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Abstract—In this paper, a validated stochastic clock random 
error model is used to derive a correct time correlation matrix 
for a sequence of clock random errors. A batch estimator 
incorporating the complete time correlation matrix is developed 
to account for clock random errors. Performance improvement 
for the proposed receiver clock-aided navigation system is fully 
investigated. A benchmark application of an aircraft precision 
approach is used to evaluate the system availability performance 
with a single satellite failure assumption. 
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I.  INTRODUCTION 
Receiver clock aiding has great potential to improve GPS-

based navigation systems in vertical position accuracy, 
integrity, continuity and availability. A perfect receiver clock is 
equivalent to adding one extra perfect measurement (clock 
measurement), which strongly influences vertical position 
estimation. Therefore, better vertical position accuracy and 
fault detection performance (provided by increased 
measurement redundancy) can be expected from a perfect 
receiver clock-aided GPS navigation system. With current 
technologies, a high quality (albeit, not perfect) receiver clock 
is feasible and affordable to many GPS navigation system users. 
A receiver clock-aided GPS navigation system is well suited to 
integrity-driven applications (for example, aviation). The key 
point in this paper is to protect the integrity of the receiver 
clock aided system by ensuring the integrity of the clock model 
itself. 

Traditionally, receiver clock aiding is done either through a 
least squares process that fits a series of clock estimates to a 
linear model [1] or through a Kalman filter which utilizes a 
clock dynamic model with non-time-correlated process noise 
[2]. Basically, they are all based on a fundamental clock error 
model: 

 kk tkf δθθθ +Δ××Δ+Δ=Δ 00  (1) 

where 
kθΔ  is the clock phase deviation at epoch k, 

0θΔ  and 
0fΔ  

are the initial clock phase and frequency deviations 
respectively, Δt is the sampling period, and  is the clock 
phase random coasting error at epoch k. 

kδθ

Existing methods in [1] and [2] implement simplified clock 
random error models whose effect on system integrity is 
unknown. To ensure clock-aided navigation system integrity, a 
clock-phase error model providing a statistical description of 
the random clock error over time is needed. Stochastic models 
for clock-phase random coasting error have been developed in 
the past in [2] and [3]. However, implementation of a clock 
stochastic model in GPS positioning has not been addressed.  

A stochastic model for clock-phase random coasting error 
was re-visited and validated for high-quality atomic clocks in 
[4]. In this paper, the complete time correlation of clock 
random errors is analytically derived using the clock error 
model validated in [4]. A batch estimator that correctly 
accounts for the time correlation of receiver clock random 
errors is developed to ensure the integrity of position 
estimation of a clock-aided navigation system. In addition, a 
more traditional two-state Kalman filter model for receiver 
clock aiding is compared with new batch estimator to illustrate 
the fundamental difference in handling clock-phase coasting 
errors in time. The batch estimator is shown to account for the 
clock random error more rigorously than the traditional 
Kalman filter implementation. 

The positioning performance of the batch estimator without 
receiver clock aiding is also investigated. An equivalency in 
position accuracy between batch position estimation and snap-
shot positioning is analytically derived. When the natural 
satellite geometry variations are taken into account in the batch 
interval, significant improvement in position accuracy can be 
achieved for the batch estimator. The improvement results from 
enhanced observability on carrier-phase ambiguities provided 
by geometry change. It is also shown that accuracy 
improvement with receiver clock aiding is minimal, but that the 
main advantage of receiver clock aiding is improving the 
system integrity. 



A solution separation detection scheme using a multiple-
hypothesis approach is adopted as the means for fault detection 
[5] [6]. Reduction in vertical protection level (VPL) is 
quantified by comparing VPLs generated for a traditional 
smoothed code positioning process and for the batch estimator 
with and without receiver clock aiding. It is shown that a high-
quality receiver clock can significantly improve both the 
system availability and continuity. 

In the end, aircraft precision approach navigation is selected 
as benchmark application to evaluate the system performance 
for the high-integrity receiver clock-aided batch estimator. It is 
implemented in the context of the GNSS Evolutionary 
Architecture Study (GEAS), an FAA effort to define and 
evaluate potential navigation architectures for global aircraft 
precision approach capability (LPV-200 [8]). A candidate 
GEAS architecture, which is called Advanced RAIM (receiver 
autonomous integrity monitoring) or ARAIM [5] [7], is 
adopted. In the frame work of the GEAS ARAIM architecture, 
we analyze the availability achievable for the batch estimator 
navigation system with various clock-aiding scenarios. The 
performance results for the receiver clock aided systems are 
very encouraging in terms of the global coverage of achieving 
99.5% availability.  

TABLE I. QUALITY OF DIFFERENT CLOCKS

Frequency Power Spectrum Coefficient
Clock Type 

h0 h-1 h-2 

Chip-scale atomic clock [9] 8x10-21 2.9x10-22 6.1x10-25 

Rubidium clock [10] 5.3x10-22 0 1.2x10-31 

Cesium clock [10] 1.1x10-22 2.1x10-28 0 

II. STOCHASTIC CLOCK ERROR MODEL AND TIME 
CORRELATION OF CLOCK RANDOM ERRORS 

A. Stochastic Clock Error Model 
As shown in equation (1), the clock phase deviation of a 

stable clock can be generally modeled as the sum of an initial 
phase offset, the time-linear phase deviation from an initial 
frequency offset and a clock-phase random coasting error. The 
clock-phase random coasting error is caused by clock 
frequency instability. The randomness of frequency errors 
results in unpredictable clock-phase random errors. Therefore, 
a stochastic model is needed to mathematically describe the 
dynamics of clock-phase coasting errors. 

A previously validated stochastic clock error model has 
been developed in [2] [3]. The model is derived from three 
frequency error sources: white frequency error, flicker 
frequency error and random walk frequency error. The 
corresponding power spectrum for the three frequency errors is:  
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where  is the magnitude of the frequency power for white 
frequency error, 1−h  and 2−

 are the magnitudes of the 
frequency power for flicker and random walk frequency errors 
respectively, and  is Fourier frequency in Hz. 
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The variance of the stochastic clock-phase error resulting 
from (2) is derived in [2], [3] and [4] as: 
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where  is the variance of the clock-phase random coasting 
error and 

2
δθσ

tΔ  is the coasting time. Table I lists example 
frequency power spectrum magnitudes for different clock 
qualities. 

The clock model validity and the period over which (3) is 
applicable (up to 60 minutes for the clocks in Table I) have 
been studied in [4]. 

B. Time Correlaton of Clock Random Errors 
Clock-phase random coasting errors result from the 

integration of frequency errors over time. Hence, they are 
correlated in time. The time correlation of clock random phase 
errors has to be accounted for to ensure the integrity of a GPS 
navigation system using receiver clock aiding. An equation for 
the time correlation of clock random phase errors has been 
previously derived in [3]. We revisit the derivation in Appendix 
A. To derive the time correlation of clock random errors, the 
same methodology used to compute (3) is employed. The result 
for time correlation between clock-phase random errors at 
coasting times Δti and Δtj is shown below: 
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where ,  and  are: 
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Considering a sequence of clock measurements described in 
(1), the sequence of clock random coasting error components 
can be arranged in vector from: 

 [ ]Tkw ttts )()()( 21 ΔΔΔ= δθδθδθ L
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 Then, a complete time correlation matrix for the clock 
random error sequence can be obtained by: 
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where  is the time correlation matrix for clock random 
errors. 

δθW

The diagonal elements in the time correlation matrix are the 
variances of clock random errors shown in (3). The off 
diagonal terms are obtained by using the time correlation 
equation (4) to complete the time correlation matrix for clock 
random errors. 

III. OPTIMAL BATCH ESTIMATOR FOR RECEIVER CLOCK-
AIDED POSITION ESTIMATION 

To exploit the time correlation information derived from 
the clock random error model, a batch-type estimator is 
selected for its ability to accommodate the complete clock time 
correlation matrix. This batch estimator is implemented as a 
moving window with a fixed batch interval. A 30 minute batch 
interval is chosen, which ensures validity of the clock error 
model and limits the computational burden. Smoothed codes 
and carrier measurements in the batch interval are sampled at 
two times the smoothing time (at which time-epochs 
measurements are assumed independent), and the correlation 
between smoothed code and carrier measurements is modeled.  

The proposed receiver clock-aided batch estimator is 
compared to a traditional Kalman filter using a two-state clock 
model [2]. To clarify the comparison, the Kalman filter 
implementation is converted into an equivalent batch estimator. 
Both estimators are assuming the same simple measurement 
model of a direct measurement on the clock phase with white 
measurement noise. The details of Kalman-to-batch conversion 
is shown in Appendix B. The resulting measurement 
covariance matrices for these two batch estimators are shown 
below: 
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where cov(v) is the clock-phase measurement white noise 
covariance and P0 is the prior knowledge on initial clock phase 

and frequency offsets.   and )( tktW Δ→Δδθ )(, tktW f Δ→Δδδθ  
are the uncertainties covariance on clock pseudo-measurements: 
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 The measurement covariance matrices, as shown in (6) and 
(7), for both estimators are made of the white noise 
measurement covariance, the prior knowledge on initial clock 
phase and frequency offsets, and the time correlation matrix for 
clock random errors. The first two block diagonal matrices are 
identical for both estimators. However, the optimal batch 
estimator utilizes the complete time correlation matrix 
(including off-diagonal terms), as shown in (8), to account for 
clock random errors. The Kalman-filter-equivalent batch 
estimator uses a sequence of diagonal matrix blocks for clock 
errors as shown in (9) that are mutually uncorrelated. The 
model used in the batch estimator contains all correlation 
information and is therefore mathematically rigorous. 

IV. POSITIONING ACCURACY IMPROVEMENT  

A. Relationship between Batch Position Estimation and 
Snap-shot Positioing 
Positioning performance of the batch estimator itself has to 

be investigated first before studying the benefit of receiver 
clock aiding. In this section, the relation between the batch 
position estimation using code and carrier measurements and 
snap-shot positioning using smoothed code is established. The 
same measurements are used (code and carrier measurements) 
but the two processes yield different results. 

For clarity of explanation, code and carrier multipath errors 
are considered as the only error source. Vertical position 
estimation over one day at one location are computed using the 
batch estimator without clock aiding. A ‘27 minus one’ 
constellation [7] is adopted and the 30 minute batch interval is 
used. 100 second-smoothed code and raw carrier measurements 
are sampled at 200 second intervals. The resulting 
measurement errors are therefore assumed uncorrelated in the 
batch interval. The correlation between the smoothed code and 
carrier is analyzed in Appendix C. Satellite geometries are 
intentionally kept unchanged within the batch interval (no SV 
motion). Vertical position standard deviations over 24 hours 
are shown in Fig. 1. The performance of two snap-shot 
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snap-shot positioning using 1800-sec smoothed code
snap-shot positioning using 1000 sec smoothed code
batch estimator with 1800 sec batch interval

Figure 1. Performance of batch estimator and smoothed code positioning 

positioning examples using smoothed codes is displayed in 
Fig.1 as well. The red curve is the 1000-second smoothed code 
positioning performance, and the blue curve is using 30 minute 
smoothing time. The 1000 second smoothing time was derived 
analytically as being equivalent to the batch estimator assuming 
that raw code and carrier multipath errors are uncorrelated in 
time (β1=0 and β2=0 in Appendix C). The derivation of the 
smoothed code standard deviation with various smoothing 
times is detailed in Appendix C. 

The curves in Fig. 1 for the batch position estimation and 
1000-second smoothed code positioning are overlapping. This 
outcome matches the analytical derivation. It proves that the 
performance of batch position estimation with frozen SV 
geometry is equivalent to that of smoothed code positioning. 
The performance for 30 minute-smoothed code positioning is 
the best among three due to longer smoothing time. 

The same simulation for the batch estimator is now 
performed again, but without freezing the geometry. The 
results are shown in Fig. 2, in which the batch estimator clearly 
outperforms the other processes. The results in Fig. 2 
demonstrate the benefit of geometry change for a batch 
estimation using code and carrier measurements. The reason 
for superior batch estimation performance is that the geometry 
change provides better observability on floating carrier 
ambiguities. 

B. Accuracy Improvement for Reciver Clock Aiding 
The positioning accuracy improvement of receiver clock 

aiding is studied by comparing the positioning accuracy of 
batch estimator with and without clock aiding. The 
aforementioned scenario (27 minus one constellation, multipath 
error only) is simulated for the batch estimator with rubidium 
clock aiding (which quality is listed in Table I). The resulting 
vertical position standard deviation differs very slightly from 
that of the batch estimator without clock aiding. The third 
curve in Fig. 3 represents the performance of a system using a 
virtual clock model which has 100-times better quality than the 
cesium atomic clock in Table I. No obvious deviation can be 
observed either. Therefore, we can conclude that the 
positioning accuracy improvement for receiver clock-aided 

batch position estimation is negligible. The same result was 
observed for other simulated satellite geometries. 

However, the main advantage of using receiver clock aiding 
is to improve the system integrity, especially when the satellite 
geometry is poor. The integrity improvement is provided by 
added system redundancy from the receiver clock model. This 
statement is demonstrated in following sections. 

V. FAULT DETECTION PERFORMANCE AND SYSTEM 
INTEGRITY IMPROVEMENT USING HIGH-INTERITY RECEIVER 

CLOCK AIDING 
Methods to compute the system integrity are briefly 

introduced first. The well-known solution separation fault 
detection algorithm using the multiple hypothesis approach is 
adopted as the means to secure the system integrity under a 
measurement fault condition [5] [6]. A flexible integrity risk 
allocation algorithm was implemented for batch estimator fault 
detection as well [6]. Because measurements at multiple time 
epochs are included in one batch estimation, a prior probability 
of at least one measurement fault for single satellite failure has 
to be derived. An independent satellite failure rate of 1x10-5/hr 
/sv and mean one hour delay for the GPS control segment to 

 [5] [6]. A flexible integrity risk 
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detection as well [6]. Because measurements at multiple time 
epochs are included in one batch estimation, a prior probability 
of at least one measurement fault for single satellite failure has 
to be derived. An independent satellite failure rate of 1x10-5/hr 
/sv and mean one hour delay for the GPS control segment to 
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Figure 3. Performance of batch estimator with and without receiver clock 

aiding 
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Figure 2. Benefit of satellite geometry change for batch estimation 
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Figure 5. VPL reduction in the first peak area 
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Figure 6. VPL reduction in the second peak area
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Batch Estimator w/o receiver clock aiding
Batch Estimator w/ chip-scale atomic clock aiding
Batch Estimator w/ rubidium atomic clock aiding

Vertical requirements to meet LPV-200, which are more 
demanding that the horizontal requirements for precision 
approach, are assumed to compute the system VPL. A 35 meter 
vertical alert limit (VAL) is also assumed in compliance with 
LPV-200 requirements. In addition, VPLs for batch-equivalent 
smoothed code positioning integrity are also computed using 
the algorithm that generates a RAIM based VPL in the GEAS 
ARAIM architecture [7]. 

Figure 4. System integrity performance comparison 

Fig. 4 shows VPL results for four different systems based 
the aforementioned simulation scenario. These systems are a 
1000-second smoothed code positioning process, a 30-minute 
batch estimator without receiver clock aiding, a 30-minute 
batch estimator with chip-scale atomic clock aiding and the 
same estimator with rubidium atomic clock aiding. The results 
show that a batch estimator with good-quality receiver clock 
aiding can significantly reduce VPL peaks caused by bad 
geometries, which are the areas at both ends in Fig.4. Figures 5 
to 6 display the details of the VPL peak areas in Fig. 4. We can 
observe that the rubidium receiver clock aiding can help the 
system coast through these two bad-geometry areas without 
violating the vertical integrity requirements. It performs best 
among all systems, which was expected. The chip-scale atomic 
receiver clock aiding performs much better than the standalone 
batch estimator in the first area, but its performance is similar 
to the standalone batch estimator in the second area. The 

integrity improvement of the chip-scale atomic aiding is 
expected to be lower (because of low clock quality) than the 
rubidium receiver clock aiding. Finally, the standalone batch 
estimator performs better than its smoothed-code-positioning 
counterpart because of the better accuracy provided by the 
batch estimation. 

Although a lower-quality receiver clock provides much less 
help in improving system availability (as shown in Fig. 5), it 
still has great potential to improve system continuity. This is 
especially true for unexpected and severe SV blockages, such 
as those caused by aircraft banking. Fig. 7 displays VPL results 
for an extreme example with only four satellites available 
during partial blockage. In this case, there is no fault detection 
function available if the system has no receiver clock aiding 
(five or more SVs needed). However, the batch estimator with 
chip-sale atomic receiver clock aiding can help the system 
coast through a 200 second period for this severe blockage case. 
The rubidium receiver clock aiding can maintain the system 
integrity much longer, over a 30 minute period in this example. 



TABLE II. BOUNDARY AND CONSERVATIVE SV ERROR MODELS

 Initial error 
offset: m 

Initial error rate 
offset: m/sec Correlation 

Case I Model 0.2 1x10-4 0 

Case II Model 0.5 1x10-4 -0.95 

Case III Model 0.2 1x10-4 -0.95 
Conservative 
Model 0.5 2x10-4 0 
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Figure 7. Continuity improvement from receiver clock aiding 
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Figure 8. Wost VPL for conservative satellite error model 

Up to now, we have investigated specific cases to show 
how the batch estimation and receiver clock aiding help to 
improve accuracy and integrity. The performance of the 
receiver clock-aided system for real applications is evaluated 
for real applications in the next section. 

VI. GLOBAL COVERAGE PERFORMANCE FOR RECEIVER 
CLOCK-AIDED NAVIGATION SYSTEM 

To understand the performance of the batch estimator with 
receiver clock aiding for real applications, the GEAS ARAIM 
architecture is adopted to evaluate the system performance. 
GEAS was defined and studied by the FAA to evaluate 
potential navigation architectures for global aircraft precision 
approach capability (LPV-200 [8]) using modernized dual 
frequency (L1/L5) GPS measurements. In this investigation, 
the vertical position requirements to meet LPV-200 aircraft 
precision approach standards are considered. All GEAS error 
models are adopted in the performance simulation for the 
receiver clock-aided navigation system, except the satellite 
ephemeris and clock error model [7]. 

A. Satellite Clock and Ephemeris Error Model for Batch 
Estimation 
In GEAS, a 0.5 m standard deviation bound (URA) on 

satellite clock and ephemeris error with 10-5 integrity risk is 
used. However, an 8.5×10-4 m/sec satellite clock and ephemeris 
error rate is also assumed, which would lead to a satellite 
clock/ephemeris coasting error larger then URA in 10 minutes. 
However, the current GPS ephemeris is normally updated 
every two hours. 

To address this issue, a linear SV error model which is 
composed of an initial error offset (in meters) and an initial 
error rate offset (in m/sec) is investigated. The SV error model 
with different initial errors and error rates was analyzed with 
positive and negative correlations between the initial error 
offset and error rate. Based on these analyses, the performance 
for three boundary cases, which are consistent with a 0.5 m 
URA for satellite clock/ephemeris error over a two hour period, 
is simulated. Then, a linear model is selected to be more 
conservative than all three boundary cases. Models for the 
boundary cases and the conservative model are listed in Table 
II and simulated VPL results are shown in Fig. 8. The blue 
VPL curve using the conservative model is above the other 
three VPL curves in the figure. 

The satellite clock-phase random coasting error is 
negligible in satellite clock/ephemeris error model due to its 
small magnitude compared to the error from the conservative 
linear error model. 

B. System Performance Evaluation for LVP-200 Application 
Since the future GPS III constellation is most likely to have 

27 SVs, four future possible GPS III constellations considered 
in GEAS are used here to simulate the receiver clock-aided 
navigation system performance. These four constellations are 
24 and 24-minus-1 constellations, and 27 and 27-minus-1 
constellations. The geometry sampling period is 3 minutes. The 
navigation system structure is the same as in previously 
analyzed cases: a moving window batch estimator with or 
without receiver clock adding is implemented with a 30 minute 
batch interval. Measurements sampled at infrequent intervals 
(every 200 seconds) in the batch include 100-second smoothed 
code and carrier measurements. The simulated performance is 
shown in Table III in terms of global coverage of 99.5% LVP-
200 availability. A 5 deg by 5 deg latitude-longitude grid 
locations with latitudes ranging from N 70 deg to S 70 deg and 
longitudes ranging from E 180 deg to W 180 deg is used to 
establish global system performance. 



TABLE III. RECEIVER CLOCK-AIDED NAVIGATION SYSTEM PERFORMANCE

Global Coverage: % 
 

24-1 24 27-1 27 

Batch Estimator (BE) only 63.8 98.1 91.1 100 

BE w/ chip-scale atomic clock 
aiding 65.4 98.2 91.4 100 

BE w/ rubidium clock aiding 99.6 100 100 100 

 

In Table III, the first row is the performance of the batch 
estimator only. We can see that it only reaches 100% global 
coverage for the 27 constellation. The second row is the results 
of the batch estimator with chip-scale atomic clock aiding. The 
system performance is similar to that of the batch estimator 
only, with some improvement for the 24-1 constellation. The 
bottom row is the performance of the batch estimator with 
rubidium clock aiding. The system achieves 100% global 
coverage for all constellations except 24-1. In general, the 
performance for receiver clock-aided batch estimator algorithm 
shows a great potential in improving system availability. 

VII. SUMMARY AND FUTURE WORK 
In this work, the time correlation of receiver clock-phase 

random coasting errors has been analytically verified using a 
previously validated clock random phase variance equation. A 
complete time correlation matrix for a sequence of clock 
random errors has been derived. 

A batch estimator that fully accounts for the receiver clock 
random errors and their time correlation has been developed to 
ensure error modeling integrity of a clock-aided navigation 
system. 

Improvements in position accuracy and fault detection 
performance have been fully investigated using the batch 
estimator. Reduction in VPL peak values has been 
demonstrated for the receiver clock-aided system, resulting in 
significant potential improvement in system availability. 

A benchmark LPV-200 application based on the GEAS 
ARAIM architecture was adopted to illustrate the performance 
of the high-integrity receiver clock-aided system. Global 
coverage results are promising even in cases of poor satellite 
geometry. 

In future work, the receiver clock-aided navigation system 
performance will be verified using experimental data. 
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APPENDIX 

Appendix A 
In this Appendix, the equation for the time correlation of 

clock random phase errors [3] is re-visited, starting with the 
power spectrum equation for the three clock frequency error 
sources shown in (2): 
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Each error source can be modeled as unit white noise 
passing through a transfer function in the Laplace domain (‘s’ 
domain), and its contribution to the clock-phase random 
coasting error is the time integral of the resulting inverse 
Laplace function. The equations that transfer the white noise 
into clock-phase random errors for the three error sources are 
respectively expressed as: 
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Three impulse response functions are obtained for the 
transfer functions above. The clock-phase random errors can be 
modeled in the time domain by the time convolutions of the 
unit driving white noise (n0, n-1 and n-2) with the impulse 
response functions ( ,  and ). 
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The time correlation of clock-phase random coasting errors 
between coasting times Δti and Δtj is given by: 
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Since there is no correlation between each individual white 
error sources, equation (a.4) can be re-written as: 
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A general formula for the auto correlation of the clock-
phase random coasting error contribution from one frequency 
error source x (with driving white noise nx and impulse 
response function hx) between time t1 and t2 is given by: 
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Applying equation (a.6) to the auto correlation terms in 
equation (a.5), the auto correlation of each phase random error 
is expressed as: 
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Equations (a.7)-(a.9) are used in (4). When the coasting 
time Δti = Δtj , the equation (a.5) results in the same as equation 
(3). 

Appendix B 
Direct measurements on clock phase with white 

measurement noise is assumed, a batch of clock measurements 
can be formed based on (1): 
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where 0θΔ and 0fΔ are the initial clock phase and frequency 
offsets. The measurement noise vk of measurement mk at epoch 
time k is assumed uncorrelated in time.  is the sampling 
interval and 

tΔ
kδθ  is the clock-phase random error at time epoch 

k. 

A batch measurement equation for this simple example can 
be constructed as: 
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where is the modeled uncertainty on the pseudo-
measurement for clock-phase random error 

k
wδθ

kδθ . 

Equation (b.2) takes the form:  

  (b.3) BEBEBEBE vsHm vvv +=

The measurement vector , observation matrix  
and measurement noise vector BEv  in (b.2) are all made of two 
parts (separated by a horizontal line for clarity of explanation). 
For the observation matrix, the upper part is the matrix 
constructed using (b.1), and the lower part is an indentity 
matrix used to incorporate direct pseudo-measurements of the 
state vector BEs

BEmv
v

BEH

v . The states are the initial clock phase and 
frequency offsets and the clock random errors. Because these 
states are assumed zero-mean Gaussian distributed, best guess 
values of the pseudo-measurements are zeros. As for the 
measurement noise vector, the upper part corresponds to the 
white measurement noise, and the lower part is used to express 
uncertainties on the pseudo-measurements. These uncertainties 
on the pseudo-measurements account for prior knowledge of 
the initial clock phase and frequency offsets, and for the clock 
random error whose dynamics must be modeled over time. 

The least squares estimation of the states  is: BEsv

  (b.4) BEBE
T

BEBEBE
T

BEBE mVHHVHs vv 11 )( −−=

where the inverse of the weighting matrix  is: 1−
BEV
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The first block matrix  on the diagonal of VBE is the 
covariance of the white measurement noise. The second block 
matrix  is the prior knowledge on the initial clock-phase and 
frequency offsets. The last block matrix 

)cov(v

0P
)( tktW Δ→Δδθ  on 

the diagonal of VBE is the complete covariance matrix 
(including all time correlation terms) that was derived in the 
previous section and expressed in (5) and (8). We show the 
results here again: 
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In parallel, a traditional two-state Kalman filter [2] for 
clock phase and frequency estimation can be shown as: 

a) state initialization: 

 [ ] )cov( , 00000 sPfbs T ==  (b.6) 

b) measurement model: 

 [ ] kkkkk vbvsm +=+= 01  (b.7) 

c) state propagation in time: 
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where ks  is the clock state at time epoch k, bk and fk are the 
clock phase and frequency components in the clock state. mk 
and vk are the measurement and white measurement noise 
respectively. kwv  is the clock process noise vector, which is 
zero mean for phase and frequency components  and . 
The covariance of 

kbw
kf

w

kwv  is the matrix used in a traditional 
Kalman filter to account for the uncertainties on clock phase 
and frequency time propagation. 

The following steps aim at deriving a batch estimator 
equivalent to the Kalman filter. The clock frequency state at 
any epoch can be traced back to the initial clock frequency 
state (f0) and some combination of the clock process noise 
vectors at previous epochs using the state transition matrix 
shown in (b.8): 
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Similar derivation is performed for the clock phase states: 
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We can substitute the phase component bk in (b.7) with the 
relationship derived in (b.10). A batch of measurements from 
epoch 0 to k can be formed: 
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Therefore, a batch measurement equation can be 
constructed using (b.11): 
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Similar to the batch equation in (b.2), the matrices in (b.12) 
are made of two parts (separated by a horizontal line). The 
upper part is (b.11) expressed in matrix form, and the lower 
part comprises the pseudo-measurements for the initial clock-
phase and frequency offsets and clock process noise vectors. 
Best guesses of the pseudo-measurement values are zeros. 
Equation (b.12) is written in the form:  

  (b.13) KFKFKFKF vsHm vvv +=

The least squares estimation of the state vector KFsv  is 
given by: 
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where the inverse of the weighting matrix  is: 1−
KFV

  (b.15) 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

Δ→Δ
==

)(00
00
00)cov(

)cov(

,

0

tktW
P

v
vV

f

KFKF

δδθ

v

The first block matrix  on the diagonal of VKF is the 
covariance of the white measurement noise. The second block 
matrix  is the prior knowledge on the initial clock-phase and 
frequency offsets expressed in (b.6). The last block matrix 

)cov(v

0P

( t ), tkW f Δ→Δδδθ  is composed of the k clock process noise 
matrices used in the Kalman filter time propagation: 
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where )(, tW f Δδδθ  is the clock process noise matrix expressed in 
(b.8), the derivation of  can be found in [2] [3]. A 
numerical simulation can be performed to show that clock 
estimations using the Kalman filter in (b.6)-(b.8) matches 
results obtained from the equivalent batch estimator in (b.12)-
(b.16). 

)(, tW f Δδδθ

Appendix C 
A smoothed code measurement generated through a Hatch 

filter is computed using the following equation: 
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where kρ  is the smoothed code measurement at epoch k, kρ  is 
the raw code measurement at epoch k, kφ  and  are the raw 
carrier measurements at epochs k and k-1 respectively. α is the 
total number of measurements included within the smoothing 
time interval tsm with sampling period Δt. 

1−kφ

We consider multipath as the only measurement error 
source, and use k,ρε , k,ρε  and k,φε  to represent smoothed code, 
raw code and raw carrier multipath errors at epoch k. Using 
(c.1), the smoothed code multipath at epoch k can be expressed 
as: 

 )(11
1,,1,,, −− −+

−
+= kkkkk φφρρρ εεε

α
αε

α
ε  (c.2) 



The multipath error is modeled as a first order Markov 
process: 
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where β1 and β2 are the correlation coefficients for raw code 
and carrier multipath errors correspondingly.  and  are 
the driving white noise. 

kv ,ρ kv ,φ

At a steady state, the variances of the raw code and carrier 
multipath errors are: 
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The time correlation between carrier multipath errors at 
epochs k and k-1 can be derived at steady state: 
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Therefore, the correlation between smoothed code and 
carrier multipath errors can be derived: 
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Assuming zero correlation between raw code and carrier 
multipath error, the first term is zero. Substitute k,φε  using (c.3) 
and ][ 1,, −kkE φφ εε  using (c.5), the above equation is  re-written 
as: 
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Since we are considering the steady state condition, all time 
indexes can be dropped. Therefore, the correlation can be 
obtained: 
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Before the derivation of the steady state standard deviation 
of smoothed code measurement, the time correlation between 
the smoothed code and the raw code measurement at steady 
state has to be obtained: 
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The last two terms are zero because they are not correlated, and 
the time indexes can also be dropped at steady state. The 
correlation can be re-written as: 
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The standard deviation of the smoothed code measurement 
at steady state can be expressed as: 
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After expanding the above equation and eliminating zero 
correlation terms, the standard deviation of the smoothed code 
measurement can be re-written as: 
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Figure d.1. Satellite health state transition during one hour prior to the current 
time 
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Substituting k,ρε  and k,φε  in the second, third and fifth 
expectation-function terms using (c.3), and eliminating zero 
correlation terms yiels: 
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At steady-state, we can replace ][ 1,1, −− kkE ρρ εε  and 

][ 1,1, −− kkE φρ εε  using previously derived correlation results in 
(c.7) and (c.6): 
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After re-arranging terms, the result is expressed as: 
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For the example used in sections IV and V, which assumes 
that raw code and carrier multipath errors are uncorrelated in 
time, we have β1=0 and β2=0. Numerical simulations show that 
two-times smoothing time is needed to achieve steady state and 
the correlation time constant for the smoothed code is equal to 
the smoothing time. Therefore, a steady-state 100-second 
smoothed code measurement actually contains previous 
measurement information from up to 200 seconds in the past 
(i.e., beyond the 100 second smoothing time). Therefore, a 30-
minute long batch interval using 100-second smoothed code 
measurements actually exploits information from measurement 
processed over a ’30 minutes plus 200 seconds’. The resulting 
2000 second interval is equivalent to the time needed to reach 
steady state for a 1000-second smoothed code measurement. 

Appendix D 
A batch estimator exploits GPS measurements collected 

over multiple epochs. Therefore, the probability of having 
faulty measurements is different from that of a snap-shot 
positioning process, which only uses measurements at one 
epoch in time. Under the single-satellite failure assumption, the 
prior probability of having one or more faulty measurements 
within a batch is a function of the batch interval length and the 
number of measurements within the batch interval. 

 No more than one satellite failure is assumed during an 
aircraft approach. The satellite failure rate is rf = 1x10-5 /hr/per 
SV. An average delay-to-inform-users period texp of 1 hour is 
considered. All possible satellite failure scenarios are displayed 
in Fig. d.1. 

In Fig. d.1, s0 represents a satellite in a healthy status and s1 
represents a satellite failure. The current time tag is tk and the 
starting time tag is t0. The satellite is exposed to a fixed failure 
rate between t0 and tk. The period tk minus t0 is equal to1 hr. 
Every time tag in Fig. d.1 is equally spaced by a sampling 
interval Δt. The initial satellite status is healthy at time t0 with a 
probability of one, because we assumed an external integrity 
monitoring system that detects any satellite failure happening 
one hour before tk and informs the user. The probability of a 
satellite being in a failure state at epoch n is equal 
to ntrP ff ×Δ×= . Therefore, the probability that the measurement 
at epoch n is faulty is )()( . Assuming that we 
collect all measurements  over one hour, the 
measurement vector is: 

1
tnPtP fnH Δ×=

at each epoch

[ ]T
khr mmmmm L

v
2101 =  

We are considering the probability of an event n that has 
faulty measurements starting from epoch n or measurement mn. 
We also conservatively assume that the measurements after mn 
have a probability of one to be faulty. Therefore, the 
probability of event n is computed as: 
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When the batch interval tBF is smaller than one hour, the 
measurements included in the batch are from mj to mk. The 
prior probability of one or more faulty measurements in the 
batch is the sum of event probabilities from event j to k: 
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