also allows
for easy integration of different types of sensors.
The following equations show how we implement
the measurement and state transition equations, (1)
and (4), in a Kalman filter. [33], [34].

We assume no prior knowledge on the trajectory
states. The state estimate prediction is:

x̄n = Φx̂(n−1) (6)

and the estimate error prediction covariance:

P̄n = ΦP̂(n−1)Φ
T (7)

The state estimate update is:

x̂n = x̄n + Kn(zn −Hx̄n) (8)

and the estimate error covariance is:

P̂n = (I−KnH)P̄n (9)

where the Kalman gain matrix is:

Kn = P̄nHT (HP̄nHT + Vn)−1 (10)

The 6 × 6 trajectory state covariance matrix, P̂,
is used to determine hazard state variances in the
next section.

HAZARD STATES
For two-dimensional horizontal trajectories, the

hazard states that describe a potential hazard with
an intruder aircraft are the horizontal time to CPA,
τ , and horizontal distance from the own aircraft
to CPA, rCPA. The left part of figure 3 is an
overhead depiction of the horizontal CPA. For a
WCT violation, the intruder must be within the
WCT. That means rCPA is smaller than or equal
to the horizontal miss distance (MD), rMD.
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For a 3D WCT, there are some trajectories where
either the vertical distance at the 3D CPA or the
vertical distance at the 2D horizontal CPA are
outside the WCT distance cylinder, but the intruder
still penetrates the WCT distance cylinder. For
example, consider the head-on trajectories depicted
in Figure 4. Because the WCT distance thresholds
define a cylinder and not a sphere, the trajectory
intercepting the WCT at the top-back has a 3D
CPA, labeled xCPA1, which is outside the WCT
occurring prior to WCT entry. Also, the trajectory
that intercepts the bottom-front edge of the WCT
has a 3D CPA, labeled xCPA3, which is outside
the WCT occurring after WCT entry.

To account for this, we add two vertical hazard
states, z+ and z−, depicted in figure 3. Given
that the intruder trajectory penetrates the horizontal
WCT circle, z+ is the vertical distance when the
intruder trajectory enters the 2D horizontal WCT
circle and z− is the vertical distance when the
intruder trajectory exits the 2D horizontal WCT
circle. Note if rCPA = rMD then z+ = z−.

Hazard State Equations

True τ (time to horizontal CPA) in terms of the
trajectory states is:

τn =
−(ẋnxn + ẏnyn)

ẋ2
n + ẏ2

n

(11)

Note this is a version of τ defined as true tau [35],
as opposed to the alternate τ definitions of modified
tau [35] and simplified tau [4]. For simplicity, the
n subscript is removed for the remainder of the
equations.

The corresponding CPA horizontal range, rCPA,
is:

rCPA =
√

(x+ τ ẋ)2 + (y + τ ẏ)2 (12)

To get the vertical distances at the horizontal
WCT entry and exit (z+ and z−), where rCPA =
rMD, equation (12) is converted into a quadratic:

r2
MD = (x+ ẋτ±)2 + (y + ẏτ±)2 (13)

Solving this quadratic for τ±, the time to entry, τ+,
and time to exit, τ−, are:

τ+ = τ −
√

(xẋ+yẏ)2−(ẋ2+ẏ2)(x2+y2−r2MD)

ẋ2+ẏ2

τ− = τ +

√
(xẋ+yẏ)2−(ẋ2+ẏ2)(x2+y2−r2MD)

ẋ2+ẏ2

(14)
The vertical distances at the WCT entry and exit,
z+ and z− are then:

z+ = z + żτ+
z− = z + żτ−

(15)



Hazard State Estimate Error Variances

To get hazard state estimate error variances,
we first linearize equations (11), (12), and (15),
which is described in the previous work [10]. For
example, the τ transformation, aTτ , is the vector
of the Taylor Series partial derivatives of τ with
respect to trajectory states. The τ estimate error
variance, σ2

τ , is determined by transforming P̂x

from equation (9):

σ2
τ = aTτ P̂xaτ (16)

Given zero-mean sensor measurement errors, the
resulting distribution for the estimated τ is:

τ̂ ∼ N(τ, σ2
τ ) (17)

The distributions for the estimated parameters
r̂CPA, ẑ+, and ẑ− are found the same way:

r̂CPA ∼ N(rCPA, σ
2
r) (18)

ẑ+ ∼ N(z+, σ
2
+) (19)

ẑ− ∼ N(z−, σ
2
−) (20)

The hazard state estimates (τ̂ , r̂CPA, ẑ+, and ẑ−)
are correlated.

INTEGRITY RISK
Hazardously misleading information (HMI) oc-

curs when a hazard exists, but that hazard is not
sensed. This HMI leads the own aircraft to not
maneuver when a self-separation maneuver is war-
ranted. To ensure there is an acceptable probability
of HMI, PHMI , hazard thresholds (τSS , rMD,
and zMD) are adjusted by adding multiples of the
hazard state standard deviations. The self-separation
integrity risk is PHMI .

The probability of HMI in equation (21) reflects
the probability of an imminent (at or within τSS
seconds) intruder aircraft violation of the WCT.

PHMI = P (Sense No Hazard|Hazard Exists)
(21)

Hazard Exists describes a condition where the
intruder is within the horizontal time to CPA thresh-
old on a trajectory that penetrates the WCT distance
threshold cylinder. This means the following con-
ditions are occurring simultaneously:

• The actual time to closest approach, τ , is less
than or equal to τSS

• AND the actual horizontal CPA distance,
rCPA, is at or within rMD

• AND one of the following three conditions are
occurring:

– The intruder trajectory will enter or exit
the WCT cylinder from the side (|z+| ≤
zMD ∪ |z−| ≤ zMD)

– OR the intruder trajectory will descend
into the WCT cylinder from the top and
exit from the bottom (z+ > zMD ∩
z− < −zMD)

– OR the intruder trajectory will climb into
the WCT cylinder from the bottom and
exit from the top (z+ < −zMD ∩ z− >
zMD)

In this case, the own aircraft should initiate a self-
separation maneuver.

Hazard Exists =
[τn ≤ τSS ∩ rCPA ≤ rMD ∩

( |z+| ≤ zMD ∪ |z−| ≤ zMD ∪
[z+ > zMD ∩ z− < −zMD] ∪
[z+ < −zMD ∩ z− > zMD] ) ]

(22)

Sense No Hazard (SNH) describes a case where
any one of the following events occurs:

• The estimated time to closest approach, τ̂ , is
greater than the adjusted threshold τSS +kτστ

• OR the estimated horizontal CPA, r̂CPA, is
beyond the adjusted threshold rMD + krσr

• OR while the estimated horizontal CPA, r̂CPA,
is at or within the adjusted threshold rMD +
krσr:

– the estimated intruder trajectory will be
above the adjusted WCT cylinder

– OR the estimated intruder trajectory will
be below the adjusted WCT cylinder

The standard deviation coefficient, k, is defined later
in equation (25) for the τ hazard state. Any one
of these misleading estimates can cause HMI that
leads the own aircraft to not maneuver when a self-



separation maneuver is warranted.

SNH = [τ̂n > τSS + kτστ ∪
r̂CPA > rMD + krσr ∪
[r̂CPA ≤ rMD + krσr ∩
(ẑ+ > zMD + k+σ+ ∩
ẑ− > zMD + k−σ−)] ∪
[r̂CPA ≤ rMD + krσr ∩
(ẑ+ < −zMD + k+σ+ ∩
ẑ− < −zMD + k−σ−)] ]

(23)

PHMI must meet a predefined integrity risk
requirement, ISS . This can be broken down into
ISS allocations for each hazard state. For example,
for τ :

PHMI = Q(kτ ) = Iτ (24)

where Q(x) is the right tail probability of the
standard normal distribution. This is used to obtain
kτ :

kτ = Q−1(Iτ ) (25)

kr is found in a similar way, detailed in the previous
work [10].

However, in the z direction, to determine k+ and
k− is a bit more complicated. Given that the 2D
horizontal intruder trajectory projection penetrates
the 2D WCT circle (rCPA ≤ rMD), figure 5
shows the nine different ways the 3D intruder
trajectory can approach the WCT cylinder, based
on the values of z+ and z−. In the upper-right
section, the intruder passes completely above the
WCT (z+ > zMD ∩ z− > zMD). In the lower-
left section, the intruder passes completely below
the WCT (z+ < −zMD ∩ z− < −zMD). In the
seven other cases, the intruder penetrates the WCT,
representing a WCT violation. In the middle-top,
middle-middle, and middle-bottom sections, the in-
truder enters the WCT from the side (|z+| ≤ zMD).
In the middle-left, middle-middle, and middle-right
sections, the intruder exits the WCT out of the
side (|z−| ≤ zMD). In the lower-right section, the
intruder descends through the WCT, entering from
the cylinder’s top and exiting through the cylinder’s
bottom (z+ > zMD ∩ z− < −zMD). In the upper-
left section, the intruder climbs through the WCT,
entering from the cylinder’s bottom and exiting

z+

z−

zMD

zMD

−zMD

−zMD

Fig. 5. Possible Intruder Trajectories in (ẑ+; ẑ−) Plane

through the cylinder’s top (z+ < −zMD ∩ z− >
zMD).

Figure 6 relates the estimated (ẑ+, ẑ−) plane to
HMI. Given that the intruder actually penetrates
the WCT cylinder, HMI would mean the sensor
estimated the intruder trajectory to be completely
above the cylinder (upper-right shaded area) or
completely below the cylinder (lower-left shaded
area). In the left figure of figure 6, the unshaded
areas in white represent areas where the hazard is
sensed.

The values of actual z+ and z− that maximize
PHMI are somewhere on the border lines of the
shaded areas of the left figure. Those borders rep-
resent either z+ = zMD + k+σ+, z+ = −zMD −
k+σ+, z− = zMD + k−σ−, or z− = −zMD −
k−σ−. Since for each encounter, there will only
be one actual z+ and one actual z−, there only
needs to be one worst case scenario considered to
define PHMI for the z direction. In the right figure
of figure 6, we consider the z+ = z− = zMD

scenario for illustration purposes (where the joint
normal probability density ellipse is centered). This
is a boundary case with an intruder trajectory at
the top border of the WCT cylinder. Computing the
exact HMI requires an integration of the joint (ẑ+,



ẑ−) probability which is computationally expensive.
Instead, we use bounds on both the top and bottom
HMI’s. Depending on the orientation of the ellipse
(which depends on the values of the (ẑ+, ẑ−)
covariance matrix), z+ = z− = zMD may or
may not be the worst case scenario. However, the
following bound covers all PHMI boundaries, so
that the worst case scenario is covered:

PHMItop ≤
Q(k+) +Q(k−)

2
(26)

PHMIbot ≤
Q
(
k+ + 2zMD

σ+

)
+Q

(
k− + 2zMD

σ−

)
2

(27)
These bounds include the excess light shaded area
in the right figure of figure 6, as well as the
overlapped dark shaded area, which includes the
PHMI we are interested in capturing. Putting them
both together:

PHMIz ≤ 1
2 (Q(k+) +Q(k−)

+Q
(
k+ + 2zMD

σ+

)
+Q

(
k− + 2zMD

σ−

)
) ≤ Iz

(28)
Where Iz is the integrity requirement in the z
direction. The k coefficients will be chosen to
ensure the inequality in equation (28) is true. Note
an intruder trajectory at the bottom of the WCT
cylinder (with a probability density ellipse centered
at (−zMD, −zMD)) would mirror the right figure
of figure 6 and the resulting bounding would be the
same as in equation (28).

Figure 7 depicts a worst case 2D HMI scenario,
where the actual rCPA is just within the rMD

but the estimate r̂CPA is just beyond the adjusted
threshold rMD + krσr. The adjusted threshold en-
sures that this case occurs with a probability less
than or equal to Ir (if we allocate Ir as an integrity
requirement specifically for rCPA).

To account for the correlation of hazard state
estimates, the total probability of HMI is bounded
by the following:

PHMI ≤ Q(kτ ) +Q(kr) + 1
2 (Q(k+) +Q(k−)

+Q
(
k+ + 2zMD

σ+

)
+Q

(
k− + 2zMD

σ−

)
) ≤ ISS

(29)
This allows us to determine integrity coefficients
(kτ , kr, k+, k−) based on an integrity risk re-

quirement, ISS . The previous work [10] has a
more detailed explanation of the derivation of this
methodology.

CONTINUITY RISK

A false alert (FA) occurs when no hazard exists,
but a hazard is falsely sensed. This FA leads the
own aircraft to maneuver when a self-separation
maneuver is not warranted. To ensure there is an
acceptable PFA, continuity buffers are added to
the integrity-adjusted distance thresholds. The alert
to maneuver will still be based on the integrity-
adjusted distance thresholds. The area inside each
continuity buffer is where false alerts can occur
with a probability higher than a given continuity
requirement. The self-separation continuity risk is
PFA.

The probability of FA in equation (30) reflects
the probability when no hazard exists, but a hazard
is falsely sensed.

PFA = P (Sense Hazard|No Hazard Exists) (30)

No Hazard Exists describes a condition where
the intruder trajectory is outside the WCT distance
threshold cylinder. This means any of the following
conditions occur:

• The actual time to closest approach, τ , is
greater than the threshold τSS

• OR the actual horizontal CPA, rCPA, is be-
yond the threshold rMD

• OR while the actual horizontal CPA, rCPA, is
at or within the threshold rMD:

– the actual intruder trajectory is above the
WCT cylinder

– OR the actual intruder trajectory is below
the WCT cylinder

No Hazard Exists =
[τn > τSS ∪ rCPA > rMD

∪ [rCPA ≤ rMD

∩ (z+ > zMD ∩ z− > zMD)]
∪ [rCPA ≤ rMD

∩ (z+ < −zMD ∩ z− < −zMD)] ]

(31)

Sense Hazard describes a case with the following
conditions:



ẑ+

ẑ−
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rMD
krσr

rCPA

r̂CPA

Fig. 7. Worst Case HMI Scenario for rCPA

• The estimated time to closest approach, τ̂ , is
less than or equal to the adjusted threshold,
τSS + kτστ

• AND the estimated horizontal CPA distance,
r̂CPA, is at or within the adjusted threshold,
rMD + krσr

• AND one of the following three conditions is
occurring:

– The estimated intruder trajectory will en-
ter or exit the adjusted WCT cylinder from
the side (|ẑ+| ≤ zMD +k+σ+ ∪ |ẑ−| ≤
zMD + k−σ−)

– OR the estimated intruder trajectory will

descend into the adjusted WCT cylinder
from the top and exit from the bottom
(ẑ+ > zMD + k+σ+ ∩ ẑ− < −zMD −
k−σ−)

– OR the estimated intruder trajectory will
climb into the adjusted WCT cylinder
from the bottom and exit from the top
(ẑ+ < −zMD − k+σ+ ∩ ẑ− > zMD +
k−σ−)

The own aircraft senses the need to initiate a self-
separation maneuver when an actual hazard does
not exist.

Sense Hazard =
[τ̂n ≤ τSS + kτστ ∩ r̂CPA ≤ rMD + krσr
∩ ( |ẑ+| ≤ zMD + k+σ+

∪ |ẑ−| ≤ zMD + k−σ−
∪ [ẑ+ > zMD + k+σ+

∩ ẑ− < −zMD − k−σ−]
∪ [ẑ+ < −zMD − k+σ+

∩ ẑ− > zMD + k−σ−])]
(32)

Here, PFA must meet a predefined continuity risk
requirement, CSS . This can be broken down into
each hazard state. For example, for τ :

PFA = Φ(−`τ ) = Cτ (33)

where Φ(x) is the cumulative distribution function.



This is used to obtain `τ :

`τ = −Φ−1(Cτ ) (34)

`r is found in a similar way detailed in the previous
work [10]. When τ is between τSS + kτστ and
τSS + (kτ + `τ )στ , the own aircraft may FA with a
probability higher than the continuity requirement.
This means that the lower limit on protectable τ is
τSS + (kτ + `τ )στ . We will henceforth call this the
protection level.

To determine `+ and `−, we refer to the (ẑ+, ẑ−)
planes in figure 8. In the left plane of figure 8, the
shaded area reflects the PFA region for the intruder
trajectory at the top of the WCT cylinder. In the
right plane of figure 8, the PFA region is over-
bounded by the shaded area, with the overlapped
dark shaded area counted twice. For a continuity
requirement in the z direction, Cz , the resulting
bound becomes:

PFAz ≤ Φ(−`+) + Φ(−`−) ≤ Cz (35)

Figure 9 depicts a worst case FA scenario, where
the actual rCPA is just beyond the protection level
rMD + krσr + `rσr while the estimate r̂CPA is
just within the integrity-adjusted threshold rMD +
krσr. The continuity buffer ensures this case occurs
with a probability less than or equal to Cr (if we
allocate Cr as a continuity requirement specifically
for rCPA).

The total probability of FA is bounded by the
following:

PFA ≤ Φ(−`τ )+Φ(−`r)
2

+Φ(−`+) + Φ(−`−) ≤ CSS
(36)

This allows us to select continuity coefficients (`τ ,
`r, `+, `−) based on a continuity risk require-
ment, CSS . Again, the previous work [10] has a
more detailed explanation of the derivation of this
methodology.

RELATING INTEGRITY AND CONTINUITY
TO SENSOR REQUIREMENTS

With a predefined integrity risk requirement, ISS ,
and a predefined continuity requirement, CSS , the
SAA system will alert and maneuver depending
on how large each hazard state standard deviation

(στ , σr, σ+, and σ−) is at each sampled time. As
the SAA system gets more intruder measurements,
each hazard state standard deviation will get smaller
over time. Each hazard state’s protection level must
be reasonably close to the original WCT before a
hazard test can be executed. Otherwise, the resulting
protected separation distances can be very large,
leading to ATC capacity issues. To mitigate this,
a certification authority will need to determine an
acceptable fractional margin, ε, on all three orig-
inal hazard thresholds (τSS , rMD, and zMD) for
(k + `)σ. This is expressed mathematically as:

ετ = (kτ+`τ )στ
τSS

εr = (kr+`r)σr
rMD

εz = (k++`+)σ+

zMD
= (k−+`−)σ−

zMD

(37)

Obviously, it is desirable that ε is small. However,
achieving ε = 0 is impossible because it would
require perfect sensors such that στ = σr = σ+ =
σ− = 0. The fractional margin, ε, can then be used
to define practical operational limits on hazard state
standard deviations, σ̃’s. The hazard state standard
deviation operational limits are:

σ̃τ , ετSS
kτ+`τ

, σ̃r ,
εrMD
kr+`r

,

σ̃+ , εzMD
k++`+

, σ̃− , εzMD
k−+`−

(38)

At the aircraft, the SAA hazard detection test de-
scribed in equation (21) can be carried out with
required integrity and continuity when all hazard
state σ’s decrease below their respective operational
limits (σ̃’s).

While the intruder aircraft approaches the own
aircraft, the hazard state standard deviations will
decrease as the number of accumulated sensor mea-
surements increases. Nevertheless, not all sensors or
sensor-suites are capable of ensuring that the hazard
state standard deviations can reduce below their
operational limits in time to perform a hazard de-
tection test (with required integrity and continuity)
before a hazard actually occurs. To identify sensors
that can meet this requirement, operational limits
on hazard states are set as follows:

τ̃τ , (1 + ε)τSS
r̃ , (1 + ε)rMD

z̃ , (1 + ε)zMD

(39)
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ẑ+

ẑ−
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The WCT distance threshold operational limits (r̃
and z̃) can be translated to operational limits on
τ because there is an associated time when these
limits are reached. Using the intruder’s estimated
projected trajectory, we can determine the τ ’s when
r and z are estimated to cross their respective
operational limits (r̃, z̃). τ̃ is the maximum of each
of the three hazard threshold τ̃ ’s:

τ̃ = max(τ̃τ , τ̃r, τ̃z) (40)

For realistic WCT thresholds and aircraft velocities,
τ̃r and τ̃z will typically be much lower than τ̃τ . τ̃
will usually be determined by τ̃τ . However, for low

relative aircraft velocities, τ̃r and τ̃z will need to be
considered.

Figure 10 depicts how the operational limit re-
lates to sensor requirements. The plots represent
two different sensors. For a sensor to meet require-
ments, each of its σ curves, for each of its hazard
states, must be less than its σ̃ at a τ greater than
τ̃ . In the plots, each curve is non-dimensionalized
by its σ̃, resulting in a common y-axis where the
required threshold is one. If a sensor σ/σ̃ curve
crosses 1 at a τ less than τ̃ , it will cross into
the gray shaded area, which indicates a sensor that
will FA at a probability higher than the continuity
risk requirement and potentially violate integrity
at a probability higher than the integrity risk re-
quirement. In the figure, only Sensor A meets the
integrity and continuity risk requirements.

In order to apply this methodology, a sensor
must have characteristics (sensor uncertainty, sen-
sor range, and sample interval) to reduce each
hazard state σ-value below each σ̃ (or its non-
dimensionalized σ/σ̃-value below 1) prior to its τ̃ ,
as depicted in Figure 10. If a given sensor is not
good enough, sensor measurement uncertainty must
be reduced, sensor range must be extended, and/or
sample rate must be increased. During operation,
once all hazard state σ’s are reduced below their
corresponding σ̃’s, there only needs to be one test.
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From there, an alerted UAS can maneuver based on
timing: when τ̂ < τ̃ .

SENSITIVITY ANALYSIS
This sensitivity analysis assumes a constant rel-

ative intruder velocity and addresses three dimen-
sional intruder trajectories.

In [36], typical radar SAA sensors are described
as having an azimuth and elevation accuracy of 0.5◦

to 2◦, a range accuracy of 10 ft to 200 feet, an
update rate of 0.2 Hz to 5 Hz, and a detection
range of 5 nautical miles (NM) to 10 NM. In [26]
and [37], a nominal radar SAA sensor is described
as having a range standard deviation (σρ) of 24.6
feet, an azimuth standard deviation (σθ) of 0.24◦,
an elevation standard deviation (σφ) of 0.72◦, and
detection range of 8 NM. Also, in [36], typical EO
SAA sensors are described as having an azimuth
and elevation accuracy of 0.1◦ to 0.5◦, an update
rate of 20 Hz, and a detection range of 2 NM to 5
NM. As a result we use a composite nominal sensor
having a σρ of 5 feet, a σθ of 0.05◦, a σφ of 0.05◦,
a detection range of 8 NM, and an update rate of 5
Hz.

For τ and rMD, the WCT established by the
RTCA SC-228 SARP is used: τSS of 35 seconds
and an rMD of 4000 feet [9]. Corresponding ετ
and εr of 10% are chosen leading to τ̃ of 38.5
seconds and r̃ of 4400 feet. For zMD, 450 feet is
chosen, denoting the 500 foot difference between
VFR and IFR altitudes [38], [39]. The vertical

WCT established by the SC-228 SARP is selected
to be z̃ = 700 feet [9], leading to εz = 56%.
The desired integrity requirement, ISS = 10−6,
and the continuity requirement, CSS = 10−3,
are based on the FAA’s definition of major and
minor failure conditions [40]. For simplicity, the
integrity and continuity risk coefficients are set to
be equal: kτ = kr = k+ = k− = 4.98 and
`τ = `r = `+ = `− = 3.4.

Intruder Trajectories

The intruder trajectories analyzed are based on
the intruder being initially observed directly in front
of the own aircraft at the sensor range of 8 NM.
In the x-y plane, the trajectories are based on the
worst-case 2D trajectories analyzed in the previous
work [10], which were head-on and tangent to the
rMD circle. These 2D trajectories are depicted in
the right side of figure 11.

In the z direction, the intruder trajectory will
either climb, descend, or remain level at the top (or
equivalently at the bottom) of the WCT cylinder. A
worst-case relative velocity of 500 knots is chosen,
reflecting the closure of two aircraft at a maximum
airspeed of 250 knots each. Aircraft are restricted
to 250 knots below 10,000 feet per 14 CFR 91.117
[41]. The maximum relative descent rate of the
intruder is based on the maximum descent rate of
a likely intruder in the NAS plus the maximum
climb rate of a high performing UAS. For the
likely intruder, according to Appendix A of Change



WCT

Fig. 11. Head-on Trajectories and 2D Trajectories

3 to FAA JO 7110.65V, the maximum descent
for a non-fighter, fixed-wing aircraft is the Boeing
727 with a maximum descent of 4500 feet per
minute (fpm) [42]. According to data synthesized in
[43], the Global Hawk high-altitude long-endurance
(HALE) UAV has an initial climb rate of 4000
fpm at sea level, below 200 knots. This climb rate
decreases incrementally with altitude as its climb
airspeed incrementally increases. Based on this, we
will conservatively assume a maximum climbing
airspeed for the own aircraft of approximately 3500
fpm. This leads to the assumed worst case relative
intruder descending vertical velocity of 8000 fpm.

The maximum relative climb rate of the intruder
is found in a similar way. For the intruder, ac-
cording to Appendix A of Change 3 to FAA JO
7110.65V, the maximum climb for a non-fighter,
fixed-wing aircraft is the Boeing 737-400 with a
maximum climb of 6500 feet per minute (fpm) [42].
According to data synthesized in [43], the Global
Hawk max descent rate is 4000 fpm. This leads to
the assumed worst case relative intruder climbing
vertical velocity of 10,500 fpm.

From there, we chose eleven constant-velocity
3D intruder trajectories:

• Head-on, direct collision course climbing.
• Head-on, level at zMD (z+ = z− = zMD).
• Tangent to the rMD circle, level at zMD (z+ =
z− = zMD).

• Head-on, descending, intercepting the top
WCT border at the back (z− = zMD).

• Head-on, climbing, intercepting the top WCT

border (zMD) at the front (z+ = zMD).
• Tangent to the rMD circle, descending, inter-

cepting the top WCT border (z+ = z− =
zMD).

• Tangent to the rMD circle, climbing, intercept-
ing the top WCT border (z+ = z− = zMD).

• Head-on, descending, intercepting the bottom
WCT border at the front (z+ = −zMD).

• Head-on, climbing, intercepting the bottom
WCT border at the back (z− = −zMD).

• Tangent to the rMD circle, descending, inter-
cepting the bottom WCT border (z+ = z− =
−zMD).

• Tangent to the rMD circle, climbing, intercept-
ing the bottom WCT border (z+ = z− =
−zMD).

The six head-on trajectories are depicted in the left
side of figure 11.

Results

For the nominal sensor, all eleven trajectories
met requirements (by staying out of the upper-left
hand quadrant) in the στ vs τ and the σr vs τ
graphs, as depicted in figure 12 and figure 13.
However, the sensor did not meet requirements (by
penetrating the upper-left hand quadrant) in both
vertical directions: σ+ vs τ and σ− vs τ , as depicted
in figure 14 and figure 15. Although most of the
trajectories were close to meeting requirements, for
both vertical directions, there were four trajectories
that were way off: both tangent climbing trajectories
(depicted as green dashed lines) and, slightly better,
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both tangent descending trajectories (depicted as
blue dashed lines). Reducing the climb and descent
rates of these trajectories brings their respective σ+

vs τ and σ− vs τ curves to meet the other seven
trajectories.

To meet integrity and continuity requirements,
we needed to make three adjustments. σ+ and σ−
were most sensitive to azimuth uncertainty and we
improved σθ by a factor of 10. Also, we increased
the update rate to 8 Hz and improved σφ slightly
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to 0.03◦. These results are depicted in figure 16
and figure 17. Although our adjustments to update
rate, azimuth uncertainty, and elevation uncertainty
resulted in the desired outcome, there are other
adjustments that could have been made to improve
sensor performance. For example, increasing the
sensor range beyond 8 NM would allow for more
measurements prior to τ̃ . Also, increasing each
threshold’s ε would increase its σ̃ (at the risk of
decreasing airspace capacity). In addition, reallo-
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cating k’s and `’s unevenly among each hazard
state can slightly increase σ̃ for more restrictive
hazard states (such as z+ and z−) while decreasing
σ̃ for hazard states with more margin (such as τ
and rCPA). Finally, reevaluating the assumptions
that led to the 10,500 fpm climb rate, 8000 fpm
descent rate, and 500 knot relative velocity would
also impact performance.

CONCLUSIONS

In this paper, we determined integrity and con-
tinuity risk for intruder trajectories in three di-
mensions. A sensitivity analysis was presented to
explore the sensor requirement trade space and an-
alyze eleven restrictive 3D trajectories. The tangent
climbing and descending trajectories were most re-
strictive. We were able adjust sensor characteristics
in the analysis to meet integrity and continuity
requirements. Our methodology can be used by
a certification authority to certify potential SAA
sensors.
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