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CHAPTER1

INTRODUCTION

The Global Positioning System (GPS) was designed in the 1970s primarily to
support military uses such as weapon delivery and ship navigation. However, after two
decades of system development, it has become an important and versatile utility for civil
society. The following section introduces the background and basic working architecture
of GPS; more detailed descriptions of related GPS issues are given in subsequent

sections. All GPS applications are founded on these basic concepts.

1.1 GPS Background

The current GPS system architecture was proposed by the Department of Defense
(DoD) Joint Program Office in 1973 under the direction of Dr. Bradford W. Parkinson.
This proposal was a synthesis of all prior satellite navigation systems (such as Transit,
Timation and 621B Project) in order to meet requirements of all of the armed services
[Parkin94]. By the suggestion of a DoD decision maker, the program was also named
“NAVSTAR.” After significant effort in development and tests, initial operational
capability was declared at the end of 1993 and full operational capability was attained by
the end of 1994.

The whole system consists of three segments [Spilker94c]: the space segment, the
control segment and the user segment, as shown in Figure 1.1. The space segment
comprises 24 space vehicles (SV) in order to provide a global signal coverage. Each of
these satellites continuously transmits a ranging signal that includes navigation data.

Element of the broadcast navigation data will be covered in more detail later because of



its close relation to the subject of this research. The control segment consists of five
monitor stations (with plans to add more), four ground antenna upload stations, and an
Operational Control Center. The main objectives of ground control segment include
maintaining each satellite in its proper orbit, keeping satellite clock error within
requirements, generating and uploading navigation data to each satellite, and
commanding major relocation when a satellite failure occurs. The user segment includes
all user receivers. These user receivers track the ranging signal of selected satellites and
calculate user positions and local time.

GPS satellites broadcast the ranging signals along with navigation data in two
different frequencies: the L1 band, centered at 1575.42 MHz, and the L2 band, centered
at 1227.6 MHz. The L1 band signal is modulated with C/A code and P(Y) code in phase

quadrature. The L2 band signal is modulated with P(Y) code, (although plans to add

4 Upload
Stations

5 MonitorI |
Stations j

==

Master Control Site

ik

Figure 1.1 Three Segments in GPS-based Navigation System



C/A code modulation to L2 band are presently under development). Civil users can only
access C/A code, while the more precise P(Y) codes are accessible only by the military.
Both the L1 and L2 frequencies are also modulated with navigation data (50bps) which
include satellite orbit ephemerides. The service provided by C/A code is called Standard
Position Service (SPS). In similar way, the service provide by P(Y) code is called
Precise Position Service (PPS). When a civil user receiver is tracking a satellite signal, it
can measure the distance between the receiver and the satellite using a Delay Lock Loop
(DLL). We can express this measurement with the following equation:

pi =R =R, |+cb, +&, (1-1)

where the left side is the C/A code measurement between satellite i and user receiver;
the first term in the right side is the distance between the position vector of the i th

satellite (R,) which can be calculated from the broadcast ephemeris and the position
vector of user receiver (R,) receiving it. The second term (c-b,) is the product of the
difference between receiver’s clock and GPS system time (b,) and the speed of light (c).

This term is a bias common to all satellite measurement. The third term includes
measurement error sources such as satellite clock offset from GPS time, tropospheric
delay, ionospheric delay, satellite ephemeris error, multipath error, and receiver noise.
Since code measurements are the composite of true ranges and other error sources, we
use a more suitable name, pseudorange, to indicate the raw code measurement of user
receiver.

and receiver clock bias error, c-b, , we

u

In order to estimate user position, R

u >

linearize the measurement equation about a nominal value - a prior estimate of R, .



Defining a prior estimate of state vector x = [IQM c‘bAM]T and an estimate of other error

sources as &, we can predict the pseudorange measurement as follows:

pi?

We define the difference between the actual pseudorange measurement and the

prediction of pseudorange as the measurement residual: Ap, = p, — p,. The linearized

measurement equation can be written as:

Ap, :[-i.f 1] M, (1-2)
' ' c-Ab, ”
where
~ R-R . . . . :
l, = ﬁ , 1s the estimated line of sight unit vector,
AR=R,-R,, Ab,=b-b, As=E,-¢,

Because we have three position states and one clock bias state, we must have four
or more satellites in view to resolve the state vector. A matrix equation can express the
stack of these four or more measurement residuals equations as follows:

Ap = GAx+As (1-3)

A 171 AR A
where Ap = '?2 ,G=| % |, Ax,= “ | and An=| /*
: : c-Ab, :
Ap, 171 Ag,
The pseudorange measurement noise (Aeg ) is assumed to be zero mean, so the least
squares solution to set of normal equations is obtained as follows:

AX=(G'G)'G"Ap (1-4)



If the measurement error variances are not equal across all satellites, a diagonal

1
weighting matrix W 2 [Axelrad94, Liu97] may be introduced to give a weighted least

squares estimate:
A =(GW'G)Y'G'W'Ap (1-5)
When a prior estimate of user position used to construct matrix G is off by a large
amount (a few kilometers), we may iterate until the change of the least squares estimate
is sufficiently small. However, matrix G is constructed from line-of-sight unit vectors
and the satellite distance from the user is very large, it is not very sensitive to prior
position estimate error.
The equations defined above represent the basic single point solution in GPS

positioning. In general, more precise pseudorange measurements (small A¢ ) and good

satellite geometry (well separated and redundant) will result in a more accurate user
position estimate.

This paper will focus on one of the error sources in pseudorange measurement:
satellite orbit ephemeris errors. The effect of ephemeris errors in Differential GPS
(DGPS) users, and the limitations of current methods to monitor ephemeris will be
explored. Finally, a new superior ephemeris monitor architecture and algorithm will be

proposed and shown to be feasible.

1.2 GPS Satellite Constellation
From the last two equations, one can see that the geometry matrix G plays an

important role in estimating user position. It is necessary to understand how satellite



geometry effects estimation errors in order to analyze the impact on estimate errors
originating from pseudorange measurement errors.

The operational satellite constellation [Spilker94b] consists of 24 satellites in six
orbit planes with four satellites in each orbit plane. Figure 1.2 shows this constellation.

Each orbit plane is inclined 55° with respect to the equatorial plane and with nodes

Figure 1.2 GPS-24 Satellite Constellation

separated in longitude by 60° from the adjacent plane. The semi-major axis of every
satellite orbit is nominally 26,561.75 km, with a period of 12 hours. The reason for
choosing inclined orbits instead of equatorial orbits is that satellites in equatorial orbits
can not be viewed by the user at a latitude higher than 72° (in current GPS satellite
altitude). The period of 12 hours sidereal time is chosen not only because of repeatable
satellite ground tracks, but also due to the possible use of carrier phase/Doppler
measurements. The requirement for a minimum of four satellites in view with good

geometry leads to the current multiple satellite constellation.



All parameters of the GPS satellite constellation were designed to meet the
objective of providing global GPS ranging signal coverage at any time. In the nominal
GPS constellation, there are always at least five satellites in view for an elevation angle
above 5 °. If the mask elevation angle is 10 °, the vicinity of 35 ° to 55 ° latitude will
have a minimum of four satellites in view for a short period each day. In these areas, the
possibility of the number of satellites in view falling below the minimum requirement of
four does exist when a satellite outage occurs. The mean anomaly of each satellite in the
GPS-24 constellation was designed to minimize the impact of such a satellite outage.

From equations (1-4) and (1-5), it can be seen how the satellite geometry affects
position estimate error. For the unweighted case (Equation (1-4)), the Geometric
Dilution of Precision (GDOP) is defined to quantify the impact of satellite geometry on

estimate errors as follows:

GDOP:l\/af t0l+0’ +o} (1-6)
(o)

where o is standard deviation of pseudorange measurement noise and o_, o, o, and

X9 yo

o, are the corresponding standard deviations of position errors in the x, y, z directions
and the receiver clock error, respectively.

Since Ax=[AX AY AZ Ab], the value under the square root of equation (1-6)
is equal to tr[E(AxAxT)]Ztr[cov(Ax)]. By using the Equation (1-4), cov(Ax) can be
computed as follows:

cov(AR) = E[(G"G)'G"ApAp" G(G"G) ']
=(G'G)'G"E(ApAP")G(GTG)™!
=(G"G)"'G" cov(Ap)G(GTG)™ (1-7)



Assuming all of the measurement noises are independent, zero mean, and of equal
variance ¢, one can obtain following results:

cov(Ap) = I, and cov(AR) =(G'G) '’ (1-8)
where / is the identity matrix. By using Equations (1-6) and (1-8), GDOP can be

expressed as follows:

GDOP =i1/tr|cov(x), = 1/1‘}’|(GTG)‘1 I (1-9)
o

In the same manner, we can also define other DOP factors similar to GDOP:

1 . o .
PDOP =—,|o} +0.+0. .... Position Dilution of Precision.

(o2

1
HDOP = —,/az +0? .... Horizontal Dilution of Precision.
oV ' 7

UZ

VDOP = .... Vertical Dilution of Precision.

o

TDOP = % .... Time Dilution of Precision.
o

All these DOP factors can be easily computed once the result of (G’ G)™' is obtained.

The assumption of independent pseudorange measurement noise with equal
variance on all satellites is not always true, especially for low elevation angle satellites.
For satellites at low elevation angles, residual troposheric and ionospheric errors and
multipath errors sometimes become larger and correlative. In this case, a “weighted”
DOP may be derived from Equation (1-5). But for the present purposes, namely
understanding the impact of satellite geometry on estimate errors, the independent, and
identically distributed error assumption is sufficient and will make upcoming derivations

more clear.



1.3 Differential GPS

The horizontal accuracy of Standard Position Service (SPS) users is about 100m
(95 percentile level) when Selective Availability (SA) - an intentional degradation of the
ranging signal induced by the DoD - is activated. In order to improve the accuracy and
integrity of SPS, the differential GPS (DGPS) technique [Parkin95] was proposed and
developed. The concept of DGPS exploits the correlation of ranging errors between the
reference station and DGPS user receivers to effectively eliminate co-existing ranging
errors in user ranging measurement. Today, DGPS techniques are very common in
many applications that need precise positioning. This technique can improve SPS
navigation accuracy to be better than 1m (one sigma). Although SA has been inactivated
now, the User Equivalent Ranging Error (UERE) is still at the five meter level, when
multiplied by PDOP value — normally is two or three - the positioning error will be at the
10 to 20 meter level. This is not good enough for applications requiring meter-level
accuracy, such as aircraft precision landing. The precision landing scenario is explored
in detail in this paper.

Figure 1.3 shows a typical DGPS architecture. Usually DGPS applications
require a high quality GPS receiver in a surveyed location as a reference station. This
reference station estimates the slowly varying measurement errors and forms a correction
for each satellite in view. The correction is broadcasted to all DGPS users within an
operational service radius of the reference station. This differential correction greatly
improves accuracy for all DGPS users within the service range, regardless of whether SA
is active or not.

However, there are some limitations to DGPS. The basic idea of DGPS is that
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¥ satellite
Orbital Error

Aircraft
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GPS signal
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Figure 1.3 General Differential GPS Configuration

ranging corrections can eliminate common ranging errors between the user and the
reference station. Because ranging corrections formed by the reference station are
geographically separated from the user and delayed in application, these corrections are
not the exact corrections for users’ ranging errors. The differences between ranging
corrections and user ranging errors are called differential ranging errors. There are three
types of differential ranging errors:

1. Decorrelation with Distance: Ranging errors between reference station and
users that are caused by geographical separation (such as ionospheric and
tropospheric errors and ephemeris errors).

2. Decorrelation with Time: Ranging errors between reference station and users
that are caused by time rate change of the correction. This effect is also called
latency.

3. Uncorrelated Errors: The errors are not common between reference station
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and users. Errors of this type are not correctable with DGPS (e.g. receiver
noise and multipath errors).
Any DGPS application should be carefully designed to mitigate the effects of such
differential ranging errors.

The Local Area Augmentation System (LAAS) is an aircraft precision landing
system developed by Federal Aviation Administration (FAA) with the objective to
replace current Instrument Landing System (ILS). The LAAS architecture is based on
the DGPS concept [MASPS98], and will serve as the baseline DGPS architecture

considered in this work.

1.4 Orbit Ephemeris Error

Whenever the broadcast GPS navigation message does not contain the correct
satellite orbit parameters, an ephemeris error is said to exist. There are a number of
potential causes of such errors: Master Control Station (MCS) uploads erroneous data,
navigation data transmit errors from the satellite, scheduled or unscheduled satellite
maneuvering, etc. Fortunately, all ephemeris errors can be categorized into just two
classes:

Class A Failures: The ephemeris data is incorrect after the satellite performs an

unscheduled maneuver from its nominal orbit. The probability of such a failure is

relatively small because multiple safeguards exist on GPS satellites to prevent the

uncommanded firing of satellite thrusters. Yet this scenario did happen [Rivers00];

fortunately, because only the small attitude thrusters aboard the spacecraft were

involved, the resulting orbit error was negligible.
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Class B Failures: The current broadcast ephemeris does not represent the actual

satellite orbit (but no unscheduled satellite maneuvers are involved).

These two failure classes differ in that archived ephemeris data (i.e., an earlier, validated
ephemeris broadcast) can be used to detect class B failures, whereas class A failures can
only be detected by measurements. These ideas will be discussed in detail later in this
work.

In most typical (non-failure) situations, the radial component (in the direction from
center of earth to the satellite) of orbit error is smaller than the tangential and cross-track
components. For stand-alone users (non-DGPS), only the errors projected into line-of-
sight directions matter. These projected ephemeris errors directly contribute to
pseudorange measurement error. According to a report [Bowen86] during phase one in
1984, “for predictions of up to 24 hours, the rms ranging error attributable to ephemeris
was 2.1m”. In contrast, the position accuracy of DGPS users is influenced by ephemeris
errors orthogonal to line-of-sight unit vectors. In addition, the error introduced into
differential correction increases as the distance between the reference station and the user
increases. It will be shown in the next chapter that the error grows linearly with

separation between user and reference station.

1.5 Prior Work

To date, only a small amount of research effort has been focused on monitoring
ephemeris anomalies. In the LAAS ground facility, the consistency of new and old
ephemeris messages is checked [PTILAAS], but as noted earlier, such monitoring has no
capability to detect Class A failures. Receiver Autonomous Integrity Monitor (RAIM) is

another approach to detect many different types of failures in a relatively simple way.
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An alternative algorithm (DPR/DPDAS), proposed by Shuichi Matsumoto, et al
[Matsu97], can detect three dimensional orbit errors when another healthy satellite is
available. These algorithms are introduced briefly here:

Built-in LAAS Ephemeris Monitoring. In Category I LAAS ground systems, a
standard set of monitoring procedures have been defined. These standard procedures can
be roughly categorized into three steps [Matsu97]:

Step one — LAAS Ground Facility (LGF) receivers automatically confirm that the

navigation messages of each satellite meet all requirements of the GPS SPS

Interface Control Document (ICD) [ICD-200]. This includes checking that satellite

health bits and other health-related bits all indicate that message data is good.

Step two — Ephemeris/ephemeris check. Normally ephemeris changeovers occur

every two hours because predicted orbit curves are optimized for a two-hour period.

After each changeover, the LGF compares satellite locations given by the old

ephemeris and the new ephemeris to make sure that these two ephemeris messages

are consistent. A checking standard of 250m is set on the three-dimension satellite
position difference.

Step three — Each broadcasted pseudorange correction and correction rate will be

checked by LGF to confirm that they lie within + 327.6m and + 3.4m/s,

respectively. These limits represent not-to-exceed (NTE) values for correction size.
These procedures are suitable to manage ephemeris integrity risk for a certain class of
ephemeris failures given that a good prior ephemeris exists. When no good prior

ephemeris data exists, such as after a satellite maneuver, these tests are insufficient.
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Receiver Autonomous Integrity Monitor (RAIM). The RAIM concept
[Brown92], [Parking88], [Sturza88] is based on the verification the consistency of
redundant satellites measurements by the GPS user (the aircraft in our case). RAIM is an
advantageous approach to fault detection because it can detect many different types of
failures in a relatively simple way. The performance of RAIM is limited, however, by
the need for redundant satellites (more than the minimum of four required for
positioning). In general, the quality of RAIM performance is a strong function of the
number of satellites in view and the specific satellite line-of-sight geometries. Further
more, for aircraft navigation with LAAS, it is a system requirement that both space and
ground segment failures must be detected and isolated by the LGF before differential
corrections are broadcast. The aircraft is accountable only for the management of
failures in its own navigation avionics. For this reason, RAIM is not a viable candidate
for LAAS ephemeris monitoring. (RAIM must be implemented at the aircraft to detect
failures in the space and ground segments.)

DPR / DPDAS Method. An algorithm has been proposed by Shuichi
Matsumoto, et al. [Matsu97] to detect three-dimensional orbit error. This algorithm uses
the Differential Pseudorange Residual method (DPR) to detect orbit error parallel to the
LGR-satellite line-of-sight direction, and the Double Phase Difference with Ambiguity
Search method (DPDAS) to detect orbit error perpendicular to the line-of-sight direction.
The advantages of these two methods are that they are executed on the ground and only
need one other (already-approved) GPS satellite in view to verify whether another new
satellite ephemeris is good enough or not. The disadvantage of the DPR algorithm is that

the orbit error it detects has almost no influence on LAAS DGPS users. The DPDAS
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algorithm 1is effective, but only when carrier phase cycle ambiguities can be correctly
identified. However, the ambiguity search technique proposed in this regard is not
sufficiently reliable. In addition, algorithm performance was not quantified relative to
LAAS integrity requirements.

Because aircraft precision landing application requires a DGPS architecture with
both high accuracy and integrity, ephemeris monitoring is an important issue here. The
objective of this paper is to propose a more effective and integral method of monitoring
ephemeris error to protect LAAS users from any hazardous satellite orbit error (both
class A and B failures) in real time. The effect of ephemeris error on DGPS users is fully
examined in the next chapter, and a Vertical Protection Level (VPL) bound is defined.

In order to meet the requirements of LAAS and provide real-time warning
capability, a dual frequency ephemeris monitoring architecture is proposed in Chapter 111,
and a preliminary experiment based on collected measurement data is performed. It is
shown that the dual frequency monitor architecture can fulfill the intentioned objective
with realizable LGF hardware.

In Chapter IV, a few single frequency ephemeris monitoring methods are discussed
and their performance is evaluated. Although the performance of the dual frequency
algorithm is shown to be sufficient for all types of ephemeris failures, we will show a
certain classes of ephemeris failures (Type B) can also be detected by single frequency

methods.
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CHAPTER II

EFFECT OF ORBIT EMPHEMERIS ERRORS ON DGPS USERS

In Section 1.4, it was stated that the effect of ephemeris errors in DGPS
applications will grow as the distance between the reference station and the user
increases. In this chapter, a detailed quantitative discussion is presented, and the impact

on a LAAS category III user (aircraft) will be fully explored.

2.1 Effective Differential Range Error Across A Given Baseline

Consider a baseline vector, x, , between two GPS receivers aligned due east (to

simplify error analysis without lost generality). L1 band carrier-phase measurements

between satellite i and receivers a, and b can be expressed as:

A, =R, +c-(&t,=6t,)-1,+T,+ N, +v, (2-1)

Ay =Ry +c- (6, —,)—1,+T,+ LN, +v, (2-2)
where A, is the wavelength (m) of L1 carrier signal; @’ is the carrier-phase measurement
of receiver a to satellite i; R! is true range between satellite i and the reference receiver
a; c is the constant of light speed; of, and or, are the corresponding satellite i and
receiver a clock errors with respect to GPS time; /., is the ionospheric delay of the radio
signal of satellite i (minus sign here signifies phase advance); 7, is the troposheric delay
of the radio signal of satellite i; N! is the unknown integer cycle ambiguity of carrier-

phase measurement between satellite i and receiver a; v, is the measurement error due

to receiver noise and multipath. All these definitions are also applicable to the carrier-
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phase measurement of receiver b by replacing a with b. We assume X, is short enough

that ionosphere and troposphere errors are the same for the two receivers.

The single difference carrier-phase measurement can be obtained by subtracting
equation (2-2) from equation (2-1). The result is equation (2-3):

AAB, =AR!, +c- (8, —St,)+ AAN!, +Av, (2-3)
where Ad), =4, —¢,, AR, =R,-R,, AN, =N,-N,

In Figure 2.1, the line-of-sight unit vectors, e, and e,, can be treated as parallel because

B S&te]lf'te {)'t it Satellite i .
roadcast orbit position Broadcast orbit position
/ OR, /
_ _ / J/
- = /
oR - (e, 0R)e, y
/ /
/ /
)/ True position / True position
/ /
/ /
/ /
/ /
/ /
r / /
/ /
/ i /
/ a /
/ /
/ / .
/ / R
/ / b
s /
&a / ..... s ~ N /
A ~
D ~
~ N R
ea — S~ ~ eb
true ea REN N —
So true eb
~
X, o
receiver a receiver b

Figure 2.1 Geometry between Satellite and Reference Antennas
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the ranges between satellite and receivers (over 20000 km) are much larger than the
distance between two receivers (which we limit to a few kilometers maximum). The
single difference of true ranges can be found from Figure 2.1 as:

AR, =R,-R,=,.¢,X,=(e,+3,) %, =¢,X,+0%, X, (2-4)

:true ea
The inner product e, -x, is the difference of “nominal” ranges between receiver a and
receiver b obtained using the broadcast ephemeris of satellite i. The second term, e, - X, ,

represents the effective differential ranging error due to the error in knowledge of
satellite position.

We define this differential ranging error for satellite 7 as:
OAp, = AR, —e,-X, =Je, X, (2-5)

a

The line-of-sight unit vector error de, can be derived from two different approaches to

achieve the same result:

1. Geometry approach: (from Figure 2.1 directly)

_ |0R,~(eR,-2,)e,
oe =

R, ~R 2)2,] |oR, —(oR2, )e, |

: R ok ~(OR, 2,2, R,
_OR-(R'e)e, _1-@,8") & (2-6)
R R, i

We can replace the true range R! by nominal range r plus projection of orbit error
on to a nominal line-of-sight unit vector :

R =r+0R, e,

Substituting this equation into (2-6) and dropping second and higher order terms in
OR. gives:

e, 1 (I-22 )R (2-6.1)
r
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2. Analytic approach: (see Appendix A)

Substituting Equation (2-6.1) into Equation (2-5), we can express differential ranging
error directly as a function of satellite orbit error (JR,) and the baseline vector X,

between receivers:

_[6R,—-(Re,)e,]"x,

- 1 = 7 =

5A¢t = &a .xb = [(I_eaear)éRi]Txb
r r

It could be useful if we had some idea of how these variables interact with each
other. Since orbit error is arbitrary, we can normalize the bound of single differential
ranging error with respect to the scale of the baseline vector. Consider now a satellite

whose line-of-sight vector is defined by azimuth angle y and elevation angle 0, in east-

north-up coordinates, can be represented as:
e,=cos O cos yi, + cos O sin yi, + sin 6i, (2-7)

The baseline vector (due east) with length bis X, =[5 0 0]" . Substituting this baseline

vector into Equation (2-6.2) to get the result of single differential ranging error, one

obtains:
NG, = ,'%,

—T — — T — — T —
1 (l_x ea X ea ) _xea y ea _)C ell z ea b

— T — — T — — T —
=— [5x oy 52] -8, €, (l—yea , e,) -8, ., 0

— T — — T — — T —
_Z ea X a _Z ed y ea (1_2 ea V4 ea) O

where e, , e , and e, are the east, north, and up components of e, as defined in

x%a® y¥ars

Equation (2-7). Therefore, we have:

5A¢1 :l [5)(: 5)} 5“7] [(l_anTan) _yEaTxéa _zEaTxéa]]b
r
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Dividing through by length b (scalar) and substituting Equation (2-7) into the above, the

normalized single differential ranging error becomes:

ox
% :% [(1—cos’@cos’ ) —cos’@sinycosy —cos@sinfcosy]” | & |(2-8)
¢ oz

Figure 2.2 shows the geometry relationship among the Earth’s center, the receiver

antenna, the satellite range r, the Earth’s radius R, and the radius of satellite orbit R;.

Using the law of cosines, the range r can be expressed by R, , R, elevation angle and

atellit

Figure 2.2 Geometry Among Reference Receiver, Satellite and the Earth’s Center
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azimuth angle:
/4
R =R, +r-2rR, COS(E +0)
Solving for r:

2
r=R.( /R—i—coszﬁ —sin @)
RE

Substituting Equation (2-9) into Equation (2-8), the relation between normalized single

(2-9)

differential ranging error and satellite orbit error can be shown as:

SN,

= F(0,p)" oR (2-10)

where F(8,w)" is equal to:

—_

1—cos’ @ cos’ —cos” @siny cosy —cos@sinfcosy

=]
=

R? R? R?
R; —cos’ 0 —sin® R; —cos’ 0 —sind R; —cos’ @ —sin 6

By the Schwarz inequality, the normalized bounded single differential ranging error can

be obtained as follows:

<[F@.wler|

OAY, ]
|| , (2-11)

||F @, w)” represents the worst case sensitivity to orbit error displacement ||§R,. || Figure
2.3 is a three dimensional polar plot of ||F (49,1//)” (worst-case sensitivity values)
corresponding to different satellite elevation angle (€) and azimuth angle (). The

elevation angles vary from 0 to 90° and azimuth angles vary from 0 to 360°. In Figure

2.3, the Z coordinate is equal to||F @, l//)” .
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Figure 2.3 Sensitivity Factor of Single Differential Ranging Error

It is evident from the figure that only zero elevation satellites with azimuths at 0°

or 1807 will experience zero effective ranging error due to orbit error. In all other cases,
an effective ranging error will generally exist; the largest magnitudes occurring for high

elevation satellites.
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2.2 The LAAS Precision Approach and Landing System

In this work, we are particularly interested in the impact of orbit errors on DGPS
navigation for aircraft precision landing. In this regard, a brief review of the relevant
navigation requirements is necessary. The DGPS system being developed under the
direction of Federal Aviation Administration (FAA) is known as the Local Area
Augmentation System (LAAS). The navigation performance requirements for the
system are rated according to a three-tiered structure (Category I, II, and III). A
Category III facility will support automatic precision landing operation and has the most
stringent requirements. In this work, we assume a Category III system.

Figure 2.4 shows the configuration for an aircraft precision approach/landing and
graphical definitions of some related terminology:

RDP: Runway Datum Point.

GPIP: Glide Path Intercept Point.

DCH (DH): Datum Crossing Height.

FPAP: Flight Path Alignment Point.

Glidepath Angle: standard approach angle (3° normally).

WGS-84 Ellipsold: A model of Earth’s actual physical shape [WGS84].

H: Height above RDP of aircraft position translated onto the final approach path
(Table 2.1).

D: Horizontal distance above of aircraft position from the RDP translated along the
final approach path (Table 2.1).
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Figure 2.4 Configuration and Terminology of Precision Landing

Allocation of specific requirements of the navigation system is based on four
fundamental parameters [Davis93, ORD95]:

Accuracy. Accuracy is the measure of the navigation output deviation from truth
under fault-free conditions, often specified in terms of 95% performance.

Integrity. Integrity is the ability of a system to provide timely warnings to users
when the system should not be used for navigation. Integrity risk is the probability
of an undetected navigation error or failure that results in hazardously misleading
information onboard the aircratft.

Continuity. Continuity is the likelihood that the navigation signal-in-space
supports accuracy and integrity requirements for the duration of intended operation.
Continuity risk is the probability of a detected but unscheduled navigation function

interruption after an approach has been initiated.
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Availability. Availability is the fraction of time the navigation function is usable

(as determined by its compliance with the accuracy, integrity, and continuity

requirements) before the approach is initiated.
Because the focus here is on applications in Cat. III, we only list the requirements of
Performance Type III of LAAS [MASPS9S8] in Table 2.1 and Table 2.2. Table 2.1 lists
the vertical accuracy requirements. Because the vertical Navigation System Error (NSE)
limit is more stringent than lateral NSE limit, our focus will be on meeting the vertical
requirements only.

The Vertical Alert Limit (VAL) is defined as 2.5 times the 95% vertical NSE limit
[MASPS98]. Figure 2.5 is a plot of the VAL versus aircraft height for Cat. III. The unit
of height is “feet” but the unit of VAL value is “meter” (in order to be consistent with

system specifications).

60

50

VAL value (meter)
w B
o o

N
o

10

Height above the RDP (ft)

Figure 2.5 Integrity Requirements for Precision Landing
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Table 2.1 Accuracy Requirements In LAAS Cat. III

95% Vertical NSE
Limit (meters)

<20
<0.0117*H(ft) + 0.83

<159

Height (H) above RDP of aircraft Horizontal distance (D) of aircraft

o o
position translated onto the final 93% Lagfrf:‘:e]r\gE Limit position from the RDP as translated
approach path (feet) along the final approach path (meters)
H <100 <6.2 Beyond RDP and along runway
100 <H <1290 <0.000704*D(m) + 6.2 0<D<7212
H > 1290 <113 H> 7212

Table 2.2 Integrity, Continuity, and Availability Requirements in LAAS Cat. 111

Allowable Integrity Risk Allowable Continuity Risk Availability

lateral : 2x107° /30 seconds

1x10~ per approach 0.99 to 0.99999

vertical : 2x107° /15 seconds
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The VAL represents an integrity containment surface in the sense that the

probability of an undetected vertical position error exceeding the VAL must be less than

1x107 (the integrity risk requirement in Table 2.2). This integrity requirement applies
for both fault-free and faulted (e.g. orbit error) case.

The LAAS is a application of DGPS. The most relevant difference of the LAAS
reference station from others in DGPS applications is the existence of multiple receivers.
Figure 2.6 shows the overview of LAAS system. The LAAS Ground Facility (LGF)
uses multiple receivers separated by baseline to collect ranging signals from all satellites
in view, computes the ranging correction and correction rate for each ranging signal, and
then broadcasts these corrections and correction rates twice per second to LAAS users

(aircraft).

Satellite section

GPS signal in space

GPSreceiverantennas

Broadcast o
range correction —
< Aircraft Landing

Figure 2.6 The overview of LAAS System
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The benefits of the implementation of multiple receivers are improving accuracy of
ground range measurements by averaging results of each receiver and providing a means
for detection and isolation of failed reference receiver.

In this work, we will investigate the effectiveness of using carrier-phase
measurements across the LAAS reference receiver baselines to detect orbit ephemeris

errors to ensure navigation integrity.

2.3 Impact On Aircraft Precision Approach

The objective of integrity monitoring in LAAS ground stations is to ensure the
probability of Hazardous Misleading Information (HMI) provided by pseudorange
corrections from the ground station is sufficiently small. For example when the NSE
exceeds the VAL without annunciation within the time to alarm, an HMI event is said to
have occurred. Unfortunately, #rue user position is unknown, the actual NSE can not be
determined. Instead, a statistical upper bound on position error can be found by using
satellite geometry and known measurement error statistics. This upper bound position
error, in the vertical direction, is called the Vertical Protection Level (VPL), and likewise,
in lateral direction, is known as Lateral Protection Level (LPL).

Thus to ensure integrity in case of an ephemeris failure, a VPL value under
ephemeris failure hypothesis must be calculated and compared with VAL. In this work,
assume the maximum number of satellites with ephemeris failures at any time is one.
The ephemeris messages for each satellite are created and broadcast independently. The
likelihood of multiple simultaneous ephemeris failures is assumed to be negligible.
Using Equation (2-10), the pseudorange single difference between reference station and

aircraft ranging error for the failed satellite can be shown to be:
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SAp, =(F[R)x, . +Av, (2-12)

ale

where subscript indication f indicates the index of the failed satellite; x,,. 1s a scalar

c

range between the phase center of reference receivers and that of aircraft receiver; Av 5,

is single difference of measurement noise in this failed satellite. In this case, the vector

F; is defined via projection along of the direction of displacement x,,, rather than due

c

east as assumed earlier. Recall that F ; will be a function of the azimuth and elevation of

satellite /. For the other healthy satellites, the pseudorange single differential ranging

error 1s:

OoAp,=Av, (2-13)
The measurement error (Av, ) for each satellite is assumed to be independent and
identically normally distributed with zero mean and standard deviation o, for
pseudorange raw measurements and o, for carrier-phase raw measurements.

Assume now that we have available a single difference carrier-phase measurement

(A@,), with cycle ambiguity known and removed, from two ground based reference

receivers aligned in the approach path direction. In this case, for the failed satellite we

have using (2-10):

Substituting this equation into (2-12), the pseudorange single differential ranging error
can be expressed as:

OAP, —-Av, '

oAp, =( +Avpf (2-14)

ale
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Now, equation (1-5) can be used to define aircraft position estimate error as a function of

the ranging measurement errors as follows:

"ap, ]
. Sie S S,
A T o | S S San
Ax =S| 8Ap, |, where S=(G"G) G =| . : :
: S S e S
_5Apn | nl n2 nn
In expanded form, this is equivalent to:
[ onp, ]
R, S S S ;pl
AR = Fase _ 5.21 S%z S%n MAp,
0z, S :
Céba/c Snl Sn2 Snn__évA.pn |
=, =55,0Ap, + 53,000, +++ 455, 0Ap, +--++55,00p, (2-15)
Substituting (2-14) and (2-15) into (2-16):
x n
&, =53, [(OAP, —Av¢)”7/c]+s3 Av, +;s3lA v,
irf
X X -
=8, S SO0 =5, S A, +Y s,Av, (2-16)
i=1

Meanwhile on the ground station, a threshold 7, may be set to test 0A¢ (which is

measurable) in a manner that the false alarm probability is not greater than a certain

predetermined value P, . The basic concept is that if |5A¢l.| exceeds 7T, for a given

satellite 7, then an orbit error has been detected. A probability multiplier K ., associated

ffde
with this P, is defined so that:

T, =K jy, X0y
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where o,, is the standard deviation of single differential carrier-phase measurement
noise. With this detection algorithm in place on the ground, it is always true that:
|0Ag, | < K 1, x5, (2-17)

An inequality equation for vertical position error can then be obtained by a

conservative coefficient replacement and substituting (2-17) into (2-16):

|0z

ale

X , X ; n
< HS%HOO ?Kﬂdeam + HS%HOO fAV;» + Zs3iAvp (2-18)
i=1

where HSL:H is the absolute value of the largest element of s,. (the infinity norm). Note

that the last two terms (within the absolute value) in equation (2-18) are functions of
random measurement errors. Invoking our assumption of independent and identically
normally distributed measurement error, the standard deviation of the sum of last two

terms in equation (2-18) can be conservatively expressed as:

X X,

u 2 2
/ _ le\2 2 2
"b" Av, +21:s3iAvp)— \/“83’:”&( bc) Ohp +HS355H20-AP
P

o (.|,

= Hss,:Hz\/ (o) 2 + 0, (2-19)

Now we define the Vertical Protection Level under the Ephemeris failure

hypothesis (VPL,) based on a desired probability P, , of missed detection for ephemeris

de

associated with P, and define

mde

error. We introduce a second probability multiplier K

mde

P

mde

as the upper bound of vertical error using (2-18), (2-19), and the fact that

INNE
s, > b,

xa/c

b

alc

|z

X
< VPLe = HSB,:HZ |:Kj7de (aT/c)GA(/ﬁ + Kmde \/( )2 O-Zqﬁ + O-ip :| (2-20)
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The only satellite geometry dependent parameter in equation (2-20) is s;., which we

would like to eliminate to obtain a generally applicable result. We do this by using
existing features of the LAAS architecture which will limit the worst case satellite
geometries that can be used under normal conditions. Specifically, assuming the failure

free (“H,”) hypothesis [MASPS98], satellite geometries are always checked to ensure

VPLy, =Ky 0> s 07 <VAL
i=1

where K, , is probability multiplier corresponding to the maximum permissible

that:

integrity risk (<10~ ) under the fault free hypothesis. Each o, will just be the standard
deviation of single differential pseudorange measurement noise v,, ; for our case:

0,=0,,. Using this result and substituting into the above equation, VPL;, can be

1

obtained as:

VPLy, =Ky a /ZSiO‘ip
i=1

During aircraft approach and landing, the satellite geometry almost remains in the same
configuration. In order to operate aircraft approach and landing under safe environments,
VPL,, value must not be larger than VAL at any time. The most stringent value of VAL

1s at the Datum Cross Height (DCH or DH), so VPL,,, should be smaller than VAL, in

the normal operational condition:

n
, 2
VAL, 2 VPLy, = Kﬁ;md Zs3io-Ap = Kﬁ”imdo_ApHSS,:Hz
i=1
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Therefore, the maximum permissible value of HS3,:H2 in aircraft approach/landing can be

found as:

VAL,,
Ky s

Iss.], < (2-21)

where VAL ,,,= 5 m (Performance Type 3) and K ,,s =6.673 (C4 class)[MASPS98].

Substituting Equation (2-21) into (2-20), we now have:

K. o K o,
VPL, < VAL, | —% (Fale) 220 | Zmde |(Zaie)2 700 g (2-22)
g b on, Ky N0 Ap

Here we define two new coefficients to simplify equation (2-22):

K
K=t gy= e (2-23)

f_md K_[f'imd

The simplified equation (2-22) follows:

O 0'2
VPL, < VAL, | K,(2¢<) 22 L K, [(Taey? 240 4 (2-24)
b O, b Oy

Performance estimation, To evaluate VPL, , it is necessary to make a few
reasonable assumptions about the values of the parameters in equation (2-23):

0,5/ 04, =0.05, assuming the standard deviation of carrier-phase measurement is

I cm and that of pseudorange measurement is 20 cm (this is a

conservatively large ratio) [Misra99].

Kie = 5.33, Pgue~1x1077 (driven by continuity requirement) [Shively01].

Ko = 5.03, Pode ~4.99x107 [Shively01].
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The final probability multiplier is already specified as a LAAS requirement [MASPS98]:
Kff,md =6.673

In Figure 2.7, we decompose x,,. into x, plus x,,,, where x, is the distance

from GPIP to the centroid of reference receivers; and x.,, is the horizontal distance
from GPIP to the aircraft. Bothx, and x,,, are positive in the directions shown in this

figure. In order to easily compare VPL, with VAL, a translated VAL formula set is used.

In this formula set, all units are meters and the x coordinate is now the horizontal

distance from GPIP to aircraft:

Sm; x < 581.6m
VAL = {0.005xx+2.075m; 581.6m < x<7502.6m
39.588m; x>7502.6m

The following graphs, Figure 2.8, 2.9, and 2.10, show the evaluated results of

VPL, corresponding to different values of x, and baseline spans (different b values).
The VAL limit is also shown on each graph so that one can easily check if VPL,

performance is good enough or not. The increment of baseline span is 100m in all graphs.

Figure 2.7 Configuration During Aircraft Approach/Landing
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)
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Distance from GPIP

Figure 2.8 VPL, Results for x, = —1km

(w) &7dA pue VA

Distance from GPIP (Km)

Figure 2.9 VPL, Results for x, = 0km
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VAL and VPLe (m)

Distance from GPIP (Km)

Figure 2.10 VPL, Results for x, =1km

A number of observations regarding the results are listed here:

e The required baseline length is highly dependent on the need to protect the entire
20nmi (about 37km) coverage volume. The “flat” region of VAL beyond 7.5 km
is particularly constraining.

e In any case, the baseline length need not exceed 400 m. This requirement can
probably be achieved on every airport property.

e There are two basic ways to reduce baseline length requirement: (1) Reduce the

protected coverage volume. (2) Reduce the carrier-phase measurement error (o, ).

Taking a deeper look into the sensitivity of VPL, to the parameters in equation (2-

24), we see that near the origin of these graphs:
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VPL, |, _o=VALp, xK, (the intersection at the y axis when x,,, =0)
From the definition of K> (=K, /K ; ,,), the prior probability variation can change the

value of y axis intersection. However, the coefficient K, is a weak function of the

probability requirement P, , and P; ,,, there is little flexibility in performance in the

“near-field”( 1.e., near x,,, =0). The slope of each curve at x,,, =0 is:

_x (%)(ﬂ] (2-25)
1e=0 b O-Ap

From the definition of K, (= K, /K, ,,), we know that like K,, K, is also a weak

function of the probability requirements. Therefore, if the probability requirements are
released, the slope of each curve will not change significantly. The last two terms in
Equation (2-25) are the inverse of baseline length and the noise ratio. They have
equivalent influence power on the slope of each curve. This means if noise ratio between
two signals can be reduced by a certain factor, it is equal to an increase in baseline length

by the same factor.
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CHAPTER III

DUAL FREQUENCY MONITOR ARCHITECTURE

The greatest disadvantage in the use of carrier phase measurements is that the
integer ambiguity must be resolved correctly in order to get absolute range
measurements. There are a number of different algorithms available for this purpose.
We choose a geometry-free widelane method, because it is an approach that does not

implicitly assume that the broadcast ephemeris is correct.

3.1 Widelane Observable Using Dual Frequency

Fundamental to the widelane method are the properties that the carrier cycle
ambiguity is an integer and that the difference between carrier and code measurements
provides a direct (but noisy) observation of the cycle ambiguity. If the code
measurement error can be reduced to 2 cycles of carrier phase or less, we can obtain the
integer solution directly by rounding. Unfortunately the L1 and L2 carriers have very
short wavelengths, so that reducing the noise floor of code measurements to Y4 cycles of
these carriers is not possible. Clearly the problem would be made easier if the carrier
wavelength were larger. The way to achieve this goal is to use the L1 and L2 carriers to
construct a widelane band signal, Lw, with a longer wavelength. Using Equation (2-3),

we define single difference carrier-phase measurements for two satellites (i and j):

AAP, =AR!, +c-(St, — )+ ALAN!, +Av,
ALAP) =AR, +c-(St, — )+ ALAN, +Av,

A double difference equation can be obtain from subtracting the above two equations

from each other:



39

P . o1
Ng = IAZR(-jb +AN'NY +ZA2V¢ (3-1)

1
In this section, the superscripts i, j and the subscripts a, b will be dropped to simplify
notation. However, another subscript, / or 2, is added to indicate carrier frequency L1

and L2 respectively.

Rewriting double difference carrier phase measurements taken in L1 and L2 bands:

1 |
) :ZR+N1 +IV¢1 (3-2)

1

1 1 -
¢2:7R+N2 +7V¢2 (3-3)

2 )

where o(v,,) = o(V,)=20(v,).

The widelane signal is constructed by subtracting Equation (3-3) from (3-2):
b, =0 -0,

1 1 ~
=R(————)+Np+Vy,

A A

1
=R7+NW+%VW (3-4)

w

whereo(v,,) = 2\/Ea(v¢) .

So the wavelength of widelane signal is:

1 1 c

A, = = = =86.2 cm
VVA=-1/2, file=f,lc f—1,

Note that the A, is about 4 times longer than L1 or L2 carrier wave lengths. We also can

see its noise level is about 3 times higher than that of the raw L1 or L2 carriers.
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3.2 Estimation of Carrier Cycle Ambiguities
One can process code measurements in the same manner, the double difference of
L1 code measurements is:

p=R+v,,oV,)=20(v,) (3-5)

Recall that the L2 code is not available for civil use; fortunately, it is not needed for
our purposes. We combine code measurements, in Equation (3-5), and widelane

measurements, in Equation (3-4), to estimate integer N,,:

Ad =R+A N +v -
WP Wi w}:Nw :¢w_ﬁ (3-6)
pP=R+v, A

W

The error on the widelane integer estimate has variance:

az(Nw)=az(%)=ﬂi2(az<vp)+az<vw))=ﬂiz(4az(vp>+8az(v¢>)

w w

Assuming for the moment that we obtain the correct integer via N, = round(N,, ),

we can then estimate N; (A’N”, for L1) by solving the equations below:

N,=N,=N,,
A, A, ~
NI_ZN2:¢1_71¢2+V¢12
~ A A A
=N, =(Z-D)"[ZN, ~(¢~4,)] (3-7)
A A A
- 1, s 2, s N10.59
where O'(V¢12):I(4O_ (V¢1)+4(7) o " (Vy)) _TU(W)’

10.59 ov) ~ 13 o)
4 A T

S
d o(N)=(Z2-1)"
and o(N,) (ﬂ1 )
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Now, with the process by which N, and N, are defined in hand, we turn attention to

determining the probabilities that N, and N, are correct (that is, equal to N, and N,,
respectively). More practically, one may ask how many independent measurements need
to be averaged in order to ensure that N, and N, are correct, subject to specific

probability requirements for incorrect solution.

Basically, the performance of estimation of ]\7W relies on the noise floor of
oc,,). If o(v,,) can be reduced, one can expect a higher probability that ZQW =N,.
In this regard, the average of a sequence of NW s (obtained using independent

measurements) can be taken over a finite time period to reduce o (N ,) to meet a given
probability requirement. The averaging time required to obtain the correct integer is an

index of estimation performance. The standard deviation of averaged N is:

_o(N,)

wlave —

n

w

where n,, is the total number of independent NW estimates during the averaging time.
Assume now a minimum probability requirement P(R,, ) for the correct resolution

of N,. Given o the equation below must be satisfied in order to get an acceptable

wlave >

integer solution:

- 1
P(|UNw/uve < Ecycle) > P(R,,)

or equivalently:

K xo < %cycle (3-8)

w/ave
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where K, is a multiplier corresponding to the probability P(R,, ) assuming a standard

normal distribution.

The same procedure is applicable to N, with a probability requirement P(R,,) - or
equivalently, probability multiplier K; and o, (the standard deviation of the Nl

average):

P(|DN1/uve

< %cycle) > P(R,,)

Kl x O-l/ave < %CyCZe (3_9)

_o(N)

Gl/uve - \/l’l_
1

where 7, is the total number of independent ]Ql estimates obtained during the average

(3-10)

time.

In order to proceed, the probability requirements for correct integer resolution NW

and N, have to be defined. These requirements can be derived from the specifications

of Category III LAAS.

Probability Requirement Allocation for Cycle Resolution. Before describing
how to allocate probability requirements for cycle resolution, it is first necessary to
understand in more detail how the system will monitor satellite ephemeris errors.
Returning to the double difference carrier phase measurement, Equation (3-1), in the L1

band, we have:
- 1 - .
N = IAZR;{,, +ANNJ, + N,

where AR}, = AR,, —AR), =(e,)" x, = (e])" x, =[(e;)" —(e))" Ix,
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Consider first the case where no ephemeris error exists and A’N” has been

correctly resolved using the technique described above; the residual of the double

difference is:
R, =€) =€), - BN = K, G-11)
This double difference residual, 4°v,, is the combination of the residual errors primarily

due to multipath and receiver noise.
Assume now that there exists a large ephemeris error on satellite j. In this case, the

residual is:
R, =€) = (e]) Ty~ AN, = (@) 3, + K,
where e’ (broadcast) = e (true) + de’
Here the magnitude of the residual (‘(c?e-[f ) xb+A2v¢‘) will be larger than the

nominal value (‘A2v¢‘) without ephemeris error. Therefore, a threshold can be set on the

residual as a checking standard for ephemeris error. When the residual value is bigger
than the threshold, the system will trigger an alarm to warn the users to exclude the
dangerous satellite. There exists three possible situations that can trigger an alarm:

1. Ephemeris error exists (correct alarm).

2. Large signal noise occurs (FA = false alarm).

3. Wrong integer estimation (FA).

Ideally, we want to set a threshold that is high enough to minimize false alarms, but
also low enough to provide acceptable ephemeris error detection performance. The

probability of false alarm can be broken down as follows:
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P(FA due to ephemeris monitor)

= P(FA | wrong integer) - P(wrong integer)

+ P( FA | right integer) - P(right integer)

Since it is desired that the P(wrong integer) be small, one may conservatively use
P(right integer)~ 1. In addition, P(FA | wrong integer) ~ 1 because with a wrong integer,
the residual would exceed the threshold almost instantly. Under these assumptions, the
above equation can be simplified as:

P(FA due to ephemeris monitor) = P(wrong integer) + P(FA | right integer)

As explained in Chapter II, there are four fundamental parameters which provide
the basis for allocation of specific requirements. They are accuracy, integrity,
availability and continuity. For our immediate purpose, only availability and continuity
are relevant. A rising satellite will be declared unavailable for use by the LAAS
reference station if the residual test fails immediately following cycle resolution. There
are two situations in which this can occur (which were already described above):

1. The integer solutions are wrong. The probability of this situation is noted as

P(wrong integer).

2. The integers are correct, but signal noise causes the residual to exceed the

threshold. The probability of this situation is noted as P(FA | right integer).

For Cat. III LAAS, it is desired that [MASPS98]:

P(unavailable) = P(wrong integer) + P(FA | right integer) <10~
However, the residual test is executed throughout a satellite pass (after initial approval of
the satellite), so that P(FA | right integer) is also constrained by continuity requirements.

This is true because once a satellite was declared as available by the system, a
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subsequent false alarm will terminate usage of the satellite. Therefore, the probability of

false alarm given the right integer must be consistent with the continuity requirement for
Cat. III LAAS (approximately 1x107"):
P(FA | right integer) <107 to ensure continuity.
while P(wrong integer)< 10~ to ensure availability (since P(FA | right integer) <<107).
The fault detection threshold 7, is set using the continuity requirement as follows:
T,= Kpae 0(Nv,) = Kjue 20(v,y) (3-12)

where Ky shown in Equation (2-17) is chosen such that:

P(|A%V,|> K ,o(8v,) )< 107 =K, =533 (3-13)
The threshold is then:
T, =5.33x20(v,) =10.660(v,) (3-14)

The probability of incorrect integer resolution can be divided into two parts:
P(wrong integer) = P(N,, wrong) + P(N, wrong | N, right) - P(N, right)
Again, one can conservatively assume P(~,, right) ~1, so that:
P(wrong integer) = P(N,, wrong) + P(N, wrong| N, right)
It is now convenient to define a leverage variable a and allocate P(wrong integer) as
follows:
P(N, wrong)=a- 107"
P(N, wrong | N,, right)=(1-a)-10™*
where 0 < a < 1. Therefore, a defines the actual probability allocation. In turn, for a

given probability allocation, one can define the maximum acceptable standard deviations
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of pseudorange and carrier phase measurements consistent with operationally acceptable

initialization (averaging) times.

3.3 Range Measurement Error Requirements

Because the value of leverage variable a defines actual probability allocation
between ]QW and Nl , the probability multipliers K and K, may be expressed directly
as functions of a. Figure 4.1 shows the values of K, and K, for values of a between

0.01 to 0.99.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Leverage Variable a

Figure 3.1 Probability Multipliers Variations

The number of independent measurement samples (initial time interval) required to

estimate N, and N, with the demanded probabilities of success can now be defined

using the results of section 3.2. For the widelane integer, we have:
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[40°(v,) +85° (V)] _

ﬂ’w\/n_w
1

= Jn, > wa x (407 (v,) +807 (v,))>

0.5

w/ave

1
K, xo Sgcycles = K, x

K,
=2 x(>(v,)+25°(v,)) (3-15)

Likewise for the L1 integer:

11.50(v,) <05

Aln,

1
K, x0,,., < Ecycles: K, x

:ﬁzZK
y)

529K* |
=>n = pr xo " (v,) (3-16)

Lx11.56(v,)

2

The minimum time intervals (number of independent samples) n,, and n, both are
functions of the probability multipliers and range measurement nominal standard
deviations. The two probability multipliers may be eliminated in favor of the single
leverage variable a.

First, we choose a set of fixed nominal values for the standard deviations to see the
influence of the leverage variable a on n, and n,: o(v,)= 60 cm and o(v,)= 1 cm.
The results, shown in Figure 3.2, clearly show that »  dominates the total initialization
time. Therefore, the leverage variable a = 0.99 is chosen to minimize » .

With a selected, n, and n, are functions of the standard deviations of the range
measurements only. Figure 3.3 shows the needed waiting time (number of independent

samples) for given standard deviation values of o(v,) and o(v,) , where

o(v,,)=[c’(v,)+20°(v,)]"*. In this figure, the x axis is a scale factor on the nominal
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Figure 3.3 Relations between STD of Measurements and Number of Samples
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standard deviations assumed in Figure 3.2 (o(v ;) #o(v,)= 60 cm and o(v,) =1 cm).
Since the number of independent measurements to estimate N, will be larger than

the number of samples to estimate N,, only the N, averaging time need to be

considered further. Once N, is determined, an ample number of measurements to

estimate NV, is also available. So integer N, can be resolved instantly.

The actual initialization time for a rising satellite is equal to number of independent
measurements multiplied by the uncorrelated sampling interval. Both the code
measurement noise and correlation time are satellite, environment and receiver
dependent. In same cases, the actual initialization time required for rising satellites may
differ from one another. Initialization time, code measurement standard deviations and

uncorrelated sampling intervals are related as shown in Figure 4.4.

c0 0 f e E——

Un-correlated Sampling Interval : sec

STD of Code Measurements : cm

Figure 3.4 Relations between STD of Code measurements and Un-correlated
Sampling Interval for Different Initialization Time.
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In order to meet a short initialization time requirement (five minutes or less), the
required standard deviation of the code measurements is lower than what can be obtained
by using a normal GPS antenna. However, the performance of the Multipath Limiting
Antenna (MLA) developed for LAAS Ground Facility (LGF) is sufficient in this regard

[Warb99].

3.4 Preliminary Experiment and Results

To validate the ability to detect orbit ephemeris error based on this architecture and
algorithm, L1 and L2 carrier-phase measurements and L1 code measurements were
collected form two receivers on 3/19/2001. The receivers used were both NovAtel
Millennium GPSCcard with ProPack II interface connected to L1/L2 GPS Choke Ring
Antennas (Model 503). The antennas were located on the rooftop of the Engineering 1
Building at IIT, and were separated by a baseline of approximately 26 m.

The relative position of two antennas is shown in Figure 3.5. The antenna at the

west side was chosen as the master antenna, so that baseline vector x, was defined as a

vector from west side antenna to east side antenna. Because the antennas are not MLA
type, the error level of code measurements was not small enough to actually simulate a
truly practical implementation of the algorithm, in the sense that the initialization times

were long. The simulation data were processed in two stages. First, cycle ambiguity N

was resolved by averaging 120 independent samples. Subsequently, N, were resolved

instantly. The sampling period was determined in advance by examining time
correlation of measurement error to ensure independent samples. Based on a first order
Gauss-Markov model [Gelb74] and collected code measurement error data, a relatively

conservative 150 second independent sampling interval was chosen.
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Figure 3.5 Relative Position of Two Antennas

For the second stage, the resolved cycle ambiguity N, was removed from the

double difference of carrier-phase measurements to generate the residual for fault
detection. An ephemeris error was later deliberately injected into the data.

Figure 3.6 shows the results without ephemeris error injection. The high noise
magnitude during the periods at the beginning and end of the residual history correspond
to low elevation angles for the satellite. This behavior is typical because the effect of
multipath is more significant at low elevations. Therefore, the standard deviation of
carrier measurement error is larger at low elevation angles. The variation of carrier error

standard deviation versus elevation was quantified by Heo [Heo00]. Using Heo’s results
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Magnitude of Residuals : Cycles

Time in View : Sec X 104

Figure 3.6 Residuals of Double Difference Carrier Phase Measurements

for standard deviation , together with Equation (3-11), gives the detection threshold
curve shown in Figure 3.6. (the satellite pair used here is prn #17 and #26.)

Figure 3.7 shows the results with an ephemeris error injected 2 hours into the
satellite pass. Here, the eccentricity was changed by adding 0.0003 to the original value.
After error injection, the double difference carrier phase residual immediately exceeded
the threshold setting, the ephemeris error was therefore detected. The injecting
ephemeris error lasted two hours to simulate a real ephemeris update period. The actual
satellite orbital position errors corresponding to this erroneous ephemeris are shown in

Figure 3.8 (the time axes in Figure 3.7 and 3.8 are the same). Smaller orbit errors can
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also be detected by this algorithm if a longer receiver antenna baseline is available.
Recall that the algorithm performance versus baseline length was quantified in Section

2.3.



55

CHAPTER 1V

SINGLE FREQUENCY APPROACHES TO EPHEMERIS MONITORING

The currently specified Category I LAAS Ground Facility (LGF) equipment only
has ability to acquire and track the L1 band GPS signal. Therefore, the dual frequency
monitor architecture proposed in previous chapter can not be implemented for Category
IIT on the LGF without modification. For this reason, a number of different single
frequency ephemeris monitoring algorithms have also been developed and evaluated

with regard to their potential to meet the navigation requirements of Category III LAAS.

4.1 Pseudorange Differential Baseline Method

In Chapter II we derived the performance of an ephemeris integrity monitor which
used carrier-phase measurements. In Chapter III we defined a dual-frequency approach
to resolve carrier cycle ambiguities, so that the monitor performance could be realized.
It may be noted that using pseudorange (code phase) measurements alone, cycle
resolution is not required. And therefore, the second frequency is unnecessary.

In this context, we may ask whether the use of pseudorange measurements alone in
the ephemeris monitor is more appropriate. The answer is no, because the pseudorange
error is much larger in magnitude the carrier-phase error.

The performance of using pseudorange measurement can be easily quantified using

equation (2-24) by changing the ratio o,,/0,, to 0,,/0,,=1. In this case, VPL,

bound can be defined as follows:

VPL, < VALDH{KI (%)+K2 ‘ /(%)2 +1} (4-1)
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Using the same parameter values as in Section 2.3, the VPL, bound (4-1) was computed;

the results are shown in Figure 4.1. Obviously, the performance is still not sufficient to
cover the whole LAAS service volume even using a 7 km baseline length. Such a long

baseline is not acceptable in any airport property.
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Figure 4.1 VPL, Results for x, = 0km Using Pseudorange Measurements

4.2 Time History Method by Using L1 Carrier Differential Baseline
Observing the relative time history of the carrier-phase residual can potentially
alleviate the need for cycle resolution. Here, the basic idea is that an error in the orbit

parameters will necessarily cause the carrier-phase residual to show a dynamic response
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over time. Using equation (2-10), the normalized single differential ranging error at

satellite rise time ¢, is:

SA
b¢"- = F(t,)" oR, (4-2)

Where vector F(¢,) is defined via projection along the direction of displacement of the

baseline(h). Next, recall the observation Equation (3-1) for double difference carrier

phase measurements:

ij 1 ij ij 1
Ng, = IAzR;b +A’'NY, +EA2V¢

The superscripts i, j and the subscripts a, b are dropped to simplify notation, while the
time epoch notation £ is added as a subscript:

1 1
Ng, = AR, +A2N+ZA2v¢k (4-3)

1

When an ephemeris error exits, the result of subtracting the A’R, /A, term (computed

using the erroneous broadcast ephemeris and known baseline) from double difference
carrier-phase measurement is:
2 1 2 1 T 2 1 2
N ——NR =—0de, x, tAN+—Av,
P ) )
1 2ar, Lo
=—O0Ag +AN+—ANvy, (4-4)
2’1 /11

According the orbital mechanics, given some initial (small) deviation in satellite

position and velocity (6R, and 6V, ) from a circular orbit, future positions can be defined

by the Euler-Hill transition matrix /, [Bate71, Kaplan76]:
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OR, = Hk[ Ry } = H,55, (4-5)
W,
To use the Euler-Hill transition matrix, JoR,, oR,, and 6V, must be defined with respect
to the reference orbit frame (radial, in-track, and cross-track directions).
We now define ¢ as an arbitrary time corresponding to epoch index k and ¢, as the
satellite rise time. Equation (4-4) is then evaluated at both times to eliminate the cycle

ambiguity and normalized with respect to the baseline length . The difference of the

two normalized double difference observables is called the normalized triple difference

residual:
(1) = [AA'$(1) — A'R(2)] —b[ﬂqA2¢(fr) ~A'R(2,)]
_ x, [de(t) - Se(t,)]+ v, 4-5.1)
_ [OAG(1) — 5Ab¢(t,, )1+ Ay,
b

Substituting equation (4-2) into the result above and replacing orbit error oR, by
equation (4-5), the scalar function s(¢) is defined below to represent the relative time
history of normalized triple differential carrier-phase residual due to ephemeris error

above:

s() = 290 = NP1, _ X, [5e(t3)— Se(1)]

=F(1)" 6R, - F(1,) 6R,

=F(t) H(t-1,)8S, —F(1,)" 55,

=[F(O)" H(t—t,)-F(t,)"]5,

= s(t) = c(1,1,)8, (4-6)
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where c(t,t,)=[F(t)" H(t—t,)-F(t,)"]. Using Equation (4-2), we can also define the
effective ranging error per unit baseline length (due to ephemeris error only) at time #:
r(t)=F(t)" 6R, = F(1)" H(t-1,)5S,
Define d(t,t,)=F(t)" H(t—t,), so that:
r(t)=d(t,1,)55, (4-7)

If one can infer r(¢), the normalized ranging error across baseline b (which is not
directly measurable because the cycle ambiguities are unknown), using s(¢) (which is
measurable), then ephemeris error is indirectly observable. Since function s(¢) is just an
offset version of function r(¢), by the magnitude of r(¢,), these two functions have
exactly the same shape except that they are separated by a fixed bias. This unknown
fixed bias is associated with the unknown cycle ambiguities. If the ratio between r(¢,)
(normalized ranging error at current time 7, ) and maximum value of s(¢) for t <¢_, is

unity or smaller after a certain waiting time, the normalized ranging error will be

bounded by ||s(t)||oo where ¢ is smaller or equal to ¢, . In this case the detection

performance using s(¢), ¢t <t_, is equivalent to that obtained by using r(¢,) when the

cycle ambiguities are known.

The key to evaluate the time history method is to determine whether the ratio

|r/ s| converges below one, and if so, how much time dose it take to do so. In this regard

we seek the worst case ratio for a given satellite as follows:

7

N

. Sw sup ‘d(tc,t,)5S,’_
St 2t >t |08, sup
t.>t>t

worst

le(t,1,)3S,




Where 7, is the final time of visibility.

su
Expressing (> ti ‘ ‘c(t, 1,)8S, | using a matrix form C =
r _sup Jsup ‘d (¢,,1,)08,
S worst - tc 5Str HCé‘S t,

Given that C matrix has full column rank, we may write:

c(tc > tr )
c(tc—l ’ tr)

C(tr+l 4 tr)

, the ratio is:

r supsup [d(C" ) CTess, | _supsup laccreyc| fess, |,
Sl 1o 35, lcas, | AR lcas, |
— - <SupHd(CTC)—1CT‘

Sworst I, !
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Simulation results for a Chicago O’Hare airport LGF installation using the DO-229A

GPS constellation is shown in Figure 4.2.
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Figure 4.2 Worst Case 7/s Ratio VS. Time
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The ground configuration for this simulation consists of two perpendicular
baselines with a receiver at each baseline end. One baseline is aligned toward east (the
aircraft approach direction) and the other toward north. The simulation results show the
r/s ratio does converge but the time needed is quite long. The convergence time will
vary somewhat with the location of reference receivers on the earth and the particular
satellite used. However, given that the simulation scenario is most likely not a worst
case, it is evident that the use of the relative time history of the carrier residual is not an
acceptable alternative for real-time use.

The results from the last two sections suggest that real-time detection of orbit
errors will require resolution of cycle ambiguities. There are many approaches toward
resolving the carrier cycle ambiguities, some of which exploit satellite geometry. As
noted in the last chapter, these methods are undesirable because they implicitly rely on
the validity of the broadcast ephemeris. The geometry-free widelane method defined in
the previous chapter to resolve integer ambiguity is an appropriate solution to this
problem. The cost of this technique, however, is that both L1 and L2 band carrier
signals must be available to construct an artificial signal, called widelane band signal. It
is an unfortunate fact, however, that as currently specified LAAS ground receivers have
no capability to track L2 band signal. Therefore, the proposed ephemeris monitoring
architecture defined in Chapters II and III is a candidate solution for future Category
II/IIT implementation, but not a currently realizable implementation for LAAS system.

With a single frequency system, however, a more limited detection capability —
effective against Type B ephemeris failures - is possible. We will discuss this in more

detail in the following section.
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4.3 Pseudorange Residual Method

In the first two sections of this chapter, alternative methods using single frequency
measurements were explored with the goal of detecting orbit errors in real-time without
the need for cycle ambiguity resolution. The results fell short of this goal. Here, we
relax the problem to a certain extent and consider Type B (Class B) ephemeris failures
only. In this case, “new ephemeris” minus “old ephemeris” test (an existing ephemeris
monitoring method implemented in ground reference station for Category I LAAS)
described in Chapter I is a sufficient solution provided that a valid old ephemeris is
always available.

In this context, we need only consider validating an ephemeris following a
scheduled satellite stationkeeping maneuver. Recall that unscheduled maneuvers are
Type A failures which are excluded by hypothesis here. More further, because
stationkeeping maneuvers are infrequent, it is not unreasonable to assume that a longer
period of data collection (perhaps a day) will be acceptable to validate a post-maneuver
ephemeris. In this regard we ask, given one day of measurement data, is it possible to
observe orbit error in an effective way? The answer is yes. Because over a longer
period, the dynamic response to the orbit error will be more clearly observable. We will
first consider the use of pseudorange measurements only. In the next section, single
frequency carrier-phase measurement will be added.

In a DGPS ground reference station, a pseudorange correction is formed for
broadcast to users in the service volume. We refer to the correction here as

“pseudorange residual”, because it contains all residual errors including ephemeris error:

1l =e SR, +V[ (4-8)
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where 7/ is the pseudorange residual at time epoch k, e; JR, is the orbit error (SR, ) in

ranging component, v/ is the pseudorange measurement error. Note that no ground
baseline is involved in the pseudorange residual defined by (4-8). As a result, the
measurement error v; will include the effects of satellite clock error, ionosphere error,

troposphere error, as well as multipath and receiver noise (the last two are also
experienced in the single difference case).

Using the Euler-Hill transition matrix [equation (4-5)], equations (4-8), the

pseudorange residual is:

vl =el H .05, +v/ =u,dS, +v/ (4-9)
where u, =e H, .
Stacking the pseudorange residual for the entire day, one can obtain a least squares

estimate of initial orbit error in terms of the pseudorange residual and unknown

measurement error:

1 U v’
D=] LSS+ P | = R, =USS, +V”
rnp un Vnp
8S,=U'U)'U'R,+U'U)'U"V” (4-10)

The first term on the right hand side of Equation (4-10) represents an estimated value of

OS, . The second term represents the estimate error due to measurement noise.

At the an arbitrary time epoch & the next day, the computed ranging error using the

prior day’s ephemeris for a landing aircraft at position [x, x,]b, . is using equation (2-

ale
10):

OAp=b!, F.H.3S,=b

alc alc

4,55, (4-11)

where x, and x, are column unit vectors defining the reference receiver baseline
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direction; b, is the distance (column) vector whose elements are the displacements in
each baseline unit vector directions x, and x,;and 4, =F, H, .

The significance of defining ranging error due to the prior day’s ephemeris is that we
want to use this ephemeris to validate the current day’s ephemeris, but we need to fist
determine quantitatively how effective we should expect such a comparison to be. In

this regard the variance of estimated ranging error is:

E{! A UTUY'U VB, AUU)'UVT}

alc

= E[b", A, UTU) ' UV UUTUY A, ]

alc

—p’

alc

=pT

alc

A, UTU) UTEvAv TUUTU) " 4,b

alc

4,UTUY'UTUWUTUY 4(b, 07

=T A (UTU) " ATh ‘o’

alc

7 <oyl

ba/c

(4-12)

In the LAAS community, it is customary to define a “P-value” to quantify the
effectiveness of an orbit detection scheme:

P:% (4-13)

where MDE, is the minimum detectable orbital position error magnitude for satellite 7,

R! is the range between receiver a and satellite i. The effective P-value associated with

orbit error observability at time epoch & during initialization is:

Py, =Ky + K, )|4,@'UY" 4] Hzicfvp (4-14)

Figure 4.3 shows simulation results for a Chicago O’Hare LGF installation. The
different traces in the figure are associated with different satellite passes. In this

simulation, the following data were used:
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- 0, =10m (standard deviation of pesudorange measurement error — non

differential).
-(K 4 +K,, )=238.5 (for Category I)

-DO-229A constellation, with a 5 deg elevation mask.
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Figure 4.3 Simulation Results of P,y Values by Pseudorange Measurements

For comparison, the expected performance of the ephemeris minus ephemeris test

[PTILAAS, ICD-200] is shown in the figure. At a minimum, we desire P, to be at (or

below) this level for our ephemeris initialization process to be effective.
It is evident, however, that the results using pseudorange residual measurements
alone are not always good enough to meet ephemeris/ephemeris check criteria. In this

regard, we will now introduce carrier-phase measurements to estimate initial orbit error.
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4.4 Carrier-phase Measurement Residual Method
We begin with the triple difference carrier-phase residual from Equation (4-5.1)

without normalization:

! =bx,"[Se, — e, ]+ AV! (4-15)
where we have replaced the time variable ¢ with time epoch index &; de, is the line-of-
sight unit vector error at time epoch k; x, is the unit baseline direction vector; b is the
scalar baseline length; and A’v/! is the triple difference measurement error. Now we add

another baseline, bx,, perpendicular to previous one with the same length b in order to

detect all orbit error components lying on the plane perpendicular to line-of-sight vector,
and normalize the residual with respect to baseline length 5. The normalized carrier

residual vector (2 x1)can be expressed as:

¢ T 3¢ 3,6
?lc¢:%:|:x;}[5ek_5eo]+Al:k Z[FkTHk_E)THo]5So+Aka =05, +

Xy

Nv!

where ¢, was defined in equation (4-6).

In the same manner as the pseudorange residual, it is possible to stack up this normalized

carrier residual for one day to obtain the estimate of initial orbit error oS, :

58S, =(C'C)'C'R, +(C"O)'C" av* (4-16)
0 3 b

And the variance of the estimate ranging error due to carrier-phase measurement noise

for a landing aircraft at the position [x, x,]b

alc

can be expressed:

~ No? ~ 2 No?
o7, =b. GOy Clb, =2 <[e oy e =2

alc

ba/s

(4-17)

The effective p-value associated with this case is then:
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~ 20
P, = (K, +K,,)|ccToy' |, 74’ (4-18)
Figure 4.4 shows the simulation results using the triple differential carrier-phase
residuals for a Chicago O’Hare LGF installation. The assumptions are the same as those
used to generate Figure 4.3 except the standard deviation of carrier-phase measurement

error o, is assumed to be 0.01 m, and an additional baseline length parameter is equal to

100 m.
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Figure 4.4 Simulation Results of P.; Values by Carrier Measurements

The results in Figure 4.4 are still not quit good enough to meet the
ephemeris/ephemeris check criteria. Further improvement is possible, however, by
combining the pseudorange residual measurements with the carrier-phase residuals.

Figure 4.5 shows that the results using both types of residuals is sufficient to meet the
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ephemeris/ephemeris check criteria. The reason that the combination of the two

residuals works better is that the combined residual stack effectively measures all

components of orbit error. If either pseudorange residuals or carrier residuals are used

alone, one or two components of orbit error may be only weakly observable. Since the

combined residual performance is consistent with that of the ephemeris/ephemeris test, it

is a viable solution to initialize the ephemeris/ephemeris test when there is no pre-

approved valid ephemeris data exists.
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Figure 4.5 Simulation Results of P,y Values by Combination Measurements

The performance of the combinational residual method may be improved further by

increasing the length of the baselines. From Equation (4-18), it is obvious that the P,
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value can be reduced by increasing baseline length 5. In Figure 4.6, the results with 200

m baseline length clearly show improved performance.
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Figure 4.6 P, Values Performance Improvement by Using 200m Baseline
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CHAPTER V

CONCLUSION

Differential GPS has been proven to achieve great improvement in position
accuracy relative to standard GPS position. Therefore, this technique has been used
widely in various applications, including the FAA’s LAAS precision approach and
landing system. For the LAAS application, however, navigation integrity is of equal
importance to accuracy.

Correct satellite ephemeris data is fundamental to differential positioning.
Therefore ephemeris monitoring is necessary to ensure navigation integrity. Although
no satellite orbit errors large enough to produce significant DGPS errors have been
confirmed to date, such occurrences cannot be ruled out.

For DGPS users, the components of satellite orbit error perpendicular to the
satellite line-of-sight direction are of primary concern. The magnitude of effective
ranging error is proportional to the distance between reference and user receivers.
Therefore, the potential safety risk will increase greatly to the user requiring high
accuracy and integrity at large distances from reference receiver.

The basic built-in ephemeris monitoring methods for LAAS are
ephemeris/ephemeris check and MFRT. Additional proposed ephemeris integrity
monitoring approaches include RAIM and DPR/DPDAS. Because the limitations of
these methods, a new ephemeris monitoring algorithm is proposed to meet LAAS system
performance requirements.

A new dual-frequency carrier-phase architecture to detect orbit errors affecting
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LAAS user integrity was proposed in Chapters II and III. The satellite-geometry-free
widelane method is used in this orbit error detection architecture to resolve the unknown
cycle ambiguities in the carrier-phase measurements. Once the integers are estimated
correctly, ephemeris error can be detected in real time by short baseline LGF
measurements. The proposed ephemeris integrity monitoring architecture is capable of
detecting both Type A and Type B ephemeris failures with reference receiver baselines
of approximately 400 meters. In addition, several single frequency monitoring
approaches were explored and have shown enough promise for further development, in

particular for the detection of Type B failures.
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A. Derivation of Analytic Approach for Je,
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Assume the nominal orbit position of satellite 7, which is expressed in east-north-up

local coordinates with receiver antenna a as the origin, is [x y z]'. The orbit error

SR, is defined as [ & &z] . The range r is equal to /x> +y* +z* . The line-of-

sight unit vector can then be denoted as:

Taking variations on both sides of Equation (2-6.2), we have:
X y z. ]
de, = {5 (=) 6(=) o (—)}
r r r
. X, .
Expanding 6(—) gives:
r

5(1) =5xl+x5(\/x2 +y*+z7)™
r r

3

:5xl—%x XY+ 7(2x5x+2y5y+2z§z)
r

3

1 2
iy, L P
r r r r

1 x’ X Xz
= —[(1- )& -5 o - 5]
r r r r

:1[(1— e e)w—e' edy—.e ez
-

X a x - a X-a y a X a z a

(2-6.2)

(2-6.3)

(2-6.4)
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where e,, e, , and _e, are the corresponding east, north, and up components of e, .

x“a’ y~a?

Similarly, one can obtain ¢ (Z) and o (i) as follows:
r r

5(%):%[ e’ es—(1-e" e)o—e  ed] (2-6.5)

y-a x“a ya y~a y-a z7a

za x a z a y a za z a

5(%):%[ e’ eo—e! ed-(-e e )¥x] (2-6.6)

Substituting Equations (2-6.4), (2-6.5), and (2-6.6) back into Equation (2-6.3), a more

concise result can be found as follows:

— T — —T — — T —
1 (l_xea X ea )5x_xea y eag.y_xea z ea&
— T — — T — — T —
oe, =; -.e, xea5x+(l—yea xea)ﬁy—yeu e,z
— T — —T — — T —
_Z ea xea§x_zea yea@} + (l_zea z ea )&
— T — — T — — T —
(l_x ell X e(l) _X e(l y ell _xea z ea 5x
— T — — T — — T —
:; _yea xea (l_yea y a) _yea zea é.‘y
— T — — T — — T —
_Z e(l X ea _Z ea y e(l (l_Z e(l z ea) &
_Tr — -7 — T _ S
1 xea xea xea yea xea Zell x
-7 — -7 — T _
=_(1_ yea <€ yea yea yea :€ ) éj}
r _T — -7 — _T — 5
za x a zea y a Zell zZa
s =1 (I-z2 )R (2-6.7)
a p a%a i .



L d-eenyR —L
R OR; -e,
‘ (1- R )
_ % (I-2.2,)oR [1+ 5R]fe;ea 4 (5R;e;ea Y +.]

Neglecting 2™ and higher order terms involving OR, , the result is:

se,=— (I-eze, )oR
a R ( eaea)

i

1 _

which is the same as Equation (2-6).
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