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Abstract—In this paper, we develop a ground monitor capable
of detecting anomalous signal-in-space(SIS) spatial gradients for
rising, newly acquired, and re-acquired satellites in the Ground
Based Augmentation System (GBAS). These gradients can be
caused by satellite orbit ephemeris faults and ionospheric fronts.
The monitor utilizes differential code and carrier phase measure-
ment across multiple reference receiver antennas as the basis for
detection. We show that the new monitor significantly improves
the detection performance over existing fault detection algorithms
under tropospheric turbulence and that it is capable of meeting
Category III precision approach and landing requirements.

Index Terms—Ionospheric gradient, Orbit ephemeris faults,
Initialization of spatial monitor, Tropospheric Turbulence

I. INTRODUCTION

GBAS is a safety-critical navigation system intended to
support all phases of approach, landing, departure, and surface
operations at an airport. It will include multiple spatially sepa-
rated Global Positioning System (GPS) antennas and receivers
at each Ground Facility (GF). The primary reasons for the use
of this redundant hardware are to provide a means for detection
and isolation of a failed receiver and also to allow for a net
reduction in ranging error by averaging measurements for a
given satellite. However, another benefit of antenna separation
is that differential carrier phase measurements across the
antenna baselines can be used to detect and isolate certain
SIS anomalies that are hazardous to GBAS.

There are three types of orbit ephemeris failures [6]: Type
B failures occur when the broadcast ephemeris data is incor-
rect but no satellite maneuver is involved; Type A1 failures
occur when the broadcast ephemeris data has been updated
incorrectly following a satellite maneuver; Type A2 failure
exists if the broadcast ephemeris remains unchanged after
the maneuver. Type B failures can be detected by comparing
the current ephemeris with a previously validated broadcast
ephemeris [7]. In contrast, previous ephemerides provide no
benefit for the detection of type A1 and type A2 faults due to
the presence of the satellite maneuver. In order to detect these
faults, ground monitors based on the range and range rate of
the satellite are utilized [6].

Large ionospheric gradients caused by ionospheric storms
are significant potential hazards for GBAS [8]. Aircraft on
Category III precision approach supported by GBAS Approach
Service Type D cannot tolerate ionospheric gradients larger
than 300 mm/km in the direction of the runway [9]. However,
gradients as large as 412 mm/km have been observed in

CONUS, which can cause up to 20 m of vertical positioning
error for GBAS users [8].

There has been prior work utilizing multi-antenna code
and carrier phase measurements to detect gradient faults [1]–
[6]. Most recently, a ground monitor with runway-parallel
antenna baselines was developed to satisfy Category III in-
tegrity requirements for all types of orbit ephemeris faults [19].
However, this monitor, while sensitive to spatial gradients, was
also overly sensitive to other nonthreatening measurement er-
rors. Specifically, short duration localized neutral atmospheric
disturbances (sometimes called tropospheric turbulence) can
also appear as gradients [21]. This type of tropospheric activity
typically exists in the lower atmosphere, and the associated
structures have small physical scales relative to ionospheric
fronts. They produce much smaller differential measurement
errors than ionospheric fronts and are not hazardous to GBAS
users. But a major problem remains: they can significantly
elevate probability of monitor false alarms. One easy solution
would be to loosen the monitor’s detection thresholds; we
show, unfortunately, that this approach degrades the monitor’s
detection performance to the point that it would no longer
be effective for the Category III application [21]. Another
alternative is to attempt to somehow distinguish hazardous
ionospheric faults from benign tropospheric turbulence. This
was done to some extent in [13], but the solution worked only
for certain speed and tropospheric error parameters.

Section II of this paper develops the differential carrier
phase monitor that enables the detection of spatial gradients
caused by orbit ephemeris faults and ionospheric gradient.
Section III shows how to resolve the carrier phase integer
ambiguities needed to initialize the monitor. Section IV shows
the effect of the cycle resolution process on the monitor’s false
alarm and missed detection probabilities. Section V describes
GBAS performance requirements on ephemeris monitor and
Ionospheric Gradient Monitor (IGM). Section VI and VII show
the performance of the monitor using single and multiple
baselines respectively. In section VIII, we discuss the impact
of tropospheric turbulence on the monitor’s performance and
propose a method to mitigate its effect.

II. MONITOR CONCEPT

A. Ephemeris Monitor

Given that the likelihood of two or more simultaneous
ephemeris faults is much smaller than the integrity risk re-
quirement, GBAS presumes that only one satellite is affected



by an ephemeris fault at any given time. For a faulty satellite
i and a fault-free satellite j, the differential carrier phase
measurement for antenna 1 is

∆φ1 = (ri1 − r
j
1 + ∆I + ∆T + δts) + λ∆n1 + ∆νφ1

= r̃ + λ∆n1 + ∆νφ1

(1)

where ri1 and rj1 are the ranges between antenna 1 and satellite
i and j, respectively, ∆I is the single difference ionospheric
error, ∆T is the single difference tropospheric error, δts is
the single difference satellite clock bias, λ is the carrier
wavelength, ∆n1 is the single difference cycle ambiguity for
antenna 1 and ∆νφ1 is the single difference measurement error
for antenna 1.

Similarly, the differential carrier phase measurement for
antenna 2 can be written as

∆φ2 = (ri2 − r
j
2 + ∆I + ∆T + δts) + λ∆n2 + ∆νφ2

= r̃ + (ri2 − ri1)− (rj2 − r
j
1) + λ∆n2 + ∆νφ2

(2)

The differential range between the two antennas (ri2 − ri1)
is equal to the dot product of the true differential line of
sight unit vector from antenna 1 to satellite i (eTi,true) and
the baseline position vector between the two antennas (b12).
Because satellite i is assumed to be faulty, the line of sight
unit vector computed from the ephemeris (eTi,true) is faulted.
Therefore,

ri2 − ri1 = eTi,trueb12 = (eTi,eph + δeTi )b12 (3)

where δeTi is the 3 × 1 ephemeris fault vector and b12 is
the 3 × 1 relative position vector between antennas 1 and 2
expressed in the local North-East-Down (NED) frame.

Since satellite j is assumed to be fault free, the true line of
sight unit vector between antenna 1 and satellite j is equivalent
to the vector computed from the ephemeris,i.e.,

rj2 − r
j
1 = eTj,trueb12 = eTj,eph (4)

By substituting equations (3) and (4) into equation (2), the
measurement received by antenna 2 can be expressed as

∆φ2 = r̃ + eTi,ephb12 + δeTi b12 − eTj,ephb12 + λ∆n2 + ∆νφ2

= r̃ + ∆eT b12 + bT12δei + λ∆n2 + ∆νφ2

(5)

where ∆eT = eTi,eph − eTj,eph.
Taking the difference between two antennas (to form the

double difference),

∆2φ12 = ∆φ2 −∆φ1

= ∆eT b12 + bT12δei + λ(∆n2 −∆n1) + ∆2νφ12

(6)

where ∆νφ12 is the double difference carrier phase measure-
ment error.

Assuming that ambiguities are known, which will be dis-
cussed in the following section, the test statistic can be formed
as,

q = ∆2
φ12
−∆eT b12−λ(∆n2−∆n1) = bT12δei+∆2νφ12

(7)

Under fault-free conditions, the test statistic is normally
distributed with a zero mean and standard deviation as the
double difference carrier phase measurement noise σ∆2φ. Due
to the low noise in the carrier phase measurements, the test
statistic in (7) will be sensitive to Ephemeris faults, as we will
show later.

B. Ionospheric Gradient Monitor (IGM)

In [14], a monitor utilizing differential carrier phase mea-
surements across multiple reference stations was introduced
to instantaneously detect ionospheric gradients. The simplified
double difference carrier phase measurement model between
two antennas for a faulted satellite i and a fault-free satellite
j is given by

∆2φ12 = ∆eT b12 + λ∆2n12 + ∆I + ∆2νφ12
(8)

where ∆2φ12 is double difference carrier phase measurement.
∆e is the differential user-satellite line of sight unit vector.
∆2n is double difference cycle ambiguity, and ∆I is differ-
ential ionospheric error between antennas.

The ionospheric anomaly ∆I is described by the following
model [15]

∆I = bT12α (9)

Therefore, the test statistics can be formed, assuming known
ambiguities as we will show in the next section, as

q = ∆2φ12 −∆eT b12 − λ∆2n12 = bT12α+ ∆2νφ12
(10)

Comparing equation (7) and (10), we can see that the
monitor is quite similar and that its test statistics sensitivity is
directly influenced by the baseline length.

III. MONITOR INITIALIZATION

A. Resolving the cycle ambiguity for the Ephemeris Monitor

The cycle ambiguity estimate required to compute q in
in (7) needs to be immune to the ephemeris fault. We may
eliminate the dependency on the ephemeris by differencing
the pseudorange measurements from the carrier phase:

ZCMC = φ− ρ = λn− 2I + νφ − νρ (11)

The effect of ionospheric errors can be attenuated by taking
the difference of ZCMC between two antennas (12).

∆ZCMC12
= ZCMC2

−ZCMC2
= λ∆n− 2∆I + ∆νφ−∆νρ

(12)
The error in ∆ZCMC12

is dominated by thermal noise and
multipath errors in ∆νρ, which are much larger than the
sub-cm level carrier phase noise or the 2-4 mm/km differ-
ential ionospheric residual errors (vertical errors). Filtering
∆ZCMC12 reduces the effect of these errors and may allow
resolving the integer ambiguity term ∆n12 (13).

∆n̂12 =

∑
∆ZCMC12

τ
= ∆n12 + ε∆n̂ (13)

where τ is the estimated number of independent samples being
averaged and

ε∆n̂ ∼ N(0,
σZCMC√

τ
) (14)



B. Resolving the cycle ambiguity for IGM

Similarly, we will use the pseudorange measurement to
estimate the cycle ambiguities, by adding it to carrier phase
measurement, to eliminate the effect of the ionospheric fault:

φ+ ρ = 2(r + T + c(δtsat − δtrec)) + λn+ νφ + νρ (15)

The effect of nominal tropospheric delay and clock bias errors
can be attenuated by taking the double difference of φ + ρ
between two satellites and two antennas (16). Since this
monitor operates under fault-free ephemeris hypothesis, the
range term ∆2r is known and can be evaluated as ∆eT b12,
which leads to, equation (17)

∆2(φ+ ρ) = 2∆2r + λ∆2n+ ∆2νφ + ∆2νρ (16)

∆2ZCPC = ∆2(φ+ ρ)− 2∆eT b12 = λ∆2n+ ∆2νφ + ∆2νρ
(17)

The error in ∆2ZCPC is dominated by thermal noise and
multipath errors in ∆2νρ. Filtering ∆2ZCPC reduces the effect
of these errors and may allow resolving the integer ambiguity
term ∆2n (18).

∆2n̂ =

∑
∆2ZCPC
τ

= ∆2n+ ε∆2n̂ (18)

where τ is the estimated number of independent samples being
averaged and

ε∆2n̂ ∼ N(0,
σZ2

CPC√
τ

) (19)

C. Impact of the rounding process on the test statistics

The float ambiguity estimate in (13) and (18) may not be
sufficient to meet the requirements. The error in the float
ambiguity estimate itself must be incorporated to the test
statistic q in (7) and (10). One way to reduce the estimate
error is by increasing the filtering period. But to reach the
level of the carrier phase noise in q, and thus have minimal
impact on the monitor’s detection capabilities, filtering periods
lasting hours would be necessary. Therefore, this approach is
deemed not practical.

Instead, the integer ambiguity can be computed by rounding
the averaged value of ∆n̂ and ∆2n̂. The introduction of
rounding means that the test statistic error will be the same
as the carrier phase noise error (no impact). However, the
rounding process, which is nonlinear and may result in correct
or incorrect integers, will cause the test statistic to be mixed
Gaussian distribution (Figure 1). Therefore, the likelihood of
rounding to the wrong ambiguity must be accounted for. Recall
that since ∆ZCMC and ∆2ZCPC are fault free, only noise
may cause the ambiguity to be rounded to the wrong integer.
Under fault-free conditions, a wrong ambiguity fix will cause
the test statistic to be biased, which may cause a false alarm.
Under the fault hypothesis, this incorrect fix may mask the
actual fault, and thus causing a missed detection.

The probability of rounding to the correct ambiguity, or any
specific incorrect one, can be computed from the Gaussian
cumulative distribution function (CDF) given the distribution
of ε∆n̂ and ε∆2n̂ in (14) and (19) respectively. For example,

Fig. 1. Illustration of the mixed Gaussian distribution of the test statistic q
as a result of rounding

Fig. 2. Example of cycle ambiguity correct and incorrect fix regions

Figure 2 highlights the regions corresponding to a correct fix
and incorrect fixes of ±1 integer cycle.

IV. MONITOR FALSE ALARM AND MISSED DETECTION

It is practically not possible to integrate the mixed Gaussian
distribution in Figure (1) to evaluate the false alarm probabil-
ity. Given that the correct fix and all incorrect fix events are
mutually exclusive and exhaustive events and using the total a
law of probability, we may express the false alarm probability
under the null hypothesis H0 (fault-free) as

Pfa = P{q > T | H0} =P{q > T | H0, CF}P{CF}+
P{q > T | H0, IF}P{IF}

(20)

For simplicity, at this stage, we will conservatively assume
that any incorrect fix event will result in a false alarm
(P{q > T | H0, IF} = 1). Since IF and CF events are
mutually exclusive and exhaustive, P{IF} = 1−P{CF}. As
a result, the probability of false alarm in (20) can be bounded
as

Pfa ≤ P{q > T | H0, CF}P{CF}+ (1− P{CF}) (21)

Equation (21) illustrates that the probability of correct fix must
be high enough such that the term (1 − P{CF}) is smaller
then the allocated false alarm probability (in the order of 10-8

for GBAS CAT III). In order to achieve such probability, the
float ambiguity estimate in (13) and (18) needs to be filtered
for more than 3 hours, which is not practical. Instead, we will
provide a tighter bound on the false alarm probability in (21)
by accounting for the impact of some incorrect fixes on the



test statistic, while bounding the effect of the other incorrect
fixes [16], [17].

Incorrect fix events in (20) include infinite number of the
mutually exclusive discrete incorrect fix events, and when
expanded we can rewrite (20) as

Pfa =P{q > T | H0, CF}P{CF}+
inf∑
i=1

P{q > T | H0, IFi}P{IFi}
(22)

Now, we will use the same bound technique as in (21), but
only for a subset of incorrect fixes (n+1):inf [17].

Pfa ≤P{q > T | H0, CF}P{CF}+
n∑
i=1

P{q > T | H0, IFi}P{IFi}+

(1− P{CF} −
n∑
i=1

P{IFi})

(23)

Even if many terms are computed in the series term in (23)
to provide a tight bound, we may still need to filter for
prolonged periods before meeting the required level of Pfa.
In response, we will introduce multiple threshold regions as
illustrated in Figure 2. If the test statistic lies inside the regions
corresponding to the correct fix, or the regions corresponding
to ±1 cycle ambiguity, no alarm is triggered. Equation (24)
provides a mathematical definition of the threshold regions

{|q| � T} , {T < |q| < λ− T} ∪ {|q| > λ+ T} (24)

Fig. 3. Illustration of the threshold regions defined in (24)

Using the definition in (24), we may rewrite Pfa in (23) as

Pfa ≤P{q � T | H0, CF}P{CF}+
n∑
i=1

P{q � T | H0, IFi}P{IFi}+

(1− P{CF} −
n∑
i=1

P{IFi})

(25)

Now, A missed detection will occur if the test statistic is
inside the threshold regions under the fault hypothesis Hf

(Figure 3)

Pmd ≤P{q ≺ T | Hf , CF}P{CF}+
n∑
i=1

P{q ≺ T | Hf , IFi}P{IFi}+

(1− P{CF} −
n∑
i=1

P{IFi})

(26)

V. MONITOR REQUIREMENTS

The probability of false alarm is set to 10-8 for both
ephemeris monitor and IGM to satisfy the GBAS continuity
requirement.

A. Ephemeris monitor

In GBAS Approach Service Type D (GAST-D) CAT III,
the current Standards and Recommended Practices (SARPs)
has no requirements specifically placed on the ephemeris
monitor. Two requirements apply to the post-monitoring error
in the corrected pseudorange, and are depicted in Figures 4
and 5 [18]. In both cases, the requirement applies to the
probability of missed detection as a function of the size of
the error due to the fault. The difference between the two
requirements is whether or not there is a prior probability of
a fault. Figure 4 represents the requirement without taking
the fault prior probability into account. Figure 5 shows the
PMD requirements weighted by the prior probability. So, the
difference is that in Figure 5, the PMD performance curve
from the monitor is weighted by the prior probability then
sketched and compared to the highlighted area. The ephemeris
monitor PMD should satisfy both requirements. In this work,
we assume a prior probability of ephemeris fault of 10-5.

Fig. 4. Requirement on probability of missed detection assuming no a priori
knowledge of the probability of a fault.



Fig. 5. Requirement on probability of missed detection when a priori
knowledge of the probability of a fault is available.

B. IGM

In GBAS Approach Service Type D (GAST-D) CAT III, the
integrity risk for IGM is 10-9 with an assumed prior probability
of ionospheric faults of 10-3. Thus, IGM needs to meet a
missed detection probability of 10-6.

Based on experimental analysis of data collected by the
Federal Aviation Administration (FAA) Technical Center, it
was shown in [19] that the cumulative probability distribution
of the double difference carrier phase measurement error can
be overbounded by a zero-mean Gaussian distribution with
a standard deviation of 6 mm, and the double difference
pseudorange is bounded by a standard deviation of 84cm.
Based on the same data analysis, the time constant of the
pseudorange is 2 sec [19].

In computing the ambiguities for the ephemeris monitor,
differential ionospheric error standard deviation of 2mm/km
is assumed based on the results in [20], which is converted
to a conservative range error using the obliquity factor for a
satellite at 3 degree elevation.

VI. PERFORMANCE EVALUATION USING SINGLE
BASELINE.

There are two parameters that drive the performance of the
monitor: filtering period and baseline length.

A. Filtering period

Filtering is applied initially to get the ambiguities needed to
compute the test statistics. Therefore, the longer the filtering
period, the higher the probability of correct ambiguity fix and
the longer the monitor has to wait to compute a test statistic
and starts monitoring for ephemeris and IGM faults. During
this time, GBAS ground will not broadcast the monitored
satellite corrections until it is validated by both monitors.
Using Equation (21) and the error models described earlier,
the ambiguities need to be filtered for 3 hours until the term
(1-P{CF}) is small enough to satisfy the probability of false

alarm requirement. Therefore, in the forthcoming analysis, we
will use the three threshold region introduced in section (IV).

In the ephemeris monitor, we assume that the reference
satellite, which has been validated and tracked for far longer
than the tested one, was filtered for 5400 seconds. Based
on the false alarm analysis, we needed a filtering period of
605 sec and a threshold of 38mm was adequate to meet 10-8

(Pfa) using 1000m long baseline. To evaluate Pmd, different
ephemeris fault gradients have been simulated to evaluate Pmd.
For a 3o glide slope, the distance between the aircraft and
reference antennas is 5km at the decision height. Therefore, the
ranging error resulting from an ephemeris fault is computed
by multiplying the ephemeris fault gradient by 5km distance.
This process is then repeated for all tested gradient values.
Figure (6) shows the resultant Pmd, where the highlighted
area illustrates the ephemeris monitor requirements shown in
(4) and (5). The pink diamond points represent probability of
missed detection conditioned on a correct fix and weighted by
the probability of correct cycle ambiguity(first term in (26)).
The green square and blue circle curves represent the terms in
(26) corresponding to +1 and -1 incorrect fix respectively. The
summation of all three curves (represented by the red curve)
shows the total probability of missed detection, which does
not satisfy the requirements.

Fig. 6. Pmd vs ranging error using ± 1 incorrect ambiguity knowledge for
1km baseline.

As for the IGM monitor, a filtering period of 1138 sec and
a threshold of 40mm were adequate to satisfy probability of
false alarm requirement using 1000m long baseline. Different
ionospheric gradients have been simulated to evaluate Pmd.
The continuous horizontal blue line indicates the required
the probability of missed detection for IGM. As explained
in figure(6), pink diamond, green square and a blue circle
(Figure 7) represent three terms of (26) corresponding to the
correct cycle ambiguity, -1 incorrect ambiguity and 1 incorrect
ambiguity respectively. And, the red curve shows the resultant
Pmd for IGM which illustrates that requirement to detect



ionospheric gradient greater than 300 mm/km is not satisfied.

Fig. 7. Pmd vs iono fault gradient using ± 1 incorrect ambiguity knowledge
for 1km baseline.

In both monitors, a further increase in filtering period
increases the probability of correct ambiguity fix, while reduc-
ing the incorrect fix probability. For the ephemeris monitor,
this increase in the filtering period reduces the probability
levels in the third peak of the green curve in Figure (6)
(helpful in meeting the requirements). However, it will have
no effect on reducing the probability levels of the second
peak, which corresponding to the correct fix probability (pink
curve). Therefore, even if much longer filtering periods are
used, the resultant Pmd will not meet the requirements. This
is a byproduct of the introduction of the three threshold regions
in Figure (3) needed to meet the false alarm requirement. In
contrast, if the 2 hour filtering period is used for the IGM, the
third peak in Figure (7) goes below the required value (blue
curve), and the second peak does not violate the required value
of 300 mm/km, thus meeting the requirement.

B. Baseline length

Now we will investigate the effect of the baseline length on
monitor performance. Observing the test statistics in equation
(7) and (10), we can see that it is proportional to the baseline
length under fault conditions. Thus, increasing the baseline
length allow the monitor to detect smaller fault gradients,
compared to shorter baselines. For example, the red curve in
figures (6) and (7) shifts towards the left. For the ephemeris
monitor, figure (8) shows the probability of missed detection
for an example baseline length of a 1.5km with filtering
period of 656 sec and threshold of 38mm, which meets the
requirements. Notice that the filtering period was increased
to compensate for the increased differential ionospheric delay
that is proportional to the baseline length in (12). Figure (9)
shows the probability of missed detection for the same baseline
length of 1.5km and filtering period of 1138 sec, which also
meets the requirements. Therefore, both monitors meet the

requirements if the baseline is at least 1.5km with filtering
period of 656 sec for the ephemeris monitor and 1138 sec for
the IGM monitor.

Fig. 8. Pmd vs ranging error using ± 1 incorrect ambiguity knowledge for
a 1.5km baseline.

Fig. 9. Pmd vs iono fault gradient using ± 1 incorrect ambiguity knowledge
for 1.5km baseline.

VII. PERFORMANCE EVALUATION USING MULTIPLE
BASELINE.

In the previous section, we discussed the sensitivity of the
monitor’s performance to baseline length and filtering periods.
But certain airport facilities may have space restriction that
does not allow for antennas to be installed 1.5km apart. In this
case, we may utilize a second baseline improve the detection
performance (figure 10)). In this configuration, the monitor
will compute two different test statistics (one for each baseline
length) and trigger an alarm if either test statistics exceeds the
threshold regions.



Fig. 10. Illustration of two baselines used for detection

For ephemeris monitor, the test statistics are defined as,

q1 = ∆2φ12 −∆eT b12 − λ(∆ni12 −∆nj12) = bT12δei + ∆νφ12

q2 = ∆2φ13 −∆eT b13 − λ(∆ni13 −∆nj13) = bT13δei + ∆νφ13

if {q1 � T} ∪ {q2 � T} → alarm
(27)

And for the IGM monitor, the test statistics are defined as,

q1 = ∆2φ12 −∆eT b12 − λ∆2nij12 = bT12α+ ∆νφ12

q2 = ∆2φ13 −∆eT b13 − λ∆2nij13 = bT13α+ ∆νφ13

if {q1 � T} ∪ {q2 � T} → alarm

(28)

Due to using the same antenna in both statistics, q1 and
q2 will be correlated. The correlation can be captured in
the measurement noise covariance matrix. The monitor’s test
statistics become multidimensional mixed Gaussian distribu-
tion. Figure 11 illustrates a probability contour plot of the
distribution and the threshold regions of such a monitor. The
false alarm probability corresponds to the integration of the
distribution over the non-highlighted regions. Mathematically,
(25) becomes:

Pfa = P{q1 � T ∪ q2 � T | H0} = P{q1 � T | H0}
+ P{q2 � T | H0} − P{q1 � T ∩ q2 � T | H0}

(29)

Bounding the first two-term in (29) can be carried out as shown
in (25). The third term in (29) can be bounded as,

P{q1 � ∩ q2 � T} ≤ P{q1 � T ∩ q2 � T | CF1∩2}

P{CF1∩2}+

l∑
k=1

P{q1k � T ∩ q2k � T | IFk}

P{IFk}+ (1− P{CF1∩2} −
l∑

k=1

P{IFk})

(30)

On the other hand, a missed detection will occur if both
test statistics are inside of the threshold regions under the fault
hypothesis Hf (Figure 12).

Pmd = P{q1 ≺ T ∩ q2 ≺ T |Hf} (31)

Fig. 11. Contour plot showing the multivariate mixed Gaussian distribution
corresponding to the multi-baseline monitor and the threshold regions

Similar to the false alarm probability in the previous subsec-
tion, (31) can be bounded as,

P{q1 ≺ T∩q2 ≺ T} ≤ P{q1 ≺ T ∩ q2 ≺ T | CF1∩2}

P{CF1∩2}+

l∑
k=1

P{q1k ≺ T ∩ q2k ≺ T | IFk}

P{IFk}+ (1− P{CF1∩2 −
l∑

k=1

P{IFk})

(32)

Under fault conditions, the mean (which corresponds to the
maximum peak of the distribution) of the multivariate mixed
Gaussian distribution will be moving along the fault slope as
shown in Figure 12. It can be easily shown from (27) that the
fault slope, which is the ratio of q2

q1
, is equal to b13

b12
.

Next, we will investigate the performance of the monitors
for two baselines of 200m and 700m long. For the ephemeris
monitor, filtering period of 492 sec and threshold of 37mm is
adequate to meet the probability of false alarm. Figure 13
shows the resultant Pmd of the multiple baseline monitor.
Unlike Figure 6, where there were three peaks with two
penetrating through the highlighted threshold region (Figure
3), in the multiple baseline case, different baseline lengths
allow the fault slope to avoid the third threshold region and
only one peak is observed on both monitors.

For the IGM monitor, 900 sec of filtering period and a
threshold of 35.2mm is adequate to meet the probability of
false alarm. Similar the ephemeris monitor, only one peak
shows up in the Pmd curve, due to using the two baseline.
However, this configuration of baseline and filtering period



Fig. 12. Contour plot showing the multivariate mixed Gaussian distribution
corresponding to the multi-baseline monitor, the missed detection regions, and
the fault slope

Fig. 13. Pmd vs ranging error using ± 1 incorrect ambiguity knowledge for
700m and 200m baseline.

only detects gradient greater than 326 mm/km, which exceeds
the 300 mm/km requirement. Next, we will investigate couple
approaches to improve the IGM performance.

A. Changing baseline length keeping ratio same.

Previously in subsection VI-B, we have seen that increasing
the baseline length moves the Pmd curve towards the left.
Therefore, to improve the performance in Figure 14, a longer
baseline is expected to shift Pmd to the left, thus meeting 300
mm/km. For example, we increased the long baseline length
to 1km, while keeping the ratio of both baselines the same at
2/7, which results in the 285m baseline. Figure 15 shows that

Fig. 14. Pmd vs iono fault gradient using ± 1 incorrect ambiguity knowledge
for 700m and 200m baselines.

the minimum detectable gradient now becomes 225 mm/km,
and thus meeting the requirement. This example baseline
combination also shifts the Pmd curve of the ephemeris to
the left, thus still meeting the requirement.

Fig. 15. Pmd vs iono fault gradient using ± 1 incorrect ambiguity knowledge
for 1km and 285m baselines.

B. Modified Threshold regions

In this work, we also considered other methods to improve
the monitor performance. For example, 900 seconds of filtering
period, during which GBAS ground station is not allowed to
broadcast the satellite correction to the aircraft, maybe too
long operationally. Therefore, in this section, we consider
expanding the threshold regions to include ±2 cycle ambi-
guities (Figure 17). Equation (33) provides a mathematical
definition to Figure 17. We will not implement the 5 threshold
region expansion for single the baseline monitor because the



additional regions will generate additional two peaks on figure
9 when the fault passes through the threshold region.

Fig. 16. Illustration of the mixed Gaussian distribution of the test statistic q
as a result of rounding ± 2 cycle ambiguity off.

Fig. 17. 5 threshold region for single baseline.

{|q|m T} ,{T < |q| < λ− T} ∪ {λ+ T < |q| < 2λ− T}
∪ {|q| > 2λ+ T}

(33)

Similarly to Equation (29) and (31), the probability of false
alarm and probability of missed detection are expressed in
terms of the definition in (33) as shown in (34) and (35).

Pfa = P{q1 m T ∪ q2 m T | H0} = P{q1 m T | H0}
+ P{q2 m T | H0} − P{q1 m T ∩ q2 m T | H0}

(34)

Pmd = P{q1 l T ∩ q2 l T |Hf} (35)

Similar to process explained in sectionVII Equations (34) and
(35) can be bounded using equation (25),(30) and(32).

For the IGM monitor, Equation (34) was used in the false
alarm analysis where the filtering period that meets the false
alarm probability has been reduced to 289 sec with a threshold
of 36mm. Using two baseline lengths of 1000m and 285m,
the probability of missed detection is plotted in figure 19.
As expected, two additional peaks are observed on the Pmd
curve because of the two additional threshold regions. In
addition, Pmd is higher than the requirement of 10-6 in this
case, because the lowest achieved Pmd is proportional to
(1−P{CF}−

∑
P{IF}) as seen in equation (32) (the upper

bound for (35)). In this case, increasing the filtering period
may help to decreased the lowest Pmd in Figure 19 but the
third and fourth peaks on Pmd curve are only decreased by 2

Fig. 18. 25 threshold region for multiple baseline.

Fig. 19. Pmd vs iono fault gradient using ± 2 incorrect ambiguity knowledge
for 1km and 285m baselines.

hours of filtering. In conclusion, introduction of 5 threshold
region is helpful to reduce the probability of false alarm but
introduces more peaks on Pmd curve.

C. Effect of Baseline length ratio

In this subsection, we want to improve the probability of
missed detection with the 5 threshold regions. To investigate,
Let us start with 1000m and 285m baselines configuration. The
fault slope is plotted, in Figure 20, whereas the mean of the
fault slides on the fault slope (for different magnitudes), Pmd
increases whenever the fault mean is close to or penetrates the
threshold region. Therefore, in Figure 20, the slope penetrates
or is close to 4 of the threshold regions (counting the origin
of the fault as an example), which explains the four peaks and
Pmd behavior observed in Figure 19. Since the fault slope
is proportional to baseline lengths, we can vary the baseline
lengths such that the fault slop avoids passing through the
threshold regions. By optimization, it is found that baseline



lengths of 1000m and 176m result in the best Pmd that
meets the requirement (Figure 21 and 22). The expansion of
the threshold regions can also be applied to the ephemeris
monitor. Notice that there is only one optimized baseline
lengths ratio (0.176) which satisfies the probability of missed
detection for IGM monitor using 5 threshold regions, while
few options of baseline length ratio work for the ephemeris
monitor. In contrast, using three threshold regions provides
wider flexibility in the baseline length ratio (in the range 0.24
to 0.32). The price of this flexibility in baseline lengths using
three threshold regions comes at the expense of longer filtering
periods as shown in section VII.

Fig. 20. Worst case fault slope having -2 incorrect ambiguity fixed for
baselines 1000m and 285m

Fig. 21. Worst case fault slope having -2 incorrect ambiguity fixed for
baselines 1000m and 176m

Fig. 22. Pmd vs iono fault gradient using ± 2 incorrect ambiguity knowledge
for 1km and 176m baselines.

VIII. TROPOSPHERIC TURBULENCE

The Spatial gradient monitor developed in section VI
and VII are highly sensitive to spatial gradients to satisfy
GBAS detection requirements for ionospheric fronts and orbit
ephemeris failures detection. However, short duration localized
neutral atmospheric disturbances (sometimes called tropo-
spheric turbulence) can also appear as gradients. [21]. Tro-
pospheric turbulence produces small differential measurement
errors, which are not hazardous to GBAS users but may still
trigger the gradient monitor causing false alarms that will
ultimately have an adverse effect on the navigation continuity
for GBAS users.

The nominal tropospheric error can be eliminated using dif-
ferential measurements. However, some localized tropospheric
anomalies have been observed [22], [23], which happen due
to many reasons: strong wind shears, temperature gradient,
unbalanced flow, mountain-waves, and gravity wave wind
shear [24]. In [26], tropospheric turbulence caused up to 10cm
of double difference carrier phase residual error for a baseline
length of about 2.1km. The monitor may interpret the gradient
magnitude caused by a tropospheric anomaly to be as large as
an ionospheric gradient [21] causing the monitor to trigger
an alarm. However, tropospheric anomalies typically exist in
the lower atmosphere and only affect small areas. They are
no hazardous to aircraft using GBAS because the resulting
differential ranging errors are typically on the order of a few
centimeters [25].

Since tropospheric turbulence is a local effect, we are
proposing to use a parallel replica baseline configuration, but
at a distance larger than the scale of tropospheric anomalies.
For example, for the multiple baseline configuration in Figure
10, we propose a configuration as shown in Figure 23 to
eliminate false alarms by the tropospheric anomalies. An
illustrative example, in section VII, the monitor’s performance
is evaluated for baselines of 1000m and 300m for IGM monitor



(Figure 15). In this case, the monitor will alarm only if both
duplicate baselines false alarm (36).

Fig. 23. Illustration of additional baseline under tropospheric turbulence.

q1 = ∆2φ12 −∆eT b12 − λ∆2nij12 = bT12α+ ∆νφ12

q2 = ∆2φ13 −∆eT b13 − λ∆2nij13 = bT13α+ ∆νφ13

q3 = ∆2φ45 −∆eT b45 − λ∆2nij45 = bT45α+ ∆νφ45

q4 = ∆2φ46 −∆eT b46 − λ∆2nij46 = bT46α+ ∆νφ46

if
{
{q1 � T} ∪ {q2 � T}

}
∩
{
{q3 � T} ∪ {q4 � T}

}
→ alarm

(36)

Notice that tropospheric turbulence does not impact the
cycle resolution for the ephemeris monitor, because it is
eliminated in the difference between carrier and code phase
measurements (Equation 11). This, however, is not the case
when computing code-plus-carrier needed to resolve the am-
biguity for the IGM (Equation 15). In order to account for
tropospheric error in ephemeris monitor’s cycle resolution,
FAA data analysis that included those incidents showed that
the differential error standard deviation under tropospheric
anomalies can be bounded by 14mm. This 14mm was used
in computing the standard deviation post filtering ambiguity
that was then used in evaluating the probability of fixing in
all results shown.

The probability of false alarm and missed detection are
given by Equation (37) and (38), respectively, where we
assume that as test statistics 1 and 2 are independent of test
statistics 3 and 4. The bounds for these probabilities can be
derived similarly to Equations (25) and (30). Although the
addition of replica baseline configuration will reduce the false
alarm probability, because the tropospheric turbulence is local
and will impact one of the two configurations, this change has
an impact on the probability of missed detection as illustrated
in equation (38). Comparing (38) to (31), one can notice that
(38) will result in a larger Pmd than (31) due to the additional
statistics from the other configuration, that may have mis-
detection.

Pfa = P{
{
q1 � T ∪ q2 � T

}
∩
{
q3 � T ∪ q4 � T

}
| H0}

= P{q1 � T ∪ q2 � T | H0}P{q3 � T ∪ q4 � T | H0}
(37)

Pmd = P{
{
q1 ≺ T ∩ q2 ≺ T

}
∪
{
q3 ≺ T ∩ q4 ≺ T

}
| Hf}

= P{q1 ≺ T ∪ q2 ≺ T | Hf}+ P{q3 ≺ T ∪ q4 ≺ T | Hf}
− P{q1 ≺ T ∪ q2 ≺ T | Hf}P{q3 ≺ T ∪ q4 ≺ T | Hf}

(38)

From (37), it is evident that a filtering period of 900 sec as in
section VII is sufficient to meet Pfa requirement for baseline
lengths of 1km and 285m. However, the additional terms in
Pmd will cause the low probability flat portion of Pmd to
be greater than the requirement. Therefore, 1100 sec filtering
period is required to satisfy the probability of missed detection
requirement (Figure 24). The same baseline configuration with
600 sec filtering period was sufficient to meet the ephemeris
monitor requirement as shown in Figure 25.

Fig. 24. Pmd vs iono fault gradient under tropospheric turbulence using ±
1 incorrect ambiguity fix for 1km and 285m baselines.

Fig. 25. Pmd vs ranging error under tropospheric turbulence using ± 1
incorrect ambiguity fix for 1km and 285m baselines.



IX. CONCLUSION

In this paper, we introduced a new differential carrier phase
based monitor that utilizes the pseudorange measurements
to resolve the cycle ambiguities and extract the most of
the carrier phase sensitivity to detect spatial gradient faults
due to its low noise. The likelihood of wrong ambiguity fix
is accounted for in evaluating the false alarm and missed
detection probabilities. We discussed different parameters that
impact the performance of the monitor and the way they affect
missed detection and false alarm probabilities. We also address
the monitor’s performance subject to tropospheric turbulence
by adding additional baseline. In the future, we will extend
the developed monitor to detect multiple dimensional spatial
gradient faults.
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