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ABSTRACT

In this paper, we derive new satellite orbit and clock error models for time sequential, dual frequency, multi-constellation
Advanced Receiver Autonomous Integrity Monitoring (ARAIM). In the current implementation of baseline ‘snapshot’
ARAIM, Carrier Smoothed Code (CSC) measurements at one instant in time are used to provide a navigation solution. Using
a time-sequential implementation of ARAIM, i.e., using measurements collected over time, will significantly reduce Protection
Levels (PL). It was shown in [3] that snapshot ARAIM cannot provide better performance than LPV-200, which has a 35 m
Alert Limit (AL). Exploiting satellite motion will lead to superior positioning performance and significantly tighter PLs relative



to baseline snapshot ARAIM, possibly even achieving 10 m ALs to support Category 1l aircraft approaches. In order to imple-
ment this time sequential approach, orbit and clock errors need to be characterized over time. In this paper, we process GPS
and Galileo orbit and clock data to evaluate and analyze ranging errors over time. We then determine upper and lower bounds
on ranging errors autocorrelation functions. These bounds will be implemented to over-bound time-sequential positioning
errors.

INTRODUCTION

Receiver Autonomous Integrity Monitoring (RAIM) uses redundant measurements to detect faults. RAIM was initially in-
tended to support horizontal guidance for aircraft during en-route flights using GPS L1 only. But with the development of
GLONASS, Galileo and Beidou, the number of available measurements has increased. In addition, the provision of dual-fre-
quency signals allows for removal of ionospheric delay, which was the largest source of ranging error. In consequence, exten-
sive efforts have been made to develop a new dual frequency, multi-constellation Advanced RAIM (ARAIM) fault detection
and exclusion (FDE) method. ARAIM is now intended to support applications such as vertical guidance. Reference [3] de-
scribes optimal estimators and detectors that minimize the integrity risk in ARAIM and identifies the circumstances under
which dual-frequency GPS/Galileo satisfies requirements for localizer performance with vertical guidance down to 200 feet
above the runway (LPV-200).

In the current implementation of baseline ARAIM, carrier smoothed code (CSC) measurements from multiple satellites are
combined at one time-instant to obtain a position estimate and perform fault detection. By using CSC measurements, snapshot
ARAIM exploits code noise averaging against the carrier using Hatch filters. However, it was shown in [3] that when nominal
constellations are depleted, LPV-200 could only be sparsely achieved. Further, snapshot ARAIM cannot provide better perfor-
mance than LPV-200 even under optimistic constellation assumptions.

To address this issue, a time-sequential ‘batch’ implementation of ARAIM was presented in [1]. Several versions of the batch
implementation have been studied. Initially, raw code and carrier measurements were collected at a one-Hertz rate over a fixed
time interval (e.g., 10 min), and processed in a sliding window batch estimator. The method was computationally expensive,
but the results obtained in [1] showed a significant reduction in probability of hazardously misleading information Pumi when
using batch ARAIM compared to snapshot ARAIM.

In [1], we also presented a computationally efficient batch ARAIM which used CSC measurements taken at a few, infrequent
sample times (e.g. every 5 min). The use of CSC retains the existing benefits in baseline ARAIM by averaging out code phase
noise and multipath over time using Hatch filters. The additional use of carrier measurements obtained at temporally-separated
epochs provides observability of floating cycle ambiguities from a completely different, complementary source: satellite ge-
ometry change. An extra advantage of this CSC-based approach is that the batch ARAIM becomes a straightforward augmen-
tation of snapshot ARAIM, and the FDE function only requires minor adjustments.

One major challenge in batch ARAIM is that measurement errors must be modeled over time. In [1], we made assumptions
on these models that must be validated with data. In addition, if the measurement error time-correlation function cannot be
determined with high certainty, we need to account for our lack of knowledge on error dynamics over time. Reference [11]
describes a method to obtain guaranteed bounds on positioning errors for batch estimators using measurements with unknown
but bounded time correlation functions.

In this paper, we describe new measurement error models over time, including upper and lower bounds on the error autocorre-
lation functions derived from data. The paper focuses on the main driver of range error: orbit and clock errors.

MEASUREMENT ERROR MODEL
The batch implementation chosen in this paper uses CSC and carrier phase measurements taken at K = Tggs/Ts sample times

(where Tgps is the batch sample spacing, and Ty is the receiver sampling time). In [1], the measurement model, which we will
refine based on our data analysis, is expressed as:
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where

P is the vector of carrier smoothed code p = [p7 . Px]”

0] is the vector of raw carrier phase measurements ¢ = [¢; ... ¢,]”

G is the batch geometry matrix

n is the vector of constant cycle ambiguities

u is the batch position vector: u = [W1 . Wi]", uy = (X" Tepsk  Toarxl
Sgrr IS a vector of constant error states sgpgr = [br gg]”

Vr,g.rRNMP,p/¢ 1S the measurement noise vector
Hgpp IS the error state coefficient matrix
H, is the cycle ambiguity coefficient matrix

In the current implementation of ARAIM, the impact of satellite orbit and clock errors on range measurements at the worst
user location are characterized by the User Ranging Accuracy (URA). The URA is a high-integrity per-satellite error model
defined as a zero mean gaussian distribution with over-bounding standard deviation g,z ,4. To model errors over time, a ‘bias-
plus-ramp’ model was derived in [1]. It can be expressed as:

‘epr = 'bg +'gp(t — t) + "eppsi @)
where
thy is an unknown constant bias
tgg is an unknown constant gradient
t; is the first epoch of the batch interval
ty is the k-th epoch within the batch interval, such that 1 < k < q, where q is the last epoch of the batch interval

iSRES,k are the residual errors

This model has the advantage of being straightforward to incorporate in a batch implementation. However, it was developed
for a 10 min batch and won’t necessarily be valid if we wish to extend the batch duration. The next section characterizes orbit
and clock errors over time to validate or improve this bias-plus-ramp model. The next section’s approach can be applied to
other error sources as well, however to limit the length of this paper, and since satellite orbit and clock error is the main driver
of range error, we will focus on orbit and clock errors.

ORBIT AND CLOCKS ERROR CHARACTERIZATION OVER TIME

This section analyses the behavior of orbit and clock errors over time for the GPS and Galileo constellations. Orbit and clock
errors are analyzed by differencing of precise, reference orbit and clock measurements with broadcast navigation data. Data
files are obtained from the Multi-GNSS EXperiment (MGEX) repositories. The following two sub-sections describe these
inputs.

Reference orbit and clocks

Reference orbit
Ephemerides and clocks

MGEX
Eph. to XYZ

Archived

MGEX was initiated by the International GNSS Service (IGS) with the goal of creat-

ing one GNSS data service for multiple constellations. It is comprised of Analysis

Centers (AC) which compute their own GNSS products. In this work, we use precise

orbit data from two ACs: CODE for GPS and CNES for Galileo and will consider it

> our reference (see repository [9]). These files contain orbit and clock data at a 15 min

s . sampling rate. Since we are interested in characterizing orbit and clock errors over a

j RV Z ey C?M short period of time (several hours), getting data every 15 min will not suit us, and we

A;c will need to interpolate the data. In this paper we use an 8™ order Lagrange polynomial

(according to the analysis from Ref [15]). Clocks perform as random walk processes

u and should not be interpolated. Instead, we will use the clock products from IGS pro-

vided at a 30s sampling rate. It is important to note that these orbit data are provided

with respect to satellite center of mass and we will convert them to describe the motion

Figure 1: Error generation of the phase center, following the procedure used in [10], to be consistent with the
broadcast ephemerides.

Orbit Clock
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Broadcast ephemerides

Broadcast ephemerides are stored in Receiver Independent Exchange (RINEX) formats that contain 24 hours of navigation
message. This work makes use of Stanford University ‘sugl’ files for GPS satellites and ‘brdc’ from CNES for Galileo (see
repositories [7] and [8]). Those institutions were chosen among several others for their cleaning and validation algorithms
ensuring a limited amount of file recording, storing and labeling issues.

Orbit and clock error autocorrelation

Satellite orbit and clock error are obtained by comparing the satellite orbit and clock derived from the broadcast ephemerides
to the reference orbits (as shown in Figure 1). They are expressed in satellite’s reference body frame Radial, Along-track and
Cross-track. Note that reference orbits are provided with respect to center of mass (CoM) of the satellite, whereas broadcast
ephemerides are decoded with respect to the satellite’s antenna phase center (APC). This offset is provided in the ANTenna
EXchange (ANTEX) files for each GPS and Galileo satellites (see APC conventions for MGEX at Ref [14]). After correcting
for that offset, orbit and clock errors are obtained by differencing reference and broadcast orbit and clocks. Figure 2 represents
the time evolution of the GPS and Galileo satellites (each color represents a satellite), in terms of radial plus clock errors for a
chosen date (1% of December 2018).
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Figure 2: Time evolution of Radial Plus Clock errors for GPS (left) and Galileo (right) satellites on 12/10/2018

Note that the ephemerides are broadcast every 2 hours. When a new set of ephemerides is received, the old one is still valid for
two more hours (for GPS), although most users will decide to use the new set as soon as they receive it. This new upload creates
a ‘jump’ in the estimated satellites positions. To account for this effect, the broadcast ephemerides from the current and fol-
lowing sets of ephemerides were interpolated in the position domain through weights over two hours (see Appendix A).
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Figure 3: Interpolation of ephemeris jumps (left) and their impact on error autocorrelation (right)



Figure 3 (left) represents the radial error of GPS PRN 07 before and after interpolation of the ephemerides, with a visible
ephemeris jump at 2h. The figure on the right represents the normalized autocorrelation of radial plus clock errors with and
without interpolation. The interpolation of ephemerides has a negligible impact on the orbit and clock errors autocorrelation.
However, the purpose of this work is to establish a model for orbit and clock errors accounting for their correlation over time,
that would be implementable in a batch or Kalman Filter (KF) algorithm. If we did not interpolate those ephemerides jumps,
we would have to model their dynamic behavior and input this model to our batch or KF algorithm. Since smoother dynamics
are more convenient to model and since we want to model those errors as first order Gauss Markov Process (smooth process),
we will use interpolated broadcast ephemerides in this work.

For any random process X, let us define the autocorrelation function Ry of X as:
Ryx(§) = E[X(©D)X (¢t + §)] (3)
Reference [10] determined bounds on the variance of orbit and clock errors. However, the purpose of this work is to study the

time behavior of the orbit and clock errors relative to some current time, because current-time positioning is of main interest in
ARAIM. For the rest of this work, when talking about autocorrelation function, we will be referring to its normalized version:

Ryx(t) (4)
Ryx(0)

Cxx(t) =

When dealing with autocorrelation function, a recurrent dilemma arises between stationarity and autocorrelation estimate ac-
curacy. If we use too few data, the autocorrelation will most likely not be accurate (in part due to the zero padding of the xcorr
Matlab function), but if we use too much data (very long periods), the process may not be stationary anymore. Reference [12]
developed the following expression for the variance of autocorrelation estimate Ry for a random process X:

A 1[0 . ~
UI%XX(f) = Var[Ryx(t)] = Tf R24(8) + Ryx(§ + t)Ryx(§ — t)dE 5)

Where )
T is the length of data used to estimate Ry

To derive Equation (5), we express the autocorrelation function of radial plus clock errors as a first order Gauss Markov Ran-
dom Process (GMRP) with the following autocorrelation:

Ryx(t) = age” " (6)
Where
T is the time constant of the GMRP
o2 is the variance of the random process X
Substituting (6) into (5) yields:
T T+ 2t\ _2¢
o= 5 + (5 )

Figure 4 (left) represents the autocorrelation of radial plus clock errors using 4 days of data for each of the GPS satellites (each
color ranging from yellow to blue represents one GPS satellite). For our application into ARAIM, we will be looking at time
intervals smaller than 2 hours. Therefore, we zoom in on the first 2 hours of the 4 day-long autocorrelation curves. Once again,
each curve with color ranging from blue to yellow represents one GPS satellite. From Figure 4 (left), we estimate = = 8 hours.

Note that the goal of this paper is to bound the normalized autocorrelations of orbit and clock errors. Let us decompose as Ryy:

Ryx () = Ryx(t) + 8Ryx(t) (8)
Where
Ryx(t) isassumed known
S8Ry x(t) is unknown



Equation (9) describes the variance of the normalized autocorrelation estimate Cy (details of the derivations can be found in
Appendix B):

2C Cxx ()?
xx(®) E[6Rxx(t)0Rxx(0)] + ﬁg)))zogxx(o) ©

2

o2
. R _ YRxx(t)
by = Var[Cux (1) — Cxx(D)] = Ryx(0)2  Ryx(0)?

The second term of Equation (9) is unknown but can be lower bounded by o-,%XX(O) and upper bounded by a}%XX(t). Therefore,
assuming E[§Ryx (t)6Rxx(0)] is an average of those two bounds, and substituting (8) for Ry into (9) yields:

It 2t
o2, = (1 - e‘?) (1 + (7 - 1) e‘Zt/T>% (10)

Figure 4 (right) represents the results obtained from Equation (10) for different length of data. At 2 hours, the standard deviation
of variance of normalized autocorrelation estimate for four days of data is close to 0.08, whereas the one-month result shows a
standard deviation of 0.03. These values will be of interest in the following error stationarity analysis, to determine whether
the changes observed are due to a lack of accuracy in the estimation of the autocorrelation functions, or if they are due to a
non-stationary process.
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Figure 4: Variance of Autocorrelation Estimate for different length of data

Orbit and clock error stationarity analysis

In the following, we would ideally like to use one month of data to characterize orbit and clock error. By doing so, we obtain
a statistical characterization of the orbit and clock errors over time. To use it in our batch implementation, we need to make
sure that those statistical properties do not vary (e.g. seasonal changes, lunar cycles) over time. The following paragraphs
analyze orbit and clock errors stationarity with respect to lunar cycle, and sun cycle (seasons).

Let us first assess whether orbit and clock errors are stationary over 2 weeks of data. In particular, let us look at the impact of
lunar cycles (28 days) on orbit and clock errors. Figure 5 (left) represents the orbit and clock errors autocorrelation obtained
with 2 weeks of data for several GPS satellites. For clarity purposes, only 3 satellites of each constellation are shown in these
figures (PRN 01, 14 and 31). Full moon occurred on September 24" 2018 and a new moon occurred on September 9" 2018.
Therefore, the solid lines represent data from 2" to 15" of September (new moon) and the dashed lines represent data from
16'" to 29™ of September (full moon). Looking at these figures and comparing them with the results shown in Figure 4 (right).
Figure 5 shows that the lunar cycle has a negligible impact on the orbit and clock errors stationarity of either GPS or Galileo
satellites. Indeed, with Figure 4 (right), we concluded that the approximate standard deviation on the autocorrelation estimate
was of 0.04 for 2 weeks (i.e. 2 sigma of 0.08), which means that most of the spread we observe on Figure 5 is due to this
uncertainty. Therefore, lunar cycles have a negligible effect on orbit and clock errors stationarity. In other words, we can use
two weeks of data to bound the autocorrelation of orbit and clock errors. One can notice that satellite E30 has more changes



between the two data sets. These changes seem to be satellite related (presumably clocks) are most likely not due to lunar
effects. Further work will need to be performed to assess whether or not these are related to the clocks.
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Figure 5: Lunar Cycle impact on orbit and clock errors stationarity of several GPS and Galileo satellites

Let us now look at the impact of seasonal changes on orbit and clock error stationarity. Figure 6 represents the orbit and clock
error autocorrelations of each GPS satellite (each color represents one satellite) at 4 different times of the year, using 1 month
of data. Once again, each colored curve represents one GPS satellite. The two plots on the left (March and September 2018)
are the equinox dates, whereas the two plots on the right (June and December 2018) are the solstice dates. The solstice plots
seem to spread slightly wider after 1h, compared to the equinox plots. In Figure 6, the overall behavior (spread) of the GPS
autocorrelations, does not vary too much throughout the year. However, if we look satellite-by-satellite, we see that each month

is different. Therefore, these results suggest that the orbit and clock errors stationarity may be impacted by the sun cycles
(seasons).
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Figure 6: Season impact on orbit and clock errors stationarity of GPS satellites



Similar for Galileo satellites, Figure 7 shows the general trend (i.e. looking at the whole constellation) of orbit and clock errors
autocorrelation. Looking at each satellite one-by-one, we notice differences between curves. Certain level of degradation in the
orbit error was observed during the month of March. It can possibly be due the less frequent update of the navigation message
(nominally 8-12 min) forcing the algorithm to extend the use of broadcast ephemeris for longer periods.
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Figure 7: Season impact on orbit and clock errors stationarity of Galileo satellites

To understand if the spread observed here is due to solar impact or if it is due to the accuracy of our autocorrelation estimate,
we generated 31 (i.e. number of GPS satellites) first order Gauss Markov Random Processes (with a sigma of 1 m) with a
length of one month and computed their autocorrelations. In Figure 8, we represented the theoretical autocorrelations of GMRP
(left) with respect to the autocorrelation of orbit and clock errors (right) for the month of December 2018. Since we are trying
to model the orbit and clock errors as first order GMRP, we would expect the two figures to be similar. Additionally, the results
on the left are consistent with the ones obtained in Figure 4. Therefore, it is not possible to determine whether the spread on
the real data (right figure) is due to the sun or to the uncertainty on our autocorrelation estimate (left figure).
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In this section, we showed that the orbit and clock errors were stationary with respect to lunar cycle but that these same errors
may be impacted by seasonal changes. This uncertainty in stationarity will need to be accounted for in the next section.

BOUNDING OF THE AUTOCORRELATION

To model orbit and clock errors in our batch ARAIM implementation, we need to account for their time correlation. The
stationarity study conducted above concluded that orbit and clock errors may be impacted by seasonal changes. Given these
observations, several options can be considered to account for correlation in our batch covariance matrix. A first option would
be to bound the worst autocorrelation set (i.e. widest spread, i.e. all of the subplots in Figure 6). This method is the most
conservative of the ones proposed here.

Since the behavior of the autocorrelation function (especially GPS) does not perfectly match a GMRP near zero, we chose to
model the lower bound as the sum of autocorrelations of a White Gaussian Noise (WGN) and a GMRP as described in Equation
(11). By doing so, the lower bound becomes tighter and less conservative.

Cxx,ower = €6(0) + (1 —e)e™"/" (12)
Where
€ is a small real value
é is the Dirac delta function (i.e. autocorrelation function of a WGN)
T is the time constant of the GMRP
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Figure 9: Example of autocorrelation bounding for GPS (left) and Galileo (right) satellites

Figure 9 represents the orbit and clock errors (i.e. radial-plus-clock) of each GPS (left) and Galileo (right) satellites, with data
taken over the four (three, for Galileo) data sets shown in previous section (March, June, September, December 2018). Once
again, the color code is as follows: each color represents one of the GPS satellite (31 in total), using one month of data, but
zooming in on the first two hours. So the figure on the left will have 31*4 curves (31 satellites at 4 different months). In addition
to that, the red curves represent the upper and lower bounds (first order GMRP) we obtained. GPS satellites are upper and
lower bounded with GMRP of time constants 4 hours and 50 hours. Galileo satellites are bounded with GMRP of time constants
2 hours and 38 hours.

Another option would be to evaluate autocorrelation satellite by satellite. Figure 10 represents an example of bounding accord-
ing to our second option. This time, each color represents a different month of data of the year 2018 for a given PRN (here
PRN 07). GPS PRN 07 was bounded with GMRP of time constant 10 hours and 29 hours. Galileo PRN 12 was bounded with
GMRP of time constant 2 hour and 13 hours. Modeling autocorrelation functions satellite-by-satellite has the advantage of
providing tighter bounds, but at the cost of a more complex implementation.

One can note that the results in Figure 10 (left) have a similar spread as the theoretical autocorrelations represented in Figure
8 (right).



1 Radial + Clock Error autocorrelation G07 : Radial + Clock Error autocorrelation E12

091 NN T
0.95 -
-..____.h-‘ 08"
= Janua = — AN
9 Mal‘cl‘lry . %_) 0.7r1 ::arc:ry
! 09r April " B April
14 June X et |=—/une
O July o ' July
September September
0.85 | Decomer 057 Becerber
— muupper=29 hrs — tauupper=13 hrs
........... tau, .. =10hrs 04 (R P tau . =2hrs
0.8 0.3 : : ; : ‘ . ' ' ’
0 0204 06 08 1 1.2 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2
Time hr Time hr

Figure 10: Example of satellite error calibration with GPS PRN 07 and Galileo PRN 12

In this section, we presented two options for upper and lower bounding of the orbit and clock errors autocorrelations. The first
method has the advantage of being simple to implement in a batch, but at the expense of being conservative. The second method
was less conservative but at the cost of a more complex implementation.

CONCLUSION

We analyzed months of orbit and clock error data to derive upper and lower bounds on their autocorrelation functions. First,
we had to interpolate GPS orbit and clock ephemeris to obtain realistic autocorrelation functions, and we analyzed the impact
of this interpolation process. Second, for data processing, two conflicting aspects had to be considered: on the one hand, the
length of the data collection process needed to be large enough to provide an accurate autocorrelation function estimate, while
on the other hand, it had to be limited to ensure the process would remain stationary. We evaluated the stationarity of GPS and
Galileo orbit and clock error autocorrelation functions with respect to lunar cycles (28 days) and solar cycles (seasons). The
seasonal analysis was inconclusive for both the GPS and Galileo constellations, and thus bounding was performed on the worst-
season data set, using data collected in December.

Finally, the paper shows that orbit and clock error autocorrelation functions can be upper and lower bounded with Gauss
Markov Process autocorrelation functions with time constants of 50 h and 4 h, respectively, for GPS and 38 h and 2 h, respec-
tively, for Galileo. A less conservative option would be to derive these upper and lower bounds for each satellite individually.
In the next step of this research, we will apply similar methods to other error sources (e.g. troposphere). Sequential ARAIM
algorithms could then be implemented over longer durations, which would open the possibility to extend the scope of ARAIM
applications beyond aircraft navigation, to rail, harbor or arctic navigation (open sky). Additionally, we will employ these
models in the work of [6] which provides positioning integrity risk bounding capability using a Kalman filter framework.
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APPENDIX A: EPHEMERIDES INTERPOLATION

The GPS constellation broadcasts a new set of ephemerides every 2 hours. Each set of ephemerides is valid for 4 hours. Hence,
when a new set of ephemerides is received after 2 hours, the previous one is still valid for another 2 hours. This paper has
shown that the radial, along track, cross track orbit and clock errors were impacted by jumps due to the ephemerides update.
The purpose of this paper is to propose a model for orbit and clock errors that would account for their correlation in time. The
approach used here was to determine upper and lower bound of the orbit and clock error autocorrelations that could be modelled
as a first order GMREP (i.e. continuous error model). Accounting for the jumps in our batch implementation, we would need to
model the dynamic behavior of these jumps and input this model to our batch or KF algorithm. Since smoother dynamics are
more convenient to model and since we want to model those errors as first order GMRP, we will use interpolated broadcast
ephemerides in this work.

The current (X,,,,-) and next (X,..:) Set of ephemerides were interpolated in the position and velocity domain through weights
over an interpolation window W, of 2 hours:

P | oy W= L Al
X(l+])=_Xnext(l+])+n—Xcur(l+]) (A1)
Wlnt Wlnt
Where
Xeur is the current set of ephemerides
Xnexe 1S the next set of ephemerides
X is the (output) interpolated ephemerides
Wy is the two hours interpolation window
i is the index of the jump
j is a dummy variable such that j € [0, Wi, ]
GPS ephemerides interpolation Galileo ephemerides interpolation
toe 1 toe 1
—l i
. . Interpolated
;g;z};‘;ﬁi‘i I Jump ¢ Jump 1 I ephemerides

: ~

2 hrs 180 min

Figure 11: Ephemeris interpolation scheme for GPS (left) and Galileo (right)

Figure 11 represents the interpolation process for GPS and Galileo. Since Galileo’s updates are different from GPS, the two
interpolations are slightly different. GPS broadcast a new set of ephemerides every two hours, and each set is valid for a total
of 4 hours. On the other hand, Galileo broadcast a new set of ephemerides every 8-12 minutes, and each set is valid for a total
of 180 min. The interpolation process chosen for Galileo is similar to the one used for GPS, and uses Equation (A.1) with
Wine = 180 * 60 — (tye2 — toer), 8S Seen in Figure 11.



APPENDIX B: VARIANCE OF NORMALIZED AUTOCORRELATION ESTIMATE

Let us define the autocorrelation estimate of a random process X as:

Ryx () = Ryx(t) + 8Ryx(t) (B.1)
Where
Ryx(t) is known
S Ryx (t) is unknown

In this paper, we are interested in a normalized autocorrelation, as described in Equation (4). Substituting (B.1) into (13), we
obtain:

RXX (t) + SRXX (t)
Ryx(0) + 6Rxx(0)

éxx ® = (B.2)

Factorizing by Cyx(¢):
(B.3)

. _ 14 8Rxx(t)/Rxx(t)
Cox(®) = Cox(©) <1 m SRXX(O)/RXX(O))

Neglecting second order terms and given 6 Ryx(0) << Rxx(0):

SRyx (1) _ Ryx(t)
Ryx(0)  Ryx(0)2

Cxx (t) = Cyx () + SRxx(0) (B.4)

Therefore, moving the first time in the right and side of Equation (B.4), the second moment is derived as:

R ? Ryx(t Ryx ()2
E [(cxx(c) - cxx(c))2 = ZZ’E((;; —2 RX);X((O)L E[6Ryx (). SRyx(0)] + R;‘;‘((O))4 o2 o) (B.5)

We can note that the first and last terms of Equation (B.4) can be derived with Equations (15) and (16). Hence, the only
unknown is the expectation term. Since this term cannot be derived, we will upper and lower bound it.



