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ABSTRACT 
 
In the Local Area Augmentation System (LAAS), as well 
as other local area DGPS systems which use single-
frequency (L1) measurements only, differential ranging 
error due to the ionosphere is the result of two effects: the 
temporal divergence of the code and carrier and spatial 
decorrelation of delay.  The effect of divergence is most 
significant when ground and air filter implementations are 
different; but even when filter implementations are 
identical, transient differential error can exist due to the 
different filter start times.  The effect of spatial 
decorrelation is caused by variations in the delay between 
the ionospheric pierce points for the aircraft and the 
ground receiver.  The effective separation between ground 
and aircraft antennas that defines pierce point separation 
is larger than the physical separation of the two antennas 
by an amount proportional to the filter time constant and 
the horizontal velocity of the aircraft.  In this work, both 
ionospheric spatial decorrelation and divergence are 
analyzed with the goal of defining conditions for safe 
interoperability of ground and airborne systems. 
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1.0   INTRODUCTION 
 
In the Local Area Augmentation System (LAAS), L1 
pseudorange and carrier phase measurements are brought 
together by means of a smoothing filter. The filter 
exploits the accuracy of the pseudorange (raw code phase) 
and the higher precision of the carrier phase to mitigate 
multipath and other receiver-associated noise. Among 
several errors embedded in the smoothed pseudorange, 
the one of interest in this paper is the filtered output of the 
ionosphere-induced group delay and phase advance. The 
carrier phase advance and pseudorange code delay are 
equal and opposite. Thus over time, the effect is realized 
as a divergence between the code and carrier 
measurement error. When such a diverging error is 
filtered, there will exist, in general, a tracking error in the 
output of the smoothing filter relative to the raw code 
pseudorange. The nature and magnitude of the tracking 
error is a function of the filter used and the time history of 
ionospheric divergence [1].  For example, the LAAS 
Ground Facility (LGF), which will use single-frequency 
measurements passed through a first-order filter, will 
exhibit a steady-state tracking error due to ramp-like 
(constant velocity) divergence and a continuously-
growing tracking error in response to quadratic (constant 
acceleration) and higher order divergence inputs.  
 
In a differential system such as LAAS, the airborne user 
and reference (LGF) tracking errors due to divergence 
will cancel precisely only if the ground and airborne 
filters are identical and sufficient time has elapsed since 
the initialization of each filter. In this work, we 
characterize and quantify the resulting differential error in 
the realistic case when these two conditions are not 
precisely satisfied.  In this regard, ionospheric divergence 
has been modeled with ramp, quadratic, and harmonic 
(sinusoidal) structures. Using both time domain and 
frequency domain techniques, differential ranging errors 
due to ground-air differences in filter time constant, order, 
and initialization time are characterized.  
 
This paper also includes analysis and experimental data 
that shows the magnitude of LAAS airborne error due to 
ionospheric spatial decorrelation. Since LAAS ground 
and aircraft receivers may be spatially separated by tens 
of kilometers, small variations in ionospheric delay 
between ground and air ionospheric pierce points result in 
small but non-negligible differential ranging errors at the 
aircraft. Furthermore, the effective separation between 
ground and aircraft is increased relative to their physical 
separation by an amount proportional to the filter time 
constant and the horizontal velocity of the aircraft. This 
paper derives the equation used to compute the standard 
deviation of this error at the aircraft and presents relevant 
experimental Wide Area Augmentation System (WAAS) 
data to estimate the standard deviation of the gradient of 
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vertical ionospheric delay that is to be broadcast by the 
LAAS Ground Facility (LGF). 
 
 
2.0   IONOSPHERIC DIVERGENCE  
 
At the LAAS Ground Facility (LGF), a first order (Hatch) 
filter with 100 sec time constant is specified: 
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where,  
 

r  is  carrier-smoothed pseudorange  
φ  is carrier phase measurement output from receiver 
p  is  pseudorange measurement output from receiver 
τg  is time constant of smoothing filter (100 sec) 
∆T is sample interval (1/2 sec) 
 N  is τg /∆T  

 
The continuous analog to the Hatch Filter (taking limit as 
∆T approaches zero) is [2] 
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We now consider the effect of a divergence error )(te  
such that   
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The resulting transfer function ffrom divergence input to 
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If a first order filter with a different time constant (τa) is 
used at the aircraft, the resulting differential ranging error 
is 
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In the frequency domain, this is a band-pass filter with 
center frequency 
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Because of the band pass nature of the effective 
differential filter, it is clear that the differential ranging 
error due to high and low frequency divergence inputs 
will be suppressed.  Figure 1 (left plot) shows an example 
time history of ionospheric delay collected over one hour 
period using dual frequency GPS carrier phase 
measurements.  (The initial ionospheric delay, which has 
been arbitrarily set zero in the plot, is not relevant since it 
does not contribute to differential ranging error.)  Also 
shown (right plot) is the Fourier Transform of the 
ionospheric delay overlaid on an example differential 
filter assuming a 100 sec time constant on the ground and 
a 150 sec time constant in the air. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. Divergence in the Frequency Domain 
 
 
In the time domain, the steady state differential ranging 
error with respect to a constant rate divergence input tI!  

is easily shown to be Iga
!)(2 ττ − .  For example, for an 

input rate of 1 cm/sec, ranging error will exceed 0.1 m if 
the two time constants differ by more than 5% (5 sec).  
Clearly, given the specified LGF time constant of 100 sec, 
only a small margin for aircraft design flexibility exists.  
The problem is made worse when higher order filters are 
used at the aircraft where, unlike the ground, ionospheric 
ramp inputs are tracked without steady state error.  For 
these reasons, the LAAS Ground Based Augmentation 
System (GBAS) Standards and Recommended practices 
(SARPS) specifies that the ground and airborne filters 
must be identical.  Because of the minimal design 
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flexibility possible, this requirement does not represent a 
significant design constraint. 
 
It is also important to note that these results also apply to 
carrier aided Delay-Lock Loops (DLLs) within ground 
and air receivers.  However, the time constants are much 
smaller in this case.  For example, at the LGF the 
minimum noise equivalent bandwidth of a carrier aided 
DLL is 0.125 Hz (which corresponds to a time constant of 
less than 2 sec).  When the ground and air DLL time 
constants are individually small, their difference will also 
be small, resulting in negligible steady state differential 
ranging error. 
 
Given that the ground and air filters have the same time 
constants, transient differential error due to divergence 
must still be considered.  Transient error will always exist 
since, in general, ground and air filters will start tracking 
(and smoothing) a given satellite (SV) at different times.  
In the examples which follow, we assume that the 
reference receiver starts at time t = 0, while aircraft starts 
tracking at some later time t = t0. (Note that the choice of 
which receiver starts tracking the SV first is arbitrary.) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Example Response to Ionospheric Ramp 
 
 
Figure 2 shows an example input ionospheric ramp of 1 
cm/sec.  Because the filters start at different times, 
differential error initially exists, but decays exponentially 
with time.  Figure 3 shows parameterized curves of 
transient differential ranging error for a number of air 
filter start times (t0).  In this figure the parameter a1 

represents the ionospheric ramp slope I! . The worst-case 
differential error occurs when the ground filter is at (or 
near) steady state when the aircraft filter begins tracking 
the satellite.   



 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 3.  Normalized Transient  Ranging Error      

(Ramp Input) 
 
 
In Figure 3 the curve labeled (t0/t = ∞) corresponds to this 
case.  In this scenario, for a 1 cm/sec input ionospheric 
ramp, transient differential error will be larger that 10 cm 
unless a 300 sec wait time has elapsed before the aircraft 
smoothing filter output is used. 
 
It is worth noting that if divergence rate is known, the 
filters can be started at steady state.  In this case, there 
will be no transient response to ramp inputs.  Unfor-
tunately, estimation of divergence rate from the single 
frequency (code-minus-carrier) data available to LAAS 
will also require smoothing over time to mitigate effect of 
multipath.  In this context, the wait-time is not avoided, 
but instead simply passed over to another process. 
 
It is also desirable to consider the effect of higher order 
inputs.  In this regard, it is natural to next consider to the 
case of a quadratic input.  However, the first order filters 
to be implemented in LAAS will not track quadratic (or 
higher order inputs) with a steady state error; the error 
will instead continue to grow with time. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4.  Example Response to Ionospheric Quadratic 
Input 
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Figures 4 and 5 show the results for quadratic inputs (with 
a2 = ) I!!  analogous to those of Figures 2 and 3 for ramp 
inputs.  In this case, no worst-case value of t0 exists (and 
only results up to t0/τ = 7 are shown in Figure 5). 
Therefore, no specific wait time is sufficient.  However, it 
is important to note that quadratic inputs due to the 
ionosphere cannot be sustained indefinitely.  A more 
realistic model is needed to characterize the effects of 
higher order inputs. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5.  Normalized Transient  Ranging Error 
(Quadratic Input) 

 
 
 
 
 
 
 
 
 
 

 
Figure 6.  Inonospheric Harmonic Input 

 
 
As illustrated in Figure 6, a harmonic model (sine/cosine 
input) implicitly includes quadratic and higher order 
effects while simultaneously maintaining the bounded 
maximum amplitude of ionospheric delay.  In this case, 
the transient differential error depends on two factors:  the 
phase shift (time offset) between initialization of the two 
filters and the input ionospheric frequency.  In Figure 7, 
an example ionospheric input with 500-second period is 
shown together with resulting the ground filter response 
and several potential air filter responses corresponding to 
different initialization times.  It is clear that over time the 
ground and air filter outputs will converge and the 
resulting differential ranging error will approach zero.  In 
the transient region, however, differential ranging error 
will exist. 
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Figure 7.  Example Resonse to Harmonic Input 
 
 
The phase (time) offset between the ground and airborne 
filter initialization that leads to maximum transient 
differential error will depend on the input frequency.  It is 
also important to consider the fact that the amplitude of 
the ionospheric input (Imax) should become smaller as 
frequency (ω) increases.  In this analysis, we assume a 
maximum ionospheric delay amplitude of 30 m applicable 
to the diurnal frequency (~10-5 Hz).  Amplitudes of  
ionospheric inputs at higher frequencies are modeled as 
proportional to 1/ω.  This model is reasonably consistent 
collected data. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Figure 8.  Worst-Case Transient Response to Harmonic 
Input 

 
 
Figure 8 shows the worst-case transient differential 
ranging error for several input frequencies.  In these 
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results it seen that errors less that 10 cm are achievable 
with a maximum wait time of approximately 150 sec.  By 
comparison, the results for the ramp input case are more 
conservative. 
 
While the results from the models considered are clearly 
sensitive to the specific quantitative assumptions made 
regarding ramp input magnitude and amplitude vs. 
frequency characteristic, the methodologies are useful for 
determining acceptable wait times for first use of LAAS 
filter outputs.  It is also important to note that the wait 
time can be circumvented by appropriate inflation of the 
measurement error standard deviations used to compute 
vertical and horizontal protection levels for LAAS.  In 
this case, an exponentially decaying error component may 
be included in the overall LAAS error model to 
compensate for the transient differential error resulting 
from ionospheric divergence. 
 
 
3.0   IONOSPHERE SPATIAL DECORRELATION 
 
In addition to residual differential ionosphere errors from 
divergence (temporal decorrelation), LAAS users will 
also encounter small errors due to spatial decorrelation, or 
the change in ionspheric delay between user and reference 
receiver ionospheric "pierce points."  In order to insure 
that computed user protection levels bound actual errors 
throughout the LAAS coverage volume, the LAAS VHF 
data broadcast includes a standard deviation of ionosphere 
spatial variation, σvert_iono_gradient (or σvig), in the 
Type 2 message.  This parameter has an 8-bit message 
field with a least-significant-bit resolution of 0.1 mm/km, 
allowing a maximum value of 25.5 mm/km to be 
transmitted. 
 
User Error due to Ionospheric Spatial Gradient 
 
The following equation relates vertical ionospheric spatial 
decorrelation (dIv/dx) to pseudorange error for a given 
GPS satellite:   
 

][��),( ,, aaa
v
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where τa is the airborne smoothing time , va is the aircraft 
lateral velocity, and xa is the LGF-to-aircraft separation. 
This equation gives the vertical ionosphere change, which 
must be multiplied by an obliquity factor (FPP) to convert 
to actual (slant) range error [3]: 
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where Re is the approximate radius of Earth (6378.136 
km), and hI is the approximate ionosphere shell height 
(taken to be 350 km).  Note that this factor varies from 1.0 
for satellites directly overhead to greater than 3.0 for low-
elevation satellites.  These equations are used in the 
following figures to relate σvig to σiono, which is the one-
sigma differential user range error.  These plots assume τa 
= 100 sec (to match the LGF) and a constant τa = 70 
m/sec for a jet aircraft during approach. 
 
Figure 9 shows the resulting vertical ionosphere error for 
three different values of σvig as a function of LGF-user 
separation.  For σvig  = 2 mm/km, the one-sigma error at a 
conservative approach-threshold distance from the LGF (xa = 
7.5 km) is 4.3 cm, which is negligible compared to multipath 
and other LGF error sources.  At the edge of LGF VDB 
coverage (xa = 23 n.mi., or about 43 km), the error is about 
11.8  cm, which is still small and is much less significant 
because the required protection levels at this distance from 
the LGF are much larger than those that apply at the 
approach threshold.  Figure 10 shows the impact of σvig  = 4 
mm/km and σvig  = 25.5 mm/km (the maximum possible 
broadcast value) on the total user range error for Ground 
Accuracy Designator B3 and Airborne Accuracy Designator 
A.  For σvig  = 4 mm/km, the increase in user range error 
sigma due to ionospheric effects is no greater than 12.5%; 
thus the impact on user availability is very small.  On the 
other hand, σvig  = 25.5 mm/km increases overall user error 
sigma by a factor of 3 or more, which would dramatically 
impact user availability.   While it is not possible to 
determine the maximum possible ionosphere spatial gradient 
that might ever occur, it makes little sense to field a LAAS 
system with σvig  = 25.5 mm/km without using some other 
means of ionosphere estimation (dual-frequency measure-
ments, WAAS) to reduce the error.  Thus, a maximum 
message field value of 25.5 mm/km for σvig is sufficient. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 9.  User Differential Ionosphere Errors 
 
Because LAAS uses single-frequency (L1-only) reference 
receivers and does not observe ionosphere delays in real 
time, it must broadcast values of σvig that overbound the 
true ionosphere gradients under worst-case conditions.  In 
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order to examine the values of σvig that may occur under 
worst-case conditions, we have used the Raytheon WAAS 
database of ionosphere "supertruth" data of delays at the 
pierce points of the 25 WAAS reference stations [5].  This 
data has limited applicability to LAAS because most 
WAAS pierce-point separations are well over 100 km, 
whereas LAAS users are most interested in separations 
well below 100 km.  However, sufficient data exists for 
separations of 400 km and less to allow us to "zoom in" 
and make reasonable inferences regarding very-short-
range ionosphere delay differences. 
 

 
 
 
 
 
 
 
 
 
 

 
Figure 10.  Contribution of Ionosphere Errors to Total 

User Error (B3/A Case) 
 
 
Figure 11 shows the cumulative distribution function 
(cdf) of ionosphere delay differences between pierce 
points for CONUS reference stations on April 7, 2000, 
when a major ionosphere storm took place.  Each line in 
the plot represents a specific pierce-point separation (the 
data were binned according to separation between 0 and 
400 km so that separate histograms could be plotted).  
These distributions appear roughly Gaussian but with 
slightly fatter-than-Gaussian tails.  This does not 
necessarily mean that the underlying data is non-
Gaussian.  Instead, it may be an artifact of "mixing" data 
from many different reference stations with slightly 
different ionosphere delay distributions [4].   
 

 
Figure 11.  CDF of CONUS Ionosphere Gradients, 

 7 April 2000 
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Figure 12 shows the values of σvig estimated from the 68th 
and 95th percentiles of these cumulative distributions as a 
function of pierce-point separation.  Note that these 
values are non-zero even for zero separation because of 
errors in the obliquity conversion between vertical and 
slant errors for satellites tracked by different reference 
stations and residual L1/L2 interfrequency biases.  These 
errors do not affect LAAS users because L2 is not used to 
correct for ionospheric delays and because obliquity 
differences between LAAS reference and user receivers 
tracking a given satellite will be very small.  Therefore, it 
is the slope of these lines that is of interest to LAAS.  In 
this plot, the same slope is obtained for both percentiles 
and is consistent over pierce-point separations between 75 
and 375 km: σvig ≅ 2.7 mm/km.   

Figure 12.  σvig for CONUS Ionosphere, 7 April 2000 

 
Figures 13 and 14 show the same results as Figures 11 
and 12 for April 6, 2000, the day of onset of the 
ionospheric storm.  Figure 13 shows very obvious tail 
fattening due to mixing sets of data with very different 
variances: the pre-storm ionosphere delays and those 
occurring after storm onset.  Figure 14 shows that this 
mix of two sets of data causes the sigma estimated from 
the 68th percentile to be lower than that of the 95th 
percentile.  However, both April 6 sigma estimates (1.3 
and 1.9 mm/km) are lower than the estimate for April 7. 
 
It should be noted that the gradients observed on these 
two storm days are much larger than typical gradients 
observed in CONUS on non-storm days, even during 
solar maximum, when σvig for CONUS is no greater than 
1.0 mm/km and is typically 0.5 mm/km or less.  However, 
as noted above, LAAS has no direct means of observing 
which days are nominal and which have ionosphere 
storms; thus the broadcast σvig must reflect possible storm 
events in order to be an overbound at all times.  The data 
examined to date suggests that in CONUS, a broadcast 
65
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σvig of 4 mm/km will be a sufficiently conservative 
overbound.  However, more recent storm data collected in 
CONUS on July 15-16, 2000 must be investigated to 
confirm that this value overbounds that event as well [5]. 

 

 
Figure 13.  CDF of CONUS Ionosphere Gradients, 

    6 April 2000 
 

 
Figure 14.  σvig for CONUS Ionosphere, 6 April 2000 

 
 
Figures 15 � 18 show plots of ionosphere gradient cdf's 
and resulting sigma estimates for data taken by the single 
WRS in Hawaii on the same two days as shown 
previously for CONUS. There are far fewer points in this 
data; thus the maximum separation bin has been increased 
to 800 km, and the results appear "noisier."  The CDF plot 
in Figure 15 for April 7 shows that the ionosphere 
gradients are larger in Hawaii than in CONUS, which is 
expected because Hawaii is on the northern edge of the 
equatorial region of the ionosphere, where delays and 
gradients are significantly larger.  Note that the tails in 
Figure 15 appear narrower than Gaussian, which may be 
because the data is taken from only one site and no 
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Bin of closest 
separation 

Bin of 
furthest 

separation 

Tails of cdf curves are narrower 
than Gaussian. 

Consistent slope estimate over most PP 
separations:  

σσσσvig  ≅≅≅≅  4.1 mm/km 

"mixing" is occurring.  The sigma estimates for April 7 in 
Figure 16 are consistent and give σvig ≅ 4.1 mm/km. 
 

 
Figure 15.  CDF of Hawaii Ionosphere Gradients, 

  7 April 2000 
 

Figures 17 and 18 are for Hawaii on April 6.  The cdf plot 
in Figure 17 is similar to that of Figure 15 but shows 
slightly fatter tails, which may be due to the impact of 
mixing pre-storm and storm data.  Figure 18 shows that 
some tail fattening is present in the data, as significantly 
different σvig values (3.7 and 5.5 mm/km) are estimated 
from the 68th and 95th percentiles of the data, respectively.  
The larger of these values significantly exceeds the 4.1 
mm/km observed on April 7. 

 
 

 
Figure 16.  σvig for Hawaii Ionosphere, 7 April 2000 

 
 
Based on this limited set of data, it is very difficult to 
select a value of σvig that we can confidently state to be an 
overbound for LAAS stations in Hawaii.  A value of 
66
Bin of closest 
separation 

Bin of 
furthest 

separation 

Two distributions (before/after storm onset) less 
visible.  Tails of cdf curves are narrower than 

Gaussian except for largest separations. 

slope est. from 95th pct.:  
σσσσvig  ≅≅≅≅  5.5 mm/km 

slope estimate from 68th percentile: 
σσσσvig  ≅≅≅≅  3.7 mm/km 

Different sigma values 
before/after storm onset 

roughly 8 mm/km would give some margin over the worst 
results observed from this data, but more data needs to be 
taken, and the July 15-16 storm data should be 
investigated as well.  Even if 8 mm/km were sufficient for 
Hawaii, it is not at all clear that it would suffice for LAAS 
sites deeper in the equatorial region.  For example, recent 
data from Brazil suggests that the worst-case ionosphere 
spatial gradients observed there may be significantly 
larger than 8 mm/km [6].  If this is the case, broadcasting 
larger values of σvig would significantly impact the user 
error budget and thereby reduce availability.  It would be 
better use of real-time dual-frequency data obtained 
locally or via SBAS to reduce the size of these gradients. 
 

 
Figure 17.  CDF of Hawaii Ionosphere Gradients, 

6 April 2000 

 
Figure 18.  σvig for Hawaii Ionosphere, 6 April 2000 

 
 
4.0   SUMMARY AND FUTURE WORK 
 
It has been shown that for safe interoperability of single 
frequency ground/air smoothing filter implementations in 
the presence of ionospheric divergence, only very small 
0



(5-10 sec) differences in time constant are permissible.  
Because of this relatively minimal design flexibility, the 
existing GBAS requirement that smoothing filter time 
constants be matched at 100 sec is not a significant 
additional design restriction.  Carrier-aided DLL 
implementations are interoperable because minimum 
noise-equivalent bandwidth is typically large.  A 
minimum bandwidth of 0.125 Hz is required by LGF 
specification; airborne implementations should use a 
similarly large value. 
 
To ensure the transient differential error due to divergence 
is small, both ground and air filters should be near steady 
state.  The results of constant rate and harmonic 
divergence input models suggest that wait times less than 
300 sec are likely sufficient to keep ranging error below 
10 cm.  An alternative technique to accommodate 
transient differential error without waiting is to inflate the 
error standard deviation of the smoothed pseudorange.  
The inflation factor implemented for this purpose would 
decay exponentially with time as the filters approach 
steady state. 
 
Ionospheric spatial decorrelation induces small errors for 
LAAS users.  LAAS ground facilities will broadcast 
conservative standard deviations (that reflect worst-case 
ionospheric-storm conditions) of ionosphere spatial 
gradients at each LAAS site, and LAAS users will apply a 
simple equation to convert these gradients to sigmas of 
user range error due to spatial decorrelation based on  
their separations from the LAAS ground facility and their 
appoach velocities.  "Supertruth" data showing ionosphere 
delay differences between WAAS reference station  has 
been studied to estimate the standard deviations of 
ionosphere spatial gradients under recent ionosphere 
storm conditions.  While one-sigma gradients under 
nominal conditions are typically no greater than 0.5 
mm/km, a sigma of 2.7 mm/km was observed in CONUS 
during the April 7 storm, and a sigma of 5.5 mm/km was 
estimated from a smaller set of Hawaii data on the storm 
onset day of April 6.   

 
More work is needed to make more confident assessments 
of the spatial decorrelation sigmas that should be 
broadcast in CONUS and in equatorial regions.  Data 
from the July 15-16, 2000 storm will be examined to see 
if the spatial decorrelations during that storm exceed those 
found during the April 6-7 storm or the projected CONUS 
broadcast value of 4 mm/km.  For Hawaii and other 
equatorial regions, data from more reference sites is 
needed to make better estimates of the spatial-gradient 
sigmas that occur during worst-case conditions.  Another 
issue of interest is the structure of ionospheric correlation 
across different satellites visible to a single LAAS ground 
facility.  The current method of computing range error 
sigmas for individual satellites assumes that the errors are 
uncorrelated.  This may be conservative in the case of 
66
ionospheric spatial gradients because the same stucture of 
ionosphere delay variation affects all satellites in view of 
a single location.  The component of ionosphere spatial 
variation that is common to all satellites in the user's 
position solution will not affect his or her position error 
because it will be absorbed by the user clock solution.  
Accordingly, it may be possible to take credit for this 
correlation to reduce the values of σvig that are transmitted 
by LAAS ground facilities.   
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